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Communicated by W. S. Massey, February 1, 1965

Paechter [7] made some computations of 7iyp(Viimm) wWhere
Vitm,m is the Stiefel manifold of m frames in 2+m space. In this note
we give a table (Table 1) extending his results in the case where m is
large. Since Viimm— Vitmi1,m1—S¥™ is a fibering it is clear that
Tik+p( Vitm.m) depends only on & and p for p Sm —2. This is called the
stable range and we feel that these stable groups are the most im-
portant ones. On the other hand for small values of m, one of us [4]
has made extensive computations and the results are available.

James’ periodicity [5, Theorem 3.1] is reflected in the table but the
basic periodicity of period 8 is also present.

In [1] it is proved that if » > 12, then =;(SO(n)) = 7;(SO)
+m41(Ven,n) for j<2n—1. Hence it is easy to deduce the first four-
teen nonstable groups of SO(xn) from this table.

Tables of homotopy groups are much more useful if generators are
given. Instead of generators we settle for giving the order of the image
of 22 Titp(S¥) =T i+p( Vitm,m) (Table 2). One can construct the gener-
ators from this information and this map has important connections
with Whitehead products [2].

The groups have been computed by using modified Postnikov
towers [6]. An outline of the computation for one case, 6 mod 32, is
given. The case =6 mod 32. This procedure is essentially the same
as the Adams spectral sequence method.

Let £=32n-46 and we suppose m is large. Consider the fibering
Viznt+6,7 Viznitm,m+1—> Viznim,.m—s. We are only interested in groups in
the homotopy stable range so that we can construct a new fibering

27 W santmm—6 — Vaznte,7 = Viznimmt1.

We will build the modified Postnikov tower to this fibering. By [3]
the cohomology of Visnim,ms1 is given by

Hi(Vs2ntmmi1; Z2) = 0, 0<i<32n—1.
= Zs, 2n—1=51=32n+m—1.
Let h; generate H*(Vinim.m+1; Z2) when it is nonzero. Then Sgk;

1 This research was supported by a grant from the U. S. Army Research Office
(Durham).
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TABLE 2

Order of im(#xm;(s®)>m;( Vanu))
Top row is the name of the stem

n8 ||| v ||| e|T |no|ne| W [n| u|m|

0 o 2 2| 8| 2|16 2| 2| 2| 2| 2| 2] 2| 2| 8

1 2 2 2| 2 22| 2| 2| 2|0 2| 2|2|2|@0o0

2 o 2| 0] 4| 2|16 0] 2( 2] 0| O O] 2| O] 4

3 20| 0} 2( 2| 2| 0 0} 0] Of O) O OJ O] O
115(128) 2

4 o 2| 2| 8 0f16| 2| 2| 2| 2| 0| 2| 2| 2| 8

5 212 220 2} 2| 22|00 0] 2|2]0
53(64) 2 2

6 ol 2| 0| 4| 2|16 2| 2| 0| O| O O 2| O 4
22(32) 2

7 2,0/ 0 O O] 2| 0[O O] O] O] O] O] O} O
15 0

= (})h:1;. Hence the cohomology of the base space is given by ksza +
= SqH'lhsz,,_l. We let hsz,,_1 =h.

1st level. Over the Steenrod algebra the basis for ker p* is given by
{Sq’h, Sq®h, Sq“h} . Of these three only the first two can be spherical
in the sense of [6]. Indeed using #: Viim.m—>BSO(k) each class in
i Viym.m) represents a k-plane bundle over S7 which becomes trivial
when summed with a trivial m-plane bundle. It is also easy to see that
the bundle is a framed tangent bundle of S7 if and only if the co-
homology map is nontrivial. Since the 154 32% sphere has only an
eight field, Sq% is not spherical. It is useful to kill it anyway but one
has to be careful and identify the element at a later stage which is
produced because of this.

2nd level. Consider the following fibering

Ki(Z, 32n + 5) X Ky(Zs, 321 + 6) X K(Zs, 32n + 14)

i 4
— El> V32n+m.m+1

with k-invariants Sq'h, Sg®hk and Sq'h.
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PROPOSITION. 4 classvE Hi(E', Z;) such thatveEim g* and j < 64n—3
satisfies: i*v= Y o_, Bia; where o; is the fundamental class of K; and
Bi is an element of the Steenrod algebra such that $1.Sq"+B2Sq®+B:Sq*s,
as an element in the Steenrod algebra, has only classes of length 2 or more
in its Cartan basis representation.

Using this representation of H*(E!?) it is now just a lengthy but
straight forward computation to verify that the classes in Table 3,
column 2 do form a basis over the Steenrod algebra for H/(E?) if
2n+7=5j=32n+21.

3rd level. Consider the fibering

9
I1 k.(2;, ) — E*— E*
=1
with k-invariants given by Table 3. We use ; to represent also the
fundamental class of K;. The value of #; can be inferred from the
table. Consider the diagram
i3 o*
H*(E?) — H*(wK{(Z2, n:)) — H*(E?, 7Ky)
N T
,
H*(EY) 5 H*(K1 X K3 X Ky)

PRroOPOSITION. A classvE Hi(E?), 7T<j—32n <21, is defined uniquely
by a sum Y _o_,aB; satisfying:

D 3v=2"2 ,aB:and

?) Y018 =0.

This is a special case of 3.3.4 of [6].

Using this proposition the cohomology of £?in the interesting range
can be computed. Another lengthy computation shows that column 3
of Table 3 is a basis over the Steenrod algebra for Hi(E?), 7<j—32n
=21.

4th and higher levels. The computations are made as in the third
level, using 3.3.4 of [6]. Nothing unusual happens. The class corre-
sponding to vy+0s is the extraneous class produced by killing Sq'¢h.
This follows from Toda [8]. It is amusing to note that the formula of
Adams [0]

Sq% = 3 0:7,001

with coefficients, for example, a;3,3=3S¢' and ai,3,5=S¢"+S¢*S¢%.Sq?,
essentially given by ve.
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