HOLOMORPHIC APPROXIMATION ON REAL
SUBMANIFOLDS OF A COMPLEX
MANIFOLD!

BY RICARDO NIRENBERG AND R. O. WELLS, JR.
Communicated by John Wermer, January 4, 1967

Let X be a complex manifold, let ©® be the sheaf of germs of holo-
morphic functions on X, and let I'(X, ©) denote the ring of sections
over K CX (holomorphic functions on K, see [5] as a general refer-
ence for the terminology used here). If K is a compact set in X, let
C(K) be the Banach algebra of continuous complex-valued functions
on K with respect to the maximum norm on K. Let 4 (K) denote the
closure of T'(K, ©) in C(K), and if UDK, let A(K, U) denote the
closure in C(K) of the restriction of I'(U, 0) to K.

It is an old problem to try to determine under what conditions
A(K)=C(K) or A(K, U)=C(K), for some U. For instance, if X = C~
= U, then 4A(K, C») is the polynomial algebra important in the
theory of polynomial approximation, and sets for which 4 (X, C»)
= (C(K) are necessarily polynomially convex. Also one is interested
in the nature of the spectrum of 4(K) or A(K, U) which can be inter-
preted as a holomorphic hull of some type, depending on what U is.
This leads to the study of holomorphic or polynomial convexity of
sets (the property of being equal to the spectrum or maximal ideal
space of the algebra) and approximation theorems always give in-
formation about the relation of the various spectra involved (see
[1], [11], [12]). In this note we announce certain results on approx-
imation of continuous functions, in the case where K is a compact
real submanifold of X (differentiable), with or without boundary.

Let M be a real submanifold (C*) of X. Let T'(X) be the tangent
bundle to X, and let J: T(X)—T(X) be the canonical involution
(Jt=—1I) given by the complex structure on X. Let T'(M/) be the
tangent bundle to M, which is, in a natural way, a real subbundle of
T(X)| M. Set

HP(M) =JTP(M)nTp(M); pPE M.

Then H,(M) is a complex subspace of T,(X), and is called the kolo-
morphic tangent space to M at p. We will denote by m, (M) the com-
plex dimension of H,(M).

1 Research supported by NSF Grant No. GP-5951 and Army DA-ARO-D-31-
124-G866.
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Our major results are the following theorems, the proofs of which
will appear elsewhere.

THEOREM 1. Let M be a compact (without boundary) real C* sub-
manifold of X, and suppose m,(M)=0 on M, then there exists an open
strictly pseudoconvex domain U containing M such that

AM, U) = A(M) = C(M).

REMARK. This theorem was proven for dim M =2 in [3] and for
real-analytic M in [10].

THEOREM 2.2 Let M’ be a submanifold of X, with my,(M')=0 on M’,
and let M be a relatively compact open submanifold of M' with a smooth

boundary, M. Then there exists an open strictly pseudoconvex domain
Uin X, UDM, such that

A(M, U) = A(M) = C(M).

Let C*(K) denote the ring of C* functions on K CX, defined by
restriction. Let D be a relatively compact domain in X with a smooth
boundary, 9D, and let M = D. Let A4(M) be the closure of
C*(MYNI(D, ©) in C(M). It is clear that we have

A(M) C Aa(M) C C(M) N T(D, 0) C C(M),

where C(M)NI'(D, 0) is a closed proper subalgebra of C(3), which
we shall denote by 4.(M) (holomorphic functions in D, continuous
up to the boundary). An old question has been to determine when
A(M)=A.,(M). Here we can give a partial answer to that question
by proving that under certain circumstances 4 (M) = A:(M), leaving
open the question of whether 44(M)=A4.(M).

TuEOREM 3. Let D be a relatively compact sirictly pseudoconvex do-
main in X with a smooth boundary. Then A (D)= A4(D).

REMARK. It is likely that in this case 44(D) = 4.(D), and the ques-
tion can be reduced to proving that weak L2 solutions of d,f=0 (see
[8]) on 4D can be uniformly approximated by C* solutions.

In the following theorem we have local polynomial convexity for
submanifolds with m,=0.

THEOREM 4. Let M’ be a submanifold of C* with m,(M')=0 near a
point po & M. Then there exists a neighborhood U of po in C™ such that
if we set M =M'MU, then we have

A(ﬂ, Cn) = C(H),

* Theorem 2 was brought to our attention by Hugo Rossi.
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and, as a consequence, M is polynomially convex.

At this point a remark should be made about the hypothesis
m,(M)=0 in all of these theorems. It has been conjectured in [11]
that submanifolds (compact) of X with m,(M)>0, (assuming con-
stant rank, for instance) have a nontrivial holomorphic hull, i.e.,
the spectrum of 4 (M), for such a manifold M, is necessarily larger
than M itself, which would imply that there is no approximation.
This conjecture has been proven for a certain class of dimensions
(see [11]) and some of this work has recently been extended by Green-
field (oral communication).

The proofs of the theorems are modifications of the proof of Theo-
rem 1, which we outline here.? First one has to show that the hypoth-
esis that m,=0 on M implies the existence of a strongly plurisub-
harmonic function defined in a neighborhood U of M such that
M= [¢p=0]. The argument is local and then one uses a partition of
unity (cf. [10]). Then one shows that if f&C<(M), there exists a
u& C*(U) such that u=f on M and a=0u vanishes to high order on
M. For sufficiently small €>0, the tube about M given by E,= [¢ <¢]
is a strictly pseudoconvex domain in X, and we can use the solution
of the d-Neumann problem ([6], [7], [9]) to solve the equation
57).=a, and obtain the estimates

”vcllc é Ca,;“C!”H.]_

where || ||, denotes the Sobolev norms on E., and Ci,, are constants
depending on s and e. One can show that for s fixed

Cee = 0(e)

for some positive integer ». We therefore have h.=u—uv, is holo-
morphic in E, since du=0v.=a. Thus we have that k. —f on M is
given by —u,, so to know that k, is a uniform approximation of f on
M we must show that v, is uniformly small on M for some e. By
Sobolev’s lemma, there is an s and a K. (independent of €) such that

max lvgl < max |'vgl = K¢]|v¢|],.
M Ee

Thus we have
mﬁx | 2| = K.Codf|09] s41.

3 The authors wish to thank Lars Hérmander for suggesting the method of proof
in a letter to one of the authors.
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By appropriate choice of # from the behavior of C,,, and K, it will
follow that the right hand side tends to zero as e tends to zero. This
will show that we can uniformly approximate f on M by a function
k holomorphic in some E,, but by using the fact that each E, is
Runge with respect to some fixed E., € =¢, (see [2]), we obtain the
desired result.
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