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1. Introduction. Let Q= {z; 2EQ, p(2) <O} be a bounded domain
in C», where p& C2(Q), Qo a neighborhood of €, and let grad p>0
on 9Q. As is well known, if © is a domain of holomorphy then for any
x'E 09,

hid !32 x° L, 20
1) L9, w) = Z o _) w;w, = 0 whenever Z & )w,- =0,
f=1 02;0%; =1 0%

and, if (1) holds with strict inequality (for w0) then Q is a domain of
holomorphy. (1) is called the Levi condition (LC) and, in case of strict
inequality, the strict LC. One of the consequences of the present work
is that the above statement remains true if the assumption p& C? is
replaced by pE H%* (see §2).

In what follows Q is always given by p as above, where p& C*(Q,),
grad p>£0 on Q.

2. Definitions. If p has second weak derivatives which belong to
L?(Q) (1<p< =) then we say that @ and p belong to H??, Actually
we shall only need the derivatives 98%p/9z;03: to belong to L?, but then

1 This work was partially supported by the Alfred P. Sloan Foundation and by
Nasa Grant NGR 14-007-021.
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necessarily 92p/0z;0z; are in L? in compact subsets.? If the weak de-
rivatives d%o/3z;0z; are continuous, then we say that Q and p belong
to H**, The weak derivatives 8%0/02;0z, are not, in general, even
in L3

Let #(z) be a C* function with support in |z| <1, ft(z)dA=1
(d\ =Lebesgue measure in C*) and consider

ne) = [ 6 (=)o,

for e>0 sufficiently small, in some neighborhood @« of Q(Qx C Qo). If
pEH?? (p< x) then, as e—0, p—p, Dp—Dp uniformly in Q,
J n.l D2 .—D”p| 2d\—0; if p& H?+> then the last relation is replaced by
0%,/ 02;0%,—03%/32;0%; uniformly in Q; D is any first order deriva-
tive.

Introduce positive functions ¢,(4), ¥,(4) and 75(e) such that 5(e)
—0 if e—0 and

82

@ ;E,, { L 92;0%

© 4t

If p€H?? (1<p =< ») then such functions clearly exist. We take
(4)  ¢5(4) = ¢¥,(4) = C(vol. A)V» if p € H>= (C = const. # 0).

3. Levi conditions.

DEeFINITION 1. Let Q€ H?2», We say that the weak Levi condition
with index p (WLC,) holds at x°€ dQ if for any €>0 there exist & such
that

6= | 0} " < g1,

9%
9202

» 1/p
o} s w).

L(p(3), w(z)) d\
) "~ e
2 — ef¢p(Vu) + ¥o(V) + (vol. mw}{ fB Iw(z)l’vdx} ,

$

for any w& C°(B;) satisfying

2 This follows from the inequality (z 1-dimensional) (*)f4| dw/dz| ?ds Adz < const.
Ja(| 8w/0z| »+| w| »)dz Adz where 4 is relatively compact to B. To prove(*) use integral
representation for w (which may be assumed to have compact support) in terms of
dw/dz and L estimates for singular integrals.

3 Indeed, in the contrary case, an argument involving the closed graph theorem
yields an inequality of the form l.u.b.AI a’w/az’l =< const. l.u.b.B(l aw/az'azl +| aw/azl
+| 6‘w/6§| +|w| ) (the same notation as in footnote 1) which is impossible (by [2]).
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» dp(z
© > p(2)
=1 23

Here V, is the support of w, 1/g4+1/p=1, Bs=B(x" 8) is the ball
with center x° and radius §, and & is sufficiently small such that
B; C Q4 and grad p#0 in B,.

If we require w to have weak derivatives in L?, then all the results
below remain unchanged; (5) then takes the equivalent form

[ B,
ik JB, 0% 0%

1/q
< e{¢p(Vu) + ¥p(Vu) + (vol. V«)"v}{ fB le"dx} .
3

'w;(z) =0 in B;.

™

Note however that if p is not assumed to have second weak deriva-
tives in L? then there may not exist any w with first derivatives in
L? which satisfies (6).

DEFINITION 2. Let Q€ H??, We say that the WLC,I holds at
x°€ 99 if for any €>0, § >0, there is a point 29U N\B; and 0 <u <8
—|x°—£| such that (5) holds with B; replaced by B(#, u), for any
w satisfying (6) in B(2, p).

DEFINITION 3. Let Q€ H?», If for some positive €, § and for any
set A CB;

® [ 16,90 2 algs(4) + 9,00 + (ol. 4] {f |w]oe dx} )

for any wE C%(4) satisfying (6) in 4 and such that 1= |w(z)| <2 in
A, then we say that the stricc WLC, holds. The strict WLC,I is
defined similarly.

Note that if we omit the condition 1 < |w| <2 and replace 4 by V.,
where wE€ C%(B;), then we obtain a condition which, although anal-
ogous to (5), is too restrictive if p < «, as seen by applying it to a
sequence of w's whose support is B; but whose limit has its support in
B, for any given 0 <7 <4. Note also that all the results below remain
unchanged if in (8) we replace (vol. 4)V7{ f|w|2d\}Ve by f|w|2dM.
Finally, all the results remain true if we modify Definitions 1, 2 and 3
by taking w(x) =const. such that (6) holds at one point of B;, B(%, u)
and A4 respectively.

4. Statement of results.

THEOREM 1. Let QEH?? (1<pS ). If pEH?*(N) where N is
some neighborhood of x°, then (i) the WLC,, WLC,I and the LC at x°
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coincide, and (ii) the strict WLC,, strict WLC,I and the strict LC at x°
coincide.

THEOREM 2. Let QEH?? (1<p=S ). If 0Q satisfies the strict
WLC, then Q is a domain of holomorphy.

THEOREM 3. Let QEH?*? (1<p=»). If Q is a domain of holo-
morphy then dQ satisfies the WLC,1I.

Set K =4. Denote by A(K) the algebra of uniform limits of func-
tions holomorphic on K, by S(X) the space of its maximal ideals, and
by I'(K) its Shilov boundary. If K is S;, i.e., if K=MN,;_; @, where
Q.. are domains of holomorphy then (Rossi [4]) S(K)=K and, if
I0eEC?, T'(K) =CI(P(K)) where P(K) is the set of points of Q2 where
the strict LC holds and “Cl” means “closure of.” Furthermore, for
each 2& P(K) there exists f holomorphic on K with

) lf@| > |fG)| forallzE K,z 2.

THEOREM 4. If K is S;, QEH?? and 0% satisfies the strict WLC,,
then T'(K) =9%.

Theorem 4 can be extended to the case where the strict WLC,
holds only on a part (say E) of 3%, provided p& C? in a neighborhood
of IQ\E.

Finally, Theorems 2—4 extend to domains Q which are only locally
given by functions p in H?-?, One uses a partition of unity in con-
junction with the arguments given below.

5. Proofs outline. To prove LC=WLC,, write

L(p(2), w(z)) = Lp(2) — p(x%), 2(2)) + L(p(2°), w(z) — ")
+ L(p(=?), »°)

and, given 7>0, determine §, w° such that lw(z)—w"l énlw(z)l in
B;, and make use of (4) and of Hélder's inequality. To prove WLC,I
=LC, assume L(p(x%) w < —€o| »°|? and derive L(o(z), w(3))
< —eo|w°| 2/2 (w, w° related as above), then integrate. Since WLC,
=WLC,I, (i) follows. The proof of (ii) is similar.

To prove Theorem 2, take Qn= {3; 2E€ %, pm(2) =pe,(2) =8, <0}
with e,—0, §,—0, such that, 2, DQp1, and let x°€0Q and e, § as in
Definition 3. Let m =m, be such that BN\, & and take 4 CBs,
ANQ,#= F. Given WEC%(A) satisfying (6) with p replaced by pm,
choose w&(C%A4) satisfying (6), with | W(z) —w(z)| =< /.z,,,l W(z) | ,
pm—0 if m—> o, Writing
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fL(p,,.,W)d)\=fL(p,w)d)\+fL(p,,.—p,W)d>\
A A A

+LL(p,W—w)d>\

and using Hélder's inequality and (8), derive (8) with p, w, € replaced
by pm, W, €/2 provided m =m,. Thus, the strict WLC, (and, by
Theorem 1, the LC) holds at each point £#£9Q,MNB;. By the Heine-
Borel Theorem, the LC then holds at all the points of 9%, for all
large m; thus these Q,, (and, necessarily, also Q) are domains of holo-
morphy.

To prove Theorem 3, let x*€9Q and ¢, 6 as in Definition 2. Choose
pEC* (C*) satisfying: ¢=1 in B(x° 8/2), =0 outside B(x° &),
0=¢ =1, elsewhere. Take ,=p,—A,+B,p(z) with 4,—0, B,—0 if
¥—0, B,>0, such that the domain {, defined by 5, <0, is contained
in Q and 8§ touches 02 at some point £& B(x?, §). Observing that not
all the functions holomorphic in {} can be continued into a neighbor-
hood of %, a result of Lewy [3] (see also [1, Chapter 2]) implies

0p(%)

L(5,(%),w) = 0 whenever p
%

wy = 0.

Now use arguments as in the previous two proofs.

To prove Theorem 4, it suffices to show that for any x°€dQ and
8> 0 there exists a point £2EdQMN B; for which (9) holds. With ¢ as
before, construct py,=py—A, —B,/¢ (4, — 0, B/ — 0, By > 0) such
that Q, defined by 3, <0, contains Q and 38 touches 9Q at some point
% in QN B;. Show that the result (9) of Rossi can be applied in .
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