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Let U be the unit disc in the complex plane, U= {z| |2| <1}. A
finite Blaschke product is an analytic function on U which is either
a constant of modulus one or of the form
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where \ is a complex number of modulus one and a;EU for 1 S¢S N.
It follows from [1, p. 12] that the set of functions analytic on U and
continuous on T, the closure of U, which have modulus one on the
unit circle consists precisely of the finite Blaschke products. The
purpose of this note is to prove the following theorem, originally
raised as a question by Phelps in [2].

THEOREM. Let f be analytic on U, continuous on U, and bounded by
one. Then f may be uniformly approximated on U by convex combina-
kons of finite Blaschke products.

Proor. For 0s¢=1 let f.(2) =f(¢2) for & U. Since f is continuous
on T, f; converges uniformly to f as t—1. By a theorem of Caratheo-
dory [1, p. 13] there is a sequence {@,-} of finite Blaschke products
of the form (x) such that ®;—f uniformly on compact subsets of U.
It follows that given €>0 and {<1 we may find a finite Blaschke
product ® of the form (x) with Hf,—@,ll <e/2. Thus given ¢>0 there
isat<1landafinite Blaschke product® of the form () with II f —-<I>,H w <E.
We now show that ®; is itself actually a convex combination of finite
Blaschke products. It suffices to do this when ®(2) = (z—a) (1 —az)—!
since (gh):=g:h: for any g and k and since the set of convex combina-
tions of finite Blaschke products is clearly closed under multiplica-
tion. However, for a =7¢* and 0=¢=<1 we have
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Since the factors in the first two sets of brackets are finite Blaschke
products and the zero in the third is a convex combination of such,
and since the coefficients are nonnegative and sum to 1, the proof is
complete.
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I. The problem of this investigation is to characterize those small
categories X for which the inverse limit

proj lim: ABX — AB
x

is exact. Here 4 B is the category of abelian groups, and 4BX is the
category of functors from X to AB. In this context I conjecture the
following

THEOREM 1. Let X be a small category. Then the following assertions
are equivalent:

(1) The inverse limit proj limx: ABX—AB is exact.

(2) For every abelian category N with exact divect products, the inverse
limit proj limx : AX—U 45 exact.

(3) Every connected component Y of X contains an object y together
with an endomorphism e Y (y, y) such that the following properties are
satisfied:

(1) ¥ is a smallest object of Y, i.e., for any object 2 Y there is a
morphism y—z.

(ii) e equalizes any two morphisms with the same codomain and
domain vy, i.e., any diagram y-25y_3z is commulative.

At present, I can prove the equivalence of (1) and (2) and the
implication (3)3(1) in general, i.e., without any additional condition
on X. The implication (1)3(3) holds at least if one of the following
conditions on X is satisfied:



