
SOME HOMOTOPY GROUPS OF STIEFEL MANIFOLDS1 

BY C. S. HOO AND M. E. MAHOWALD 

Communicated by W. S. Massey, February 1, 1965 

Paechter [7] made some computations of Tk+p(Vk+m,m) where 
Vk+m,m is the Stiefel manifold of m frames in k+m space. In this note 
we give a table (Table 1) extending his results in the case where m is 
large. Since Vk+m,m—>Vk+m+i,m+i—>Sk+m is a fibering it is clear that 
Tk+p(Vk+m,m) depends only on k and p for p^ra —2. This is called the 
stable range and we feel that these stable groups are the most im­
portant ones. On the other hand for small values of ra, one of us [4] 
has made extensive computations and the results are available. 

James' periodicity [5, Theorem 3.1] is reflected in the table but the 
basic periodicity of period 8 is also present. 

In [ l ] it is proved that if n > 12, then TT ;(50(W)) = TT/SO) 
+7rJ+i(F2n,n) for j < 2 n — 1 . Hence it is easy to deduce the first four­
teen nonstable groups of SO(n) from this table. 

Tables of homotopy groups are much more useful if generators are 
given. Instead of generators we settle for giving the order of the image 
of i*: 7rjb+p(5*)—*Trk+p(Vk+m,m) (Table 2). One can construct the gener­
ators from this information and this map has important connections 
with Whitehead products [2]. 

The groups have been computed by using modified Postnikov 
towers [6]. An outline of the computation for one case, 6 mod 32, is 
given. The case k = 6 mod 32. This procedure is essentially the same 
as the Adams spectral sequence method. 

Let £ = 3 2 » + 6 and we suppose ra is large. Consider the fibering 
F32n+«,7-*F82n+m,m+i-^F82n+m,m-6. We are only interested in groups in 
the homotopy stable range so that we can construct a new fibering 

2 ~ Vz2n+m,m-& ""* Vz2n+6,1 ~~* Vz2n+m,m+l' 

We will build the modified Postnikov tower to this fibering. By [3] 
the cohomology of T^n+m.m+i is given by 

^'(P^n+m.m+i; Z2) = 0, 0 < i < 32fl - 1. 

= Z2, 32n - 1 ^ i ^ 32» + m - 1. 

Let hi generate Hi(Vz2n+m,m+i) Z2) when it is nonzero. Then Sq*hi 
1 This research was supported by a grant from the U. S. Army Research Office 

(Durham). 
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TABLE 2 

Order of im(fc|eTX$n)->7iï( V*n,n)) 
Top row is the name of the stem 
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= (J)A»+y. Hence the cohomology of the base space is given by hnn + 
= 5c7*+1A82n-i. We let /W-i = A. 

1st level. Over the Steenrod algebra the basis for ker p* is given by 
{Sq7h, Sqsh, Sql*h}. Of these three only the first two can be spherical 
in the sense of [6]. Indeed using ii Vk+m,m—*BS0(k) each class in 
Trj(Vk+m,m) represents a fe-plane bundle over S' which becomes trivial 
when summed with a trivial m-plane bundle. It is also easy to see that 
the bundle is a framed tangent bundle of S' if and only if the co­
homology map is nontrivial. Since the 15+32« sphere has only an 
eight field, Sql*h is not spherical. It is useful to kill it anyway but one 
has to be careful and identify the element at a later stage which is 
produced because of this. 

2nd level. Consider the following fibering 

Kx(Z, 32n + 5) X K2(Z2, 32n + 6) X K(Z2, 32n + 14) 

i q 
~ * E1 —• Vz2n+mtm+l 

with ^-invariants Sq7h, Sq*h and Sq16h. 
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PROPOSITION. A class vGH3\E1
1Z2) suchthatvÇ£imq*andj^64n—3 

satisfies: i*v — 2 ? - i &&% where ai is the fundamental class of Ki and 
/3* is an element of the Steenrod algebra such that piSqt+faSqt+fizSq1*, 
as an element in the Steenrod algebra, has only classes of length 2 or more 
in its Cartan basis representation. 

Using this representation of H*(EX) it is now just a lengthy but 
straight forward computation to verify that the classes in Table 3, 
column 2 do form a basis over the Steenrod algebra for HJ'(El) if 
3 2 w + 7 ^ j = 32tt+21. 

3rd level. Consider the fibering 

with ^-invariants given by Table 3. We use & to represent also the 
fundamental class of Ki. The value of w,- can be inferred from the 
table. Consider the diagram 

i2* à* 
H*(E2) -> H*(TKi(Z2, »<)) -* H*(E\ wKi) 

\ î^ 
T H*(El) -? H*(Kx XK2X Kz) 

PROPOSITION. A classV(ELH3'(E2), 7 £j — 32n£21, is defined uniquely 
by a sum ] C ? - i a A satisfying: 

(1)*2>= J^i-idiPiand 
(2) IX(*ÎT&)=0. 

This is a special case of 3.3.4 of [6]. 
Using this proposition the cohomology of E? in the interesting range 

can be computed. Another lengthy computation shows that column 3 
of Table 3 is a basis over the Steenrod algebra for Hi(E2), 7 ëL/ — 32n 
= 21. 

4th and higher levels. The computations are made as in the third 
level, using 3.3.4 of [6]. Nothing unusual happens. The class corre­
sponding to 7 6 + S B is the extraneous class produced by killing Sql%. 
This follows from Toda [8]. It is amusing to note that the formula of 
Adams [o] 

Sqi* = J^aijtZ<l>u 

with coefficients, for example, 03,3,3 = Sq1 and #1,3,3 = Sq7+Sq*Sq2Sql, 
essentially given by ye. 
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