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1. Statement of results. This note announces the solution of the
following problem, a more precise version of which appears in §2:

(1) Determine the linear combinations of rational Chern numbers
(of almost-complex manifolds) that are invariants of oriented homotopy
type (of almost-complex manifolds).

Milnor, who posed the problem, conjectured that every such homo-
topy invariant could be expressed as a rational linear combination of
the Euler Characteristic and the Index.

THEOREM 1. Milnor's conjecture is true.

We obtain variations on problem (1) by some simple alterations:
(2) Replace the word “homotopy” in (1) by “diffeomorphism.”

THEOREM 2. Modulo those linear combinations of rational Chern
numbers that can be expressed in terms of Pontrjagin numbers, the only
combinations that are invariants of oriented diffeomorphism type are
the rational multiples of the Euler Characteristic.

(3) Stabilize (1). That is, consider the same problem with reference
to the class of stably almost-complex manifolds. According to Milnor
(see [2, pp. 122-127]), this does not affect the possible configurations
of Chern numbers. However, it does strictly decrease the number of
independent combinations that are oriented homotopy invariant.
Stong has conjectured that multiples of the Index are the only ori-
ented homotopy invariant combinations.

THEOREM 1g. Stong's conjecture is true.
(4) Finally, we may stabilize (2).

THEOREM 2g. Every linear combination of rational Chern numbers
(of stably almost-complex manifolds) that is an invariant of oriented
diffeomorphism type (of stably almost-complex manifolds) can be ex-
pressed as a linear combination of rational Pontrjagin numbers.

We may restate Theorem 25 in the following way: Let QY and Q50
denote the complex and oriented cobordism rings, respectively, and
let
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2 ®05n ®0
be the canonical surjection. Let ©f denote the set of all classes in
@ of the form [M{]— [M}], where MY, M} are stably almost-complex
manifolds that are oriented diffeomorphic. It is easy to show that
:D,S is a subgroup of QU and that DS is an ideal in QY. Clearly, D{®0Q
Cker w. Theorem 25 is equivalent to the assertion that

Ds ® Q = ker .

REMARK. Since Pontrjagin numbers are invariants of oriented
topological type (of smooth, oriented manifolds)—this result is due to
Novikov [5]—Theorem 2 and Theorem 25 still hold when the word
“diffeomorphism” is replaced by “homeomorphism.”

2. Reformulation of the problems. The graded ring H*(BU; Q)
is a polynomial ring on the universal Chern classes ¢ EH*(BU; Q).
We shall identify it in the usual way ([2], [7]) with the graded vector-
space dual of QY®(Q: monomials in the ¢, then, become universal
Chern numbers gua linear functionals.

Corresponding to each problem (1), (2), (3), (4), we define a certain
ideal 304, Dy, 3¢5, DS, respectively, contained in QY. We have already
defined Df in §1; for brevity, we define only 3¢ here, the other two
ideals being defined analogously. Let 3¢ C Q% consist of all complex
cobordism classes of the form [MP¥]—[MZ], where M, M2 are
almost-complex manifolds of the same oriented homotopy type. That
e is an ideal in QY is easily verified.

The annihilator of the subspace 3z ®QCQ%®Q is precisely the
set of rational linear combinations of (complex) k-dimensional Chern
numbers (of almost-complex manifolds) that are invariants of ori-
ented homotopy type. Problem (1) then may be reformulated as:

(1') Determine a basis of the annihilator of X ®Q, k=1,2,3, - - - .

The Euler Characteristic and Index of 2k-dimensional almost-
complex manifolds—the latter is defined only for even k—are well
known, linearly independent members of this annihilator. Milnor’s
conjecture is that they form a basis of the annihilator. Therefore,

Theorem 1 is equivalent to the assertion:
THEOREM 1'. Co-dimension 3¢ @ Q = 1, k odd,

2, k even.

IIA1IA

To prove this theorem, we make use of the ring structure of QY ®Q
(determined by Milnor [2]): it is generated as a polynomial ring by
classes 9, EQ%®0, k=1, 2, 3, - - -. Any sequence {yk} with ¥
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€ ®Q will be called a generating sequence, provided that the
generate QY ®Q as a polynomial ring. We prove:

THEOREM 1", There is a generating sequence {yi} with y1y:€3s® Q
and ¥ €Xu®Q, k3.

Using the fact that 364+ ® Q is an ideal, it is easy to show that The-
orem 1’/ implies Theorem 1’.

Similar reformulations of the other problems lead to the following
theorems, which imply their counterparts in §1.

TuEOREM 2", There is a gemerating sequence { i} with yiy
E D12 Q, if k is even, and yEDuwQQ, if k is odd and k= 3.

THEOREM 1§. There is a generating sequence {yk} with y,E305,® 0,
for B2,

THEOREM 2§. There is a generating sequence {yk} with y,E D50,
if k is odd.

To construct the low-dimensional ring generators, we make use of
results of [8]. For large even £, the ring generators y; are obtained by
using certain results of W. C. Hsiang [3]. For large odd %, we make
use of some examples pointed out to us by Stong (for the stable the-
orems), and we use results of Adams [1] and Sanderson [6] on
[KU]~(CP*) and [KO]~(CP*) (for the unstable theorems). Tech-
niques described in [4] for killing certain obstructions are also used
for the unstable theorems.
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