A NOTE ON SLIT MAPPINGS
BY DOV AHARONOV
Communicated by Prof. Wolfgang H. Fuchs, February 24, 1969

1. Introduction. Recently the unitary properties of Grunsky's
matrix have been studied by several authors. Milin [5] was appar-
ently the first to observe these properties, and Pederson [6], unaware
of Milin’s work, rediscovered them independently later.

Let f(z) =2+ D_i-; azz* be a regular univalent function in the unit
circle. The function

logf(zz :,;(g') — I;io duane®

is then regular in |z]| <1, l¢] <1.

Grunsky’s matrix B = (but), bnx = (nk)?d s, n, k=1, 2, - - - plays
an important role in the theory of univalent functions; for example,
simple proofs of the Bieberbach conjecture for n =4 were arrived at
through its properties [2], [3].

If 1/f(z)=1/24+co+c1z2+ - - - maps Iz[ <1 onto a domain D such
that the area (in the Lebesgue sense) of the complementary of D is
zero—then Grunsky’s matrix is unitary [5, Theorem 1], [6, Theorem
2.2]. As Milin pointed out, the area of the complementary of D is
zero if and only if X2, nl c,.l 2=1. Following Pederson, these func-
tions f(2) will be referred as “slit mappings.”

2. Properties of slit mappings. We now prove the following
THEOREM. If f(z) =2+ D s @uz™ is a slit mapping then
1 1
.Rz—) =:+co+cxz+ s

either is of the form 1/z+co+ 12, |61] =1, or there are infinitely many
nonvanishing coefficients cy.

Proor. The above theorem may also be formulated in the following

way:
If f(2) s a slit mapping such that
1 1
1) —=—+cteazt+ -+, F# O,
&) =

then n=1 and |c,| =1.
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Let

1 1 d
(2) P,, I:](?)] = F,.(Z) = 'z:' + E anzk

k=1

be the nth Faber polynomial associated with f(2). Then we have by
(7]

3) ok = — ndm, M Ek=1,2,---.
In terms of the coefficients b,. = (nk)V2d,:, we may write
(4) bup = — (k/n)”zc,.;,, n, k= 1, 2, AR
By the unitary properties of B, we have
(5) E binbjn = 0, k#j.
n=1
From (4) and (5) it follows that
6) Z NCkalin = 0, k#j.
n=1

For proof of our theorem we now assume, to the contrary, that there
exist />1 such that

) 1/f¢e) =1/24co+ciz+ - - - + sy
where ¢;#0.
Subtitution of k=1, j=1I2 in (6) yields
®) E NC1alitm = 0.
n=1
Since
1 1 hd 1 1 !
Pil—|=—+ 2 cutt =———co=—+ 2 a?
‘[f(z>] AP R L
it follows that
9) Cu = Cr, k=1,2,-++,1, cuu=0fork>1

From (8) and (9) we obtain

i
(8,) Z ”611;6[’.1; = 0.

n=l1
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Since P,(x) is a polynomial of degree # in x, we have by (7), for
any natural »,

1 1 In
10 Pyl —|=—+ nkZ®
10 [f(z):l PP
(11) Can = (c)® = ()™ ca =0  for k> In.

From the definition of the coefficients d.x, it is clear that d.z =dgn.
Following Schiffer we deduce from (3)

(12) kenk = NCkn, nok=1,2,--..

(This identity was first proved by Grunsky [4] and Schur [8].) From
(11) and (12), we have

(13) cen = 0, E> In.

Substituting k=172 in (13) we get

(19) Ctn=0 n=1,2---,0—1.
Using (11) for n=17and (12) for k=12, n=1 it follows that
(15) Peyp = lep,y = B(c))t = P(cu)?
equations (14) and (15) now yield

(16) lzl newmlrn = Peu(Cu)t = Pa(é)! # 0.

Since this contradicts (8’) we have proved that if f(2) is a slit mapping
such that
1 1
—=—+4ctcaz+ -+ caz", et #0
fG@ =
then necessarily #=1. But it follows then, from the condition
> =1 k|la|?=1, that |c:| =1, and the proof is complete.
REMARK 1. In [1] the author considered properties of slit mappings
and proved the above theorem for some particular cases.
REMARK 2. The above theorem contains a result of Pederson [6,
Theorem 2.3], as a special case.
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