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1. Introduction. We consider the matrix linear differential operator
i)
L= P(x,y;,D)— E—
9y

for x= (%1, + * +, %,) EE" and y& [y, "], where E is the NXN
identity matrix,

Py =( T 456 )5 lij = 1, -+, Nib 2 Laninteges),
1k| 525

(k) =(ky, - - -, ko) for non-negative integers k;, Ikl =>" &y, and

D¥=9!*l /gxh . . . Jxf». We will use D™ to denote an arbitrary D*

with | k| =m. Following Petrovskil [6], we say that L is uniformly

parabolic in R=E"X [y, ¥''] if there exists a constant § >0 such that

all of the roots A=\(x, ¥, o) of

det {( 2 45 5)0io)) = 2B} = 0] ()" = TL o]

| k|=2b je=1
satisfy ReA(x, ¥, ) <—28 for all (x, ) €R and real ¢ such that
> r.107=1. We assume throughout this paper that: (i) L is wuni-
formly parabolic in R and (ii) the coefficients A{ (x, y) of L are bounded
uniformly continuous functions of y and satisfy a uniform Hilder con-
ditton (with exponent o, 0<a=1) with respect to x in R. Our main
result is a uniqueness theorem for the solution of the initial value
problem (i.v.p.)

(1.1) Lu = f(z,3) in E» X (1, y"];  u(x, 1) = g(x)

1 This work supported (in part) by the Office of Naval Research under Contract
Nonr-710(16); (NR 043 041).
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for arbitrary tE[y’, y'"), where f(x, y) and g(x) are given N-vectors.
In particular, we establish sufficient conditions for the unique repre-
sentation of the solution of (1.1) in terms of the fundamental solution
of Lu=0. The i.v.p. (1.1) has been investigated by various authors,
notably Efdel’'man [3; 4] and Slobodetskil [8] (see also Rosen-
bloom [7]).2 These results will be described in the appropriate places
below.

2. Existence theory. An N XN matrix I'(x, v; £, 7) definedin RX R
for y>n is said to be a fundamental solution (f.s.) of Ly =0 if, as a
function of x and vy, I is a regular solution of Lz =0 for y > and if for
suitable N-vectors g(x)

lim | T(x, y; & n)g(E)dé = g(x).?
y—n+
Our results are based on the following

THEOREM 1. If (i) and (ii) hold, then there exists a f.s. T'(x, y; £, 1)
of Lu=0 which can be wiitten in the form

Y
D36 = 606,y 6 + [ o [ GO, 355, DG, 75 s
1

= G(f)(x, ¥, E: ’7) + W(x; y; E; 77),
where
G038 =) [[esem OV Oy, 0)do [(a, %) = za,x,.],
Jm=1

the matrix VO (y; 9, 2) is the solution of (d/dy)V=P({, ¥;12)V; V(n)
=E[s=0+1iv; 0, YEE"], and the matrix V(x, y; &, 1) is the solution
of the integral equation

Y
Y(x, y; &) = LGO(x,y; & 1) + f dr f LG®(x, y; 5, )¥(s, 7; £, n)ds.
Ul

There exist constants ¢1>c2>cs>c4>0 and K, >0 depending only on
8, y/' —y' and the bounds for the AL such that

2 In the Russian literature (1.1) is called the Cauchy problem. Petrovskil's defini-
tion of parabolicity is given for somewhat more general systems involving higher order
derivatives with respect to y. However, the i.v.p. for such systems can be reduced to
(1.1) by the introduction of additional dependent variables. In the papers cited above,
Eidel’'man deals with these more general systems.

8 If the range of integration is not specified, the integral is understood to be taken
over the whole En,
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(2.1) | DGO (x, 338, m) | S Kily — n)=+m/2 exp(—cip(s, y; £, 1))
[m=0,1,---,26+ 1],
(2.2) | DGO, y;£,1) — D"GO(x,y;£,m)
Koy — m)=tmt2ls |/ — 5 |¢ exp(—cap(a, 95 & 1))
[m=0,1,--,20,0 S u < 1; | & — x|, < (y — n)122),
(2.3) | D"W(x,y;5m) | S Kily — n)=m=12 exp(—cap(w, y; £, )
[m=o01,--., 28],

A

and
| "W («', y; £ n) — D"W(x, y; £ 1) |

& — :)c|;,“/4

(2.4)

IIA

Ky — n)
{exp(—cep(@’, ;& n)) + exp(—cep(®, y; & 1))}
[m=0:1:"’72b]’

where q=2b/(2b—1), | x| o= (21 2D, and p(x, y; £, 1) = (y—n)'—¢
JESIF

—(n+m—a/2)/2b l

REMARK. The paramatrix G® (x, y; £, n) is the f.s. of P({, y; D)u
—(9/3y)u =0 for any fixed { S E".

Theorem 1 (except for the Hélder continuity of D™W) has been
proved for the special case N=>b=1 in [1]; a slightly more general
result for N, =1 has been announced by Eidel’'man [4]. In particu-
lar, Etdel’'man uses a parametrix which depends only on the 4{ for
|k| =2b and consequently can dispense with the assumption that
the continuity of the A’ with respect to y is uniform for x & E» when
|k| <2b. Under this weaker hypothesis (2.4) is omitted and (2.2)
holds with G® replaced by I'. Our hypothesis (ii) is essential for our
uniqueness results and permits certain simplifications in the existence
theory.

The proof of Theorem 1 for N, b>1 is essentially the same as the
proof in the case N=b=1. The main difference is that in the latter
case the parametrix is known explicitly, while in the former case its
properties must be deduced from the corresponding properties of its
Fourier transform (see, e.g., [3]). The principal difficulty in proving
this theorem lies in proving the existence of D?*W. We outline briefly
the method of dealing with this point. Let x¢& E” be arbitrary and
consider for all x which satisfy |x—xo|,<1/2
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* (n—1)
f D»G (x, 55, 7)ds = [~ f DGO (x, y; 5, T)dus
I

s—z0| g=1

+ {D»G® — DBG®}ds + D“G(")ds:l A

ls—2olgs1 ls—zolez1 (=2

Since
I DmG(i")(x, ¥; IR 77) —_ DmG(f)(x’ y; & 77) |

—(n+4m) [2b
< Ki(y — ) I

¢ — ¢lq exp(—cio(z, y; & m)
[m=0,1)"'72b]

it follows that lf*DZ”G(”dsI S K¢(y—7)~1*+e/20 where K¢>0 is inde-
pendent of xo, %, y, 7. Moreover, it can be shown that |¥|
S Kq(y—n)~+2-2/2 exp(—csp) and

— (n+2b—a/2) /2b af2
|,y 6 m) — ¥, 95 60) | < Kely — 1) | o — x

q

{exp(—ap(«’, ¥; £ 1) + exp(—cso(x, ¥; & )},

where ¢;>c¢;>0. From these facts we can show that D2 W exists and
can be written in the form

(y+n) /2
D»W (%, y; & n) = f drf DBGE (%, 955, 7)¥(s, 75§, n)ds
n

y *
+ dr {(f D”’G“’ds)\l/(x, 736 m)
(2.5) (w+n) /2

+ f DRG®[W(s, 75 ¢, 9) — ¥(x, 7; & ﬂ)]ds}

for |x—x0|,=<1/2 and y>7. The estimate (2.3) follows immediately
from (2.5). To prove (2.4) we use (2.5) together with

* *
lf DBG®(x, y;55,7)ds ——f DBGE) (x, y; s, T)ds

é Kg(y _ T)—1+a/4blx, — al2

q

for |’ —x|,=<1/4 and the observation that

¢ We use Hopf’s notation [3] for the boundary integral over Ixo—sl =1
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fD"‘G(”(x-l-h, y;5,7) ¥(s, 75 & n)ds

- fDmG(sHl)(x’ y; 8, T)Y(s+h, 7; & n)ds.

Let ¢, €e>0 be chosen such that
| Dnr| 5 K(y — n)=®+m /% exp(—(c + o)p).
For any constant 820 and y' S¢t<y=<y" define
k(y, 1) = oB/[c®t — (y — 1)g@1] @,

If Dw(x, y) is a continuous function of x & E" define

Nilw; y, 1] = 1“;'}" {| Dw(, y) | exp(—k(y, )| 2]p)}
and

esalw; 9, 1] = Lub. {minfexp(—k(y, )| #' [, exp(=k(, ) | (D]

z’ ,2€EE
| D'w(,y) — Dw(x,9)| /|« — =t} [0<ust],

where the lLu.b. is taken with respect to all derivatives of order 1.
From Theorem 1 and the fact that —cp(x, y; & %)+Ek(n, t)|£|§
<k(y, t)|x|? for yE[t, y*], where y*—t<(c/B)* ! and y*=y", we
prove

THEOREM 2. Assume that
(a) (g) =Lub.z{|g(x)|e P18} < o and g(x) continuous in E».
(b) f(x, y) continuous in E*X (8, y*], 9[f; 3, t] <  for yE(¢, y*],
and [T [f; T, t]ldr < .
(c) In every compact subregion of E*X (¢, y*|f(x, v) is Hilder con-
tinuous with respect to x.
If (i) and (ii) hold, then

2.6) w3 = [ 136 0g@e ~ [ “on [ T 5386 e

is a regular solution of the i.v.p. (1.1) in E*X [t, y*]. There exists a
constant K(e) >0 depending on €, 6, y''—y' and the bounds for the
AS,"), but not on y or t, such that

talui3, 1] 5 KO {0 = 021(0) + [ "= mymrmalfin, din

2.7 m=0,1,---,2 —1].
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For arbitrary xo& E® and all x which satisfy !x—-xo l =172

D¥u(x,y) = f D®T(x, y; &, 1)g(k)dt
(y+t) /2
-~ f dn f DBG® (x, y; &, )f (¢, n)dE
t

(2.8) -f i [ 0w, 33 it i

Yy %
- dn {( f D%G(f)ds) f@,m)
(y+t)/2

+ [ Du6olitm) — sta, ot}
Moreover, D™u is Hilder continuous with respect to x in every compact
subregion of E*X (t, y*] for m=0, 1, - - -, 2b.
If we replace (c) by (¢') Rowu[f; 3, t] < o for yE@, y*], then

wafui 5, = KO {0 =07 (w0 + [ "sulfin, din) + & = ppim

yHis21s2y*

Y
sup  o[f;m, 1] + f (y — m)~t+el29t,[f; m, t]dn}-
t
If we replace (a) and (c) by

@") Mg < » and N,(g) = l{.u.gh {min[exp(-—ﬂl x! r;),
e

exp(—8| #[]| g(&) — g@) |/ ]| 2" — x[e} <
and

Y
(") Fowlf; 3, ¢] < @ fory € (4, y*] and f Rowulfsm, tldn < o
t

respectively, then

Saslu; 3, 1] < K(9) {(y — memla(g) + 9]

+ [C6 = mremuls, i+ Solss, t])dn},

where v =min(u, a).

A result similar to Theorem 2 is proved in [1] for N=b=1.
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3. Uniqueness theory. We now consider the question of under
what conditions (2.6) is the unique solution of (1.1). It has been
shown by Eidel’'man [3; 4] and Slobodetskii [8] that

THEOREM 3. If (i) holds and if the coefficients A of L are such

that the f.s. of the adjoint system Lu=0 exists, then the only regular
solution of

(3.1) Lu=0in E* X (¢, y*];  au(x, 1) =0
which satisfies Nolu; v, t] < o for y&[t, y*] is u(x, y) =0.

It is clear that under our hypothesis (ii) Theorem 3 is not, in gen-
eral, valid. However, by further restricting the class of solutions
under consideration we obtain the following extension of Theorem 3,
which is the main result of this investigation.

THEOREM 4. If (i) and (ii) kold and if u(x, v) is a regular solution of
(3.1) in E*X [t, y*] such that (c)D™u(x, y) is Hilder continuous with
respect to x in E*X (t, v*] and (B)Mm|u; v, t]< o for yE(t, y*] for
m=0,1, - -, 2b then u(x, y)=0.

The proof of Theorem 4, which we sketch below, is based on certain
a priori estimates for the D™u. The method was suggested by the
Douglis-Nierenberg derivation of the Schauder estimates for elliptic
systems [2], although the basic ideas occur in [5].

We first prove

LemMA 1. If (i) and (ii) hold and if u is a regular solution of (3.1) in

ErX [t, y*] which satisfies (), (B) and (v)[!'In[u; 7, tldr < o for
m=0,1, -+ -, 2b then u(x, y)=0.

Let { €E" be arbitrary. Then u is a regular solution in E*X [¢, y*]
of the i.v.p.

P
3.2) A®u = P(¢,y; D)u — 2= {P(¢,9; D) — P(x,, D)}u(x,y)

=F®(x,9) in E* X (4, y*];  w(x, ) =0

where, in view of (ii) and the conditions on D™u, F®(x, y) satisfies
(b) and (c) of Theorem 2 uniformly for {EE". For fixed {CE™,
G®(x, y; &, m) is af.s. of Ay =0 as a function of x, ¥y and a {.s. of the
adjoint system as a function of &, 5. Thus, by Theorems 2 and 3

@3 D) = — [ an [ D60, 36 mEOE e
t [m=01--- 2b0—1]
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and, in view of (2.8),

D¥u(z,y) = — f dn f DUG®(z, y; & )FO (&, n)dé
t

3.3) - ! dy {( f *D2bG<r)d£> F®(x, 1)

(y+2)/2

(y+t)/2

+ f DBGO[FW (£, q) — FO(x, n)]dé}

for arbitrary {, xo&E" and Ix-—-xo] ¢=1/2. In particular, choose
¢=xo=x. Then, by (ii) and (3.2), F®@(x, 7)=0 and |F<”)(£, n)l
éKI x—‘g'l 2> 2 | Diu, 17)| for >, where K >0 is independent of
x, & n. Since the constant in (2.1) is also independent of x, ¥y, &, 7,
it follows by applying these estimates to (3.3) and (3.3’) that there
exists a constant Q1 >0 depending only on 8, €, ¥’ — 3’ and the bounds
for the 4{P such that

v 2b
33,1 S 0 [y = 601 3 stalusm, dan
t

m=0

(3.4)

[j=0’17°"’2b]'
Define

v 2b
Mu;y] = | 20 ulu; n, t]dn,
t m=0
where, by (v), M[u; y] < o for y&[t, y*]. Then integrating both
sides of (3.4) with respect to y and interchanging the order of integra-
tions on the right hand side, it is easy to show that there exists a
constant Q>0 depending on @, and « such that

amfu; y] £ Qy — D=2 [u; y] for y E [z, y*].

The proof of Lemma 1 can now be completed by standard arguments.

An immediate consequence of Theorem 2 and Lemma 1 is the
following

LemuMA 2. If (i) and (ii) hold and if f and g satisfy (a'’), (b) and (c''),
then (2.6) is the only regular solution of (1.1) in ErX[t, y*] which
satisfies (a), (B) and (7).

Suppose now that « satisfies only the hypothesis of Theorem 4. For
arbitrary (x, ) in E*X (¢, y*] consider the i.v.p.

3.95) Lv = 0in E» X (1, y*]; o(x, 7) = u(x, 1),
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where t <7 < (y+¢)/2. By Lemma 2 and Theorem 2, since « satisfies
(@), (8) and (y) in EX [r, y*], u(x, y) =v(x, ; 7) in E»X [r, y*] for
any 7& (¢, (y+t)/2], where v(x, y; 7) = [T'(x, v; £, )u(£, 7)dE. In view
of continuity of u(x, ¥) in E*X [t, ¥*] and of T'(x, ; £, 7) as a function
of 7, uniformly for 7 = (y+1) /2 <y, it follows that lim,.. v(x, ¥;7) =0
in E»X (¢, y*]. Thus u(x, y) =0 in E*X(t, y*] and, by continuity,
the theorem is proved.
Finally, in view of Theorems 2 and 4 we have

THEOREM 5. If (i) and (ii) hold and if f and g satisfy (a), (b) and ('),
then (2.6) is the only regular solution of (1.1) in E*X[t, y*] which
satisfies (o) and (B).

REMARK. The results of §§2 and 3 can be easily generalized by
replacing 9. [«; v, t] by

m » a 1/p
Spm[u; 9, 1] = ( f | D u(t, y) | exp(—pk(y, 1) | $|q)d£>

for any 1<p=< o (cf. [4;8]).
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