DUALITY AND ASYMPTOTIC SOLVABILITY
OVER CONES!

BY A. BEN-ISRAEL, A. CHARNES AND K. O. KORTANEK
Communicated by I. N. Herstein, October 14, 1968

Introduction. A duality theory for linear programming over closed
convex cones is developed by using the solvability theorem of [1]. A
complete classification of all duality states is given, which includes
Duffin’s duality theorem (1 of [3]), together with asymptotic refine-
ments. For convenience, our results are stated in R", but extensions
to more general spaces considered in [1] are possible. Complete proofs
of all results will be given elsewhere. The main ingredients of the
duality theory over closed convex cones are essentially due to Duffin
as set forth in his fundamental paper [3]; see also Kretschmer [5].

0. Notations and preliminaries. C—a closed convex cone in R",
C*={yER": xEC=(y, x) 20}.
For the system
1) Adx=b =zEC
with given AER™X» pC&R™ let
F(1)={xEC: Ax=b},
AFQ)={{xi: k=1, 2, - - - }: 0 EC, lim; Axx=b}.

AF(1) is a set of sequences. If F(1)# & then it can be imbedded
naturally in 4 F(1).

DEFINITION. (1) is

CONS (consistent) if F(1) =<,

INC (inconsistent) if F(1) =&,

AC (asymptot. consist.) if 4 F(1) =,

SINC (strongly inconsist.) if 4 F(1)=(.
We use the following
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SOLVABILITY THEOREM ([1, p. 543]). The following are equivalent:
(i) Ax=b,xEC1is AC,
(ii) AtyEC*=(b, y)20.

Consider now the pair of problems
(I.C) sup(c, x) subject to Ax=b, xEC,
(I1.C*) inf(b, y) subject to Aty —c&C*
with given A ER™%», h& R™, ¢ R" and the associated systems

1) Ax = b, xE C,
(A') - I)(y> =G
2
(2)
(y)E R™ X C*.
z

DerinNITION.? (i) (I.C)[(II.C*)] is CONS, INC, AC or SINC if
sois (1)[(2)].

(i) Let (1)[(2)] be AC. Then (I.C)[(II.C*)] is PAC (properly
AC) if 3{x} EAF(1)Dlimi sup (¢, xx)>— o [{(m, =)} EAF(Q)
Slimy inf(b, yx) < = |; otherwise it is IAC (improperly AC).

(iii) Let (I.C)[(II.C*)] be CONS. Then it is BD (bounded) if
sup{(c, x):xEF(l)} <o [inf{(b, y): (y, z)EF(Z)} > — o |. Other-
wise it is UBD (unbounded).

(iv) Let (I.C)[(II.C*)] be PAC. Then it is ABD (asymptotically
BD) if sup{lim; sup(c, xx): {x:} EAF(1)} <o

[inf {lim inf (5, y&): {3, 3} € AF(2)} > — »].
Otherwise it is AUBD (asymptotically UBD).

1. The duality states. Of the 49 mutually exclusive and collectively
exhaustive states for problems (I.C) and (II.C*) only 10 are possible,
and are those denoted in the table below by positive integers. A zero
in the table means that the corresponding state is impossible. This
classification constitutes our theorem, whose proof is given in two
parts. Part 1 proves the possible states by examples so numbered
that the possibility of each state is demonstrated by the example
bearing the same number. Part 2 excludes the impossible states by a
series of lemmas.

* In order to refine and extend the original cases developed by Duffin [3], we take
the liberty of deviating from his terminology.



320 A. BEN-ISRAEL, A. CHARNES AND K. O. KORTANEK [March

THEOREM.
AC
(.0 SINC
PAC IAC
CONS INC
(II. C*
ABD AUBD
ABD |AUBD| IAC | SINC
BD UBD
2 1 0 0 0 (] (i} 0
=1a
[ A
=1 a (i} 0 0 2 0 0 0
SARE
2 <lal| o 0 0 0 0 3 4
N )
Q
S ) 0 5 0 0 (i} 0 (]
<
Q
Q S 0 ()} (] 0 0 0 6
S <
0 O
N N (] 0 7 0 0 0 0
[§) [9)
= = 0 0 8 0 9 0 10
[} (]

PROOF. Part 1. The possible states:

Let C be the cone in R3 of all vectors forming an angle <45° with
the vector (1, 0, 1). Then C=C*. In all 10 examples below we use this
C and one of the following matrices

4(010) A4s=(0 0 1)
'"\o o0 1/’ !

for A.

Example 1. A=A4,,b=(0,1), c=(0,0, 1),
Example 2. A=A4,,b=(1, 0), c=(0, 0, 0),
Example 3. A=A4,,b=(1, 0), c=(-—1, 0, 0),
Example 4. A=A, b=(—-1), c=(—1,0,0),
Example 5. A=A,, b=(0), c=(0, -1, 0),
Example 6. A=A4,, b=(—-1), c=(0, 1, 0),
Example 1. A=A4,,b=(1), c=(0, 1, 0),
Example 8. A=A4,, b=(1), c=(1, 0, 0),


file:///SINC
file:///siNC
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Example 9. A=A,,b=(1,0),c=(, 0, 0),
Example 10. A=A4., b=(—1),¢c=(1, 0, 0).
Part 2. The impossible states:

LemMmA 1. (I.C) AC and (I11.C*) CONS=
3) sup {likm sup (¢, 22): {xk} (= AF(I)} < inf {(b, ¥):(3,2) € F(Z)}.

Moreover if (11.C*) is also BD then 3 a sequence {x:} EAF(1)D
) lim sup (¢, %) = inf {(3,9): (5, 2) € F(2)}.
9
ProoFr. To prove (3) let {xk} EAF(1) and A'y—c=2&C*. Then
%, y) = lim (Axi, y) = lim (%, A%y) = lim (%, ¢ + 2)
I ] 3 E
= lim sup (%, ¢ + 3)
k

2 lim sup (xx,¢) sincex € C,3E C*,
k

which proves (3).
To prove the existence of a maximizing sequence {xk} EAFQ) let

() 8 = inf {(6,5): (s, ) € FD)}.
Since (II.C*) is BD it follows that

e A
D)

n+41

©

For if 2,,1>0 then by setting 2,41=1 (6) follows from the definition
(5) of B. If on the other hand 2,4, =0 and (6) is false, i.e. 3(3?, 29>

A* —1 —o\ by sy°
(o I (;)<z:) € {0} X C* X R, <( 0 )(w)) <0,
o o 1/\o -8/ \o

then for any (y, 2) EF(2) we take (yi, zx) =(y, 2)+k(3° 2%), k=1,
2, - - - and verify that

(yh 5&) EF (2) Yk.



322 A. BEN-ISRAEL, A. CHARNES AND K. O. KORTANEK [March

But (b, y:)—>— =, which contradicts (II.C*) BD. Finally (6) is
equivalent to

A0 O\ /=« b x
(—I I 0><u>=<0>, <u>ER”XCXR+
—c¢t 0 1 ? ] v

being AC, which proves the existence of {x:} €4 F(2) satisfying (4).[]
LemMA 2. (I.C) CONS and (I11.C*)
AC = sup {(c, x):xE F(l)} < inf {liminf (6, yx): {y,,, n} € AF(2)}.

Moreover if (1.C) is also BD then 3 a sequence
{2} € AF(2) D sup {(c,%): 2 € F(1)} = liminf (5, y).
k

LemMma 3. (I.C) PAC and ABD=(11.C*¥) CON.S and BD.
LeEmMmA 4. (II.C*) PAC and ABD=(1.C) CONS and BD.

LEMMA 5. One of the problems (1.C) and (11.C*) s CONS and ABD
iff so is the other, in which case

o sup {liirlsup (¢, %) : {xk} -~ AF(I)} = inf {(b, v):(y,2) € F(Z)}

2 inf {lim inf (b, 34): {74, 2} € AF(2)} = sup {(c, x):2 E F(1)}.

LeEmMA 6. (I1.C) TAC=(I1.C*) CONS and UBD.

Proor. We prove first that (I.C) IAC=(II.C*) CONS. Assume
to the contrary that (II.C*) is INC. Then for any >0

w-a(,z)ee=(( L) )=e

By the solvability theorem this is equivalent to

- (*)e-(").  wec

being AC.
Let now {x:} €4AF(1) and

r;,=|(c,x;,)| E=1,2,.--.

For each & let {uk,-} € AF(8.7;) of which we choose an element
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Ui (k)
satisfying
nduiwl L poy,.
(¢, wejwy) | 2%
The sequence
{vk}=xk+fk—m)——'! k=1,2, )
(¢, wei @)
satisfies
{u} € AF(1)
but

(c,m) = (¢, 26) + l(c; ) l =20

contradicting (I.C) IAC. Finally (I1.C*) is UBD. For if it is BD then
by Lemma 1 (I.C) cannot be IAC. |

LemMa 7. (II.C*) TAC=(.C) CONS and UBD.

The zero-numbered states in the above table are excluded by
applying Lemmas 1-7. This completes the proof of the theorem. []

2. Remarks. (i) If the cone C (hence C*) is polyhedral then
F(1)=AF(1) and F(2)=AF(2) so that both problems (I.C) and
(I1.C*) are either CONS or SINC. Only the 4 states, nos. 1, 4, 8 and
10, are then possible. For C polyhedral our results thus give (an
alternate proof of) the duality theorem of linear programming, e.g.

4], [2].

(ii) The following simple example shows the possibility of arbitrary
nonnegative values for the difference between the sides of inequality
(7) in Lemma 5.

Let C=C* be the cone given in Part 1 of the proof and let

C=CXRy=C*
For any a <0, let the problem (I.C) be given as
maximize — xp
s.t. X3 =0
7] — 1= a

(xl, X9y X3y x4) e C
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The problem (II.C*) is
minimize ays;
st. (0,14 93,91, — ) EC.
Both problems are CONS and ABD. Furthermore
sup {lim sup (¢, xx): {xk} € AF(1)} = inf {(B,9):(3,2) € FQ2)} = —a
and
sup {(c, #):x € F(1)} = inf {lim inf {5, 3): {3, 2} € AF(D)}} = 0.

The difference in (7) is thus —a.

(iii) Lemmas 1, 2 and 5 reprove Duffin's duality theorem (1
of [3]).

(iv) The above results show that if both problems (I.C) and
(I1.C*) are INC, then at least one of them is SINC. It is thus im-
possible for both problems to be AC but INC.
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