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1. Introduction. Let V be an z-dimensional vector space over a
field K of characteristic zero. Let G be a finite group of linear trans-
formations of V. G acts naturally as a group of automorphisms of the
ring of polynomials K [x] if we define (gP)(x)=P(g ) for g&G,
P(x) EK [x]. The polynomials which are invariant under G form an
algebra I over K called the algebra of invariants of G. A linear trans-
formation is said to be a reflection if it has finite order and leaves
fixed an (n—1)-dimensional hyperplane, called its reflecting hyper-
plane. G is a finite reflection group if it is of finite order and is gen-
erated by reflections. Chevalley [5] has proved that for finite reflec-
tion groups, I has an integrity basis consisting of » algebraically
independent forms Iy, - - -, I,. Furthermore, Shephard and Todd
[10] have shown that this property of I characterizes the finite reflec-
tion groups.

If K is the real field R, then G leaves invariant a positive definite
quadratic form [2] so that G is orthogonal after a linear change of
variables. Coxeter [3], [4] has classified all irreducible finite orthog-
onal reflection groups and has computed the degrees m;y, - « -, m, of
the forms Iy, I, - - -, I,. These degrees are independent of the par-
ticularly chosen basis. We provide a method for computing an explicit
integrity basis of I for these groups. We will relate this problem to a
certain mean value problem.

2. Construction of the basic set of invariants, We now state
several theorems and sketch some of the proofs. Full details will
appear elsewhere. Our first theorem yields a formula for the product
of homogeneous invariants forming an integrity basis of I.

THEOREM 2.1. Let G be an irreducible finite orthogomnal reflection
group acting on the real n-dimensional space E,. Let Pn(x, ¥)
= Z,eg(x'cry)’” (1=m<»), where x-y=x1y)1+ - -+ +x.y.. Let
J(x, ¥)=0(Pmy, * * + Pm,)/0(x1, - + +, x,), where my, - « - , m, denote
the respective degrees of the basic invariant forms I, - + -, I,. Then
Jx, y) =11 J:(») HZ_I L;(x). The J;'s are homogeneous invariants
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(deg J;=m;) forming an integrity basis for I. The L,'s are linear forms
and L;(x) =0 (1 << X7r) are the » refleciing hyperplanes corresponding to
the reflections of G.

To prove the above theorem, we first establish the following lemma.

LEMMA: Let @ be the ideal generated by Pn(x, v), where 1Sm<
and y ranges over all vectors. Let Sy be the ideal generated by all invariants
of G vanishing at 0. Then ®=S,.

ProoF. Let f(x) be a continuous function on E, satisfying the mean
value property
1

(2.1) flx) = Ic] 3 f(x + toy) for x € Ent > 0,

=

y denoting a fixed vector 0 and |G| =order of G. The vectors
dy(6 €G) do not lie in a hyperplane, as G is irreducible. It follows
[9] that (2.1) is equivalent to

d

(2.2) f(x)&C* and P,,,(b——, y>f=0, 1<m< o,
%

It is shown in [11] that the mean value property

23) f(x) €C and f(x) = % Zaf(x + oy) forallxandy

G|

is equivalent to

ox

(2.4) f(x) € C* and s<—6—>f = 0, s E So.

Now (2.3) is clearly equivalent to (2.1) holding for all y. We conclude
that (2.4) is equivalent to (2.2) holding for all y. It follows that
So=0 [6].

We now outline the proof of Theorem 2.1.

Proof of Theorem 2.1. Let 1E€G. Then P,(rx, y) = D ,ea(rx-oy)™
= Zce (@ -7 loy)m= D sea(®-0y)m=Pn(x, v). Thus, for fixed y,
P, (x, y) is an invariant of G and is therefore a polynomial in I;(x),

-+ +, I,(x). The m;'s are distinct [4], so that we may assume 7; <,
< +++ <m,. A standard degree argument then shows

(2.5) Ppi(%,9) = Qi(x,9) +J:i(1Ii(x), 1=5ismn

where Q1=0, Q;E(Li(x), « -+, I;ia(x)) (2=5:<n), Ji(y) is a ho-

mogeneous polynomial of degree m;. (I1(x), - - -, I;-1(x)) denotes as
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usual the ideal generated by Ii(x), - - -, I;(x). A direct computa-
tion vyields (Pmy * ¢y Pm)/ 0, - -+, x)=Ts(¥) -+ - Ju®)
(I, + -+, L)/, -+, %,). It is shown in [4] that
Iy, + -+, I,)/3(x1, + + +, %n) = [[}=1 Li(x). We will now show that
Ji(y) 1Si=n)isaninvariantof Gand 8(Jy, - - -, Ju)/0(y1, * * * , Vu)
#£0. This condition, which is equivalent to saying that Jy, « « -, Ja
are algebraically independent, is precisely the criterion that the J,'s
form and integrity basis of I [10]. We first obtain a formula for
the J,'s.

We employ the following notation. For any sequence of nonnega-
tive integers a1, + -+, a, let a=(a1, -+ +, @), al=a1! -+ - a,), |a|
=am+ - @, x0=52 - - - x% Thus (X-9)"= D jgjmm m!/a!(x%y?).

Now
2 2 (owon)m = 2 2 (woio)"
(2.6) NG 1266 01EG 03€Q
= Z Z (x'tfzy)’” = I GI Pm(x’ y).

01EG 09€@

Hence

Pp(x,y) = E Z E — (le)“(o’gy)“
@.7) el Gl e e

1
E J o(2)Ja(9),
" TGl
where J,(x) = X .ca(ox)®. Since J,(x) is invariant under G, we have
for m=m;

(2'8) Ja(x) = Fa(Il(x)a v 7Ii—1(x)) + CaIi(x)) I a’l = My,

where F, is a polynomial in Iy, « + -, I3 (Fo=0 for |a[ =m,) and
the c,'s are constants. As a polynomial in %y, + + - , %,, F, is homogene-
ous of degree m;. If ¢,=0 for all a (I a] =m;), then we readily con-
clude that I, @, contradicting the lemma. Thus ¢,#0 for some a,
I‘al =m;. Substituting (2.8) into (2.7) and comparing with (2.5) we
obtain,

1 !
oT 2. ’”[ caFoTi®), -+, Tia())

m! P
T — Ca It' 3
+(|G| = n o

so that J;(y) is invariant under G (1<7=<#). A direct computation
shows

Ji(y) =
(2.9)


file:///a/-mi
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01, - - 3 Tw) 1 2 ( m! 2) Iy, + + -, In)
= — ca ——— .
a(yh trt ;yn) lGl” t=1 a(yh ct 1yﬂ)

lal=m; @!

Since D al=mi(m!/al)2#0  for 1575, we conclude
(Jy, ¢y Jn)/0(y, -+, ¥a)#0. We obtain immediately from
Theorem 2.1 the

COROLLARY. Let y be a fixed vector 0. Pp (%, ¥), + * *, Pm, (%, ¥)
form an integrity basis of I iff Ju(y) « + + Ja(y) #O0.

The following theorem gives an algorithm for computing the J;'s.

THEOREM 2.2. Let J(x, ¥) = (0P;:/dx;). Choose from the first 1 rows of
J(x, y) an iXi minor D(x, v) which is not identically zero. Then
D(x, y) =A:(x)B:(y), where A;(x) and B;(y) are polynomials not identi-
cally zero. B;(y)=Ji(y) - -+ Ji(y) so that Ji(y)=Bi(y)/B;a(y)
(1=5i=n) with Bo(y)=1.

It is shown in [11] that the solution space to (2.4) is given by DII
where DII denotes the linear span of the partial derivatives of II(x)
= [I7., Li(x). Let ®, be the ideal generated by P,(x, ) (1Sm < ©)
where y is a fixed vector 0. The solution space S to (2.1) (or its
equivalent (2.2))=DII iff So=@®, [6]. It follows easily from (2.5)
that So=@, iff J1(y) * + - Ja(y) #0. We thus obtain

THEOREM 3.1. Let y be a fixed vector #=0. The solution space S to (2.1)
=DIL iff Ji(y) - - - Ja(y) 0.

3. The ‘‘vertex” conjecture. In view of Theorem (3.1) it is natural
to ask whether there exists some canonical procedure for obtaining a
vector ¥ such that Ji(y) + « - J.(y) 0. The symmetry groups of the
regular polyhedra centered at the origin form a subclass of the irre-
ducible finite orthogonal reflection groups [3]. For these groups, it is
conjectured that ¥ may be chosen as any vertex of the regular poly-
hedron. We refer to this conjecture as the “vertex” conjecture. It is
equivalent to the following theorem.

THEOREM 3.1. Let yy, - - -, vy denote the vertices of the n-dimensional
polyhedron w, centered at the origin. Let f(x) be continuous in the n-
dimensional region R and let it satisfy the mean value property

3.1) f(x) = -—1]\7 if(x + ty)), TER, 0<t<e.

t=1

Then the solution space S to (3.1) = DII.
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The “vertex” conjecture has previously been established for special
polyhedra [1], [8], [12]. We have verified it for all cases, with the
exception of the #-dimensional cube. In the latter case, it is equivalent
to the following

UNSOLVED PROBLEM. Let Py (x)= D s(daritast - -« £xa)%.
Are P(x), Py(x), + - +, Pa(x) algebraically independent?
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