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Introduction. This work is closely connected with [5] and we shall 
freely use the notations of [5, §2]. 

Let G be a semigroup which admits countable left invariant means 
(i.e., Ml(G)r\Qh(G)^01 where Ml(G) is the set of left invariant 
means) and let él(G)= {<£; <AGw(G)*, Lg<j> = <t> for g G G } . By Theo­
rem 4.2 of [5] G contains finite groups which are left ideals with left 
cancellation, i.e. by [5, §2] (l.i.l.c.).1 Let {A a}aei be the set of all finite 
groups which are (l.i.l.c.) in G and define for a, jSGI, a«j3 = j3. The 
indices set I becomes thus a semigroup with semigroup algegra h(I) 
and second conjugate algebra m(7)* (as defined in Day [3, p. 526]). 
As proved in Theorem 1 of M. M. Day [3, p. 530] $l(G) is also a sub-
algebra of w(G)* (when regarded as the second conjugate algebra 
of /i(G)). 

A linear positive isometry from m(/ )* onto ól(G) which displays 
the inner structure of $l(G) is constructed in this paper. This isometry 
is also an algebraic isomorphism from the algebra ra(I)* onto the 
algebra $l(G). 

A =Uaer A a is a right minimal ideal (this is the result of Clifford 
[l,] for proof see [5, Lemma 3.1 and Remark 3.1]) and moreover, the 
A «'s as finite groups are isomorphic to one another (see [ô] end of 
proof of Theorem E) therefore the number N of elements of Aa does 
not depend on a. We now define the linear operator T: rn(G)—»m(I): 

ioi<x<=I (Tf)(a) = ±- E / ( î ) . 
M oeAa 

This operator has the following properties: 
(1) If f(g) ^ 0 for each g in G then (Tf)(a) ^ 0 for each aEI (obvi­

ous). 
(2) T\Q=U (obvious). 
(3) T(laf) = T(f) for each a in G and ƒ in m(G) : 

(Tlaf)(a) - 1 E (laf)(g) 4 E ƒ(*«) = ~ E ƒ(*) - (Iflto 

(a^4« = ^4a since ^4« is a finite (l.i.l.c.)) 
1 A finite group B(ZG is a (l.i.l.c.) if gB=B for each g in G. 
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(4) T is linear and | | ïy | | ^ | | / | | for ƒ in m(G). Linearity is evident 
and 

| | 2 y | | = 8 u p | ( 2 y ) ( a ) | = s u p ^ -
aei ceel Jy 

*± E 11/11= 11/11 • 
M geAa 

E/te) 
g€Aa 

^ s u p l E | / (g ) | 
«er iV geAct 

(5) r [m(G)] = w(7) since if h is in m(I) then we define ƒ in m(G) 
as follows: for gG^4« let /(g) = h(a) and this for each a £ 7 , for g not 
in A =Ua67 A a (if there exist at all such g's) let /(g) = 0. Obviously ƒ 
is in m(G) and: 

(77) (a) = ~ E fig) = ^r E *(«) = *(«)• 
iV ^e,!* iV 0eAa 

Thus Tf=h, but moreover the above chosen ƒ satisfies also ||/|| â||fe||. 
Thus the image of the closed unit ball in m{G) by T, is the whole 
closed unit ball of rn(I). 

(6) If BC.G is a finite set then (T1B)(OC) does not vanish at most 
on a finite subset of I. In fact (T\B)(OL) = (1/iV) X^eAa ls(g), thus 
^ ( I B ) does not vanish only for those a which satisfy B(~\Aa 5̂  0 . Since 
J5 is finite there is a t most a finite number of such a. 

If S is a set then let c0(S)LCm(S)* be defined by 

co(5)J- = {<£; 0(1*) = 0 for each g in S} 

We are now ready to prove the following: 

THEOREM. JP*: W(7)*—>m(G)* is a linear positive isometry from 
m (I)* onto ól(G) such that T*[Qh(I)] = Qh{G)r\$l(G) and 

T^coiiy] = t ;o (G) 1 n^(G) . 

PROOF. (T*4>)f=4>(Tf) for </> in m(J)* and ƒ in w(G). T* is linear 
and moreover is isometric since : 

\\T*4 = sup \(T*4>)(f)\= sup 10(27) | 
/em(G),H/11 Ê1 /e»(«SD.«/lSl 

= <*> S u p | * ( A ) | = | | * | | 
»e»(I),||ftl|^i 

(for (*) see (5) above). Now for <f> in w(/)*, ƒ in m(G) and a in G 

(r**)(V) = <*W) = *(2y) = (r*<*>)(/) 
(see (3) above) which implies that T*(w(7)*) C$l(G). We prove now 
that r*(m(I)*)=#/(G) . In order to do this we have to prove at first 
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tha t if <t> is in 41(G) and ƒ in m(G) is such that T / = 0 (i.e., Tf(a) 
= (1/-ZV) Z)aeA« f(g) = 0 for each « £ / ) then </>(ƒ) = 0 . In fact if G-A 
will denote those elements of G which are not in A =U a e r Aa (this 
may be an empty set) and if a is some element of Ay then for any 
ƒ of w(G) and g of G we have 

( U / ' W ) ) (g) = ( / l c ^ X a g ) =f(ag)U-A(ag) = 0 

since ag belongs to A for any g of G (see remark (3.1) of [5]). Thus: 

<*>(ƒ') = <t>U'U) + WU-A) = <Kf'U) + W W ) ) = <K/U). 

Let us pick some ao of I and let #i, • • • , ajv be the N elements of 
Aav If a \s an arbitrary but fixed element of A then aÇzAa for some 
a £ 7 . But 4a0*a is a left ideal and Aao-a(ZAa. Since Aa is a minimal 
left ideal (as a left ideal and group) AaQ'a = Aa. Now 

P̂  IX/|(<o = -̂  è / M = -̂  E /tó = (zy)(«). 
But by assumption (Tf)(a)=0 for each a G / , which implies that 

— Z) l*<f \(i) = ° for e a c h S of 4 . 

But since <j> is left invariant 

which proves that if Tf=0 for some ƒ of m(G) then <£(ƒ) = 0 for each 
0 of 41(G). 

Let now <£o be an arbitrary but fixed element of 41(G). We define 
\[/o of m(7)* such that r*^ o = 0o as follows: if A is in m(I) then let 
fÇmm(G) be such that 2jf=fe (by (5) above there exists such an ƒ). 
We define \{/o(h) = 0o(jO- ^0 is well defined on tn(I), since if ƒ1 is such 
that r / i = ft=7jf then r( jf i-ƒ) = (> and thus 0o( / i~ / )=O. We get 
that^>o(/ i )=0o(/)=^oW. 

^0 is linear since if A t= T/*-, i = l , 2, then T(afx+^f<t)=aTf\+^Tfi 
and ^ o M i + W =0o(«/i+j8/2) = ^ o ( / i ) +/30o(/2) =c^o(&i) +flh(fc). 

If A is in ra(/) then we can choose by (5) above a ƒ in w(G) such that 
Il/Il É| |*| | and 7y=* . Thus |*o(*)| H M f l l £ | W I ||/|| £ | M I ||*|| 
which implies that ^0 is in tn(I)*. But for ƒ in m(G) let /&= Tjy then 
(T*\po)(f)=\l/o(Tf)=\l/o(h)=(l>o(f) which proves that P ^ o ^ o , in 
other words that T* is a linear isometry from rn(I)* onto 41(G). 

If now f G w ( / ) * is non-negative (i.e., \l/(h)*zQ for Aj^O) and if 



104 E. GRANIRER [January 

fÇim(G) is non-negative then by (1) above Tf is non-negative and 
(T*\p)(f) =^(2y) SO which proves that T* is positive. 

If ^ £ c o ( I ) x (i.e., ^(1«) = 0 for each a(E7) and if BQG is a finite set 
then (T*\I/)(IB) =\//(T1B) = 0, since by (6) above T ( 1 B ) does not vanish 
a t most on a finite set. Thus T*\p is in CQ(G)X and P^CoCO1) C^o(G)"1* 
rV/(G) . 

If now, yp is in Q/iC0(|M| ^ S « e i |^(1«)| < °°) then we define <j> in 
Qk(G) as follows: 

</>(la)=^(la) for gGAai a£I and 0(l a) = O for gGG-A (if non-
void). ^(1«) 5^0 at most on a countable subset of I , therefore <t>(l0) ^ 0 
at most on a countable subset of G and 

Zl*d.)l = £ Z U(i.)| = I>I*(U| =iv|M|<». 
cetf «el geAa ael 

Moreover, 

(rV)(/) = HTf) - E *(U)(zy)(«) 

= E 4>(U/(g) 

which implies that T*\p=(l/N)<j> and <t>EQh(G). Thus T*(Qh(I)) 
CQh(G)r\0l(G). 

If </>Gco(G)xn^/(G) then there is some ^ G w ( i ) * such that 2 ^ = 0. 
However as well known, Cv(I)L@Qh(I) = m(J)* (see [7, p. 429]), 
which implies t h a t ^ c a n be decomposed into^=i/ / i+^2 with^iGQ/iCO 
and ^2eco(I) x . Thus T^^T^x+T*^^. But from above, 
r^GcoCG)"1" and by assumption ^>G^o(G)±, which implies that 
r*^iGc0(G)-Ln<2/i(G) = {0}. 

We have shown tha t T*(c<>(I)±) = Co(G)1r\ól(G). In the same way 
one gets that T*(Qh(I)) = Qh(G)C\öl(G) which finishes the proof of 
the theorem. 

REMARKS. If < Ê I , $ 2 G W ( I ) * and x£.m(I) then (0iO02)(x) =<t>i(<t>2l'ax) 
where Va is the left translation operator in m(I) with respect to the 
element a £ J . (See M. M. Day [3, p. 527].) Since (l'J)(Ji)=x(afi) 
= x(j3) one gets that ( 0 I O 0 2 ) ( X ) = 0 I ( 0 2 ( X ) 1 J ) = 0 I ( 1 I ) - 0 2 ( X ) and thus 
<fc©02 = <Mlz)02, which implies that r*(0iO0 2) = 0i(lr)r*02. (Until 
now O denoted multiplication in w(2)*. From now on its denotes 
multiplication in m(G)*.) But ( r ^ 1 ) O ( r * 0 2 ) = ( ( r ^ i ) ( l ö ) ) r * 0 2 

(see Day [3, p. 530]). Since ( r * 0 i ) ( l ö ) = 0 i ( n ö ) = * i ( l j ) one gets 
that r*(<f>iO02) = (r*tf>i) O(r*0 2 ) which implies the 

COROLLARY. T* is an algebraic isomorphism from w(J)* owfo ^Z(G). 
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REMARKS. If 4>&l(G) then let ^ = (r*)-1(0). By Jordan's decom­
position theorem ^=^1—^2 with non-negative fa, fa of m(I)* (see 
[4, p. 98]). Thus 0 = T*yp=T*fa- T*fa where rty< i = 1, 2 are non-
negative disjoint left invariant elements in m(G)*. If a» = (T*\//i) (1 <?) 
^ 0 then it is easily seen that 0 can be written as #=ai#i — a ^ where 
0i, 02 are either left invariant means or zero. (0*= {l/a^T^i if oti>0 
and 0i = O if o:* = 0.) For semigroups with cancellation, this is a result 
of M. M. Day [2, p. 281]. 
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