MEASURE AND AREA
HERBERT FEDERER

1. Introduction. For a long time the efforts of many mathe-
maticians have been directed toward the creation of a complete
theory which extends the quantitative concepts of Euclidean geom-
etry to general subsets of Euclidean #-space, E,, and to mappings into
E,. The first and fundamental steps in the modern development of
this subject were taken by Lebesgue and Carathéodory with the in-
vention of the general theory of measure. Subsequently the main
interest has shifted naturally to the specific geometric problems
which arise when the new concepts are applied in the extension of
classical analytic formalisms and in the structural study of sets and
mappings.

Measures are functions defined on classes of point sets; areas are
functions defined on classes of mappings.

The first four sections of this paper are mainly expository. They
contain the definitions of certain measures of geometric interest; a
discussion of the rectifiability, tangent planes, densities and projec-
tions of point sets; and a description of a very general form of the
Gauss-Green Theorem which illustrates the scope of the theory and
its applicability to classical problems. Pivotal in this whole structure
is the relationship between the purely metric notion of Hausdorff
measure and the group-theoretic concepts of integral geometry.

The remaining four sections of this paper serve to establish some
new results concerning the area of mappings. The basic issue moti-
vating these investigations is the validity of the principle that every
area defined by any reasonable method is naturally representable
as an integral of a multiplicity function with respect to a measure.
This raises a difficult problem because Lebesgue, in introducing his
particular area which has been used very successfully by many
workers in the field, was guided entirely by the analytic requirement
of semi-continuity; his definition appears to have no immediate con-
nection with the geometric measure theory which was created later
by Carathéodory. This difficulty has now been overcome for the case
of prime classical interest: mappings of a two-cell into three-space.
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The principal new results are contained in the theorems 8.17, 8.15,
and 6.9.

2. Definitions of some k-dimensional measures over z-space. Sup-
pose k=n are positive integers, .Li is the k-dimensional Lebesgue
measure over Ej, and

a(k) = LCu(EeN {z]|] 2] <1})

is the volume of the k-dimensional unit sphere.
Let A CE,. With each positive number r we associate the infimum
of all numbers of the form

> 2-ka(k) (diameter B;)*

1=1

where

ACUBi’

=1

diameter B; < r fore=1,2,3,---.

As r decreases toward zero, this infimum never decreases; it ap-
proaches the limit

5en(A),

the k-dimensional Hausdorff measure of the subset 4 of E,.

If k=n, then 3% =.L» and the above infimum is actually inde-
pendent of ». Carathéodory was the first to recognize the necessity
of the double limiting process in case k£ <#z. By attaching to each set
B; a constant times the kth power of its diameter, Hausdorff modified
the earlier definition of Carathéodory, who had required B; to be
convex and had associated with it the supremum of the . measures
of its orthogonal projections into E;. The measures of Carathéodory
and Hausdorff are not identical, but their ratio is bounded [MEF 1}.
This implies that the structure theorems for sets of finite Hausdorff
measure, described in the following section, apply equally to sets of
finite Carathéodory measure. However Hausdorff measure appears to
be usually easier to work with and it has the advantage, exploited in
§6, that its definition remains meaningful for arbitrary metric spaces.

The simplest orthogonal projection of E, onto Ej is the function
Pt on E, such that

p:(x)=(x1,-~-,xk)EEk for = (%1, -+, 2,) € E,.
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Every orthogonal projection of E, onto Ej is a superposition of the
form

p:oR,

where R is an element of the group G, of orthogonal transformations
of E,.
For each function f, each set X, and each point ¥, let

N(f, X, )

be the number (possibly «) of elements of the set
XN x| f(x) =y}
Now let 4 be an analytic subset of E,. For each REG, the integral

k
N(4, pno R, y)dLry
Ex
indicates the size of the corresponding orthogonal projection of A4,
counting each point in E;, with its multiplicity of projection. Using
the Haar measure ¢, over G, for which ¢,(G.) =1 and the constant

B(n, &) = a(k)-a(n — k) ’

()

we define the sntegralgeometric Favard measure

Fid) = 8n ™ [ [ Nepro R 4, 9)dirds.k
Gn v Ek

as a kind of average projection size of A. In his note in the Comptes

Rendus Favard attributes the idea for this definition—more pre-

cisely, a trivially equivalent definition—to a suggestion by Lebesgue.

After that Favard never did anything to exploit this concept, whose

fundamental importance will become clear in the next section.

The assumption that 4 be an analytic set was made in order to
assure the measurability of the integrand in the definition of ¥;(4).
The measure may be extended to arbitrary subsets B of E, in such a
way that F5(B) is the infimum of F%(4) for all analytic sets 4 con-
taining B.

The functions 3¢, and ¥ are (Carathéodory outer) measures over
E.,. Every closed subset of E, is both 3¢5 and ¥; measurable (in the
sense of Carathéodory). Every subset of E, is contained in a Gs set
of equal 3¢f measure and also in an analytic set of equal ¥ measure.
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Every 3¢k measurable subset of finite 3¢k measure contains an F, set
of equal 3¢ measure. Every analytic set of finite ¥f measure contains
an F, set of equal ¥ measure.

If a function g on E, to {tl — 0 StS® } is analytically measur-
able, which means that the g counterimage of every open subset of
the extended real number system is an analytic subset of E,, then

[ s@are=so 0™ [ [ ¥ s@iloisk
E, Gp Y B (2,0 R)(2)=y

In view of the obvious additivity and convergence closure properties
of the set of all functions g for which this formula holds it is sufficient
to observe that the formula is trivially true in the special case in
which g is the characteristic function of an analytic subset of E,.

3. The structure of sets whose Hausdorff measure is finite. A
function f on Ej to E, is said to be Lipschitzian if and only if there
is a number M such that

| f(x) — f&) | s M- | x — & for x € E; and ' € Eg.

According to Rademacher, such a function f has at £ almost every
point x of E; a total (Fréchet) differential which is represented by a
matrix of k columns and # rows of partial derivatives; the square
root of the sum of the squares of the determinants of the k-rowed
minors of this matrix is the Jacobian Jf(x). The connection between
these analytic concepts and the measure theory of the preceding
section is established by the formula

[ r1@ages = [ G, x, sy
X Ey

= | NG, X, 9)dFny,

En

which is valid for each Lipschitzian function on E; to E, and each
L measurable set X (see [F 1, 3]). The two integrals on the right
are equal to the countable sums

Zli-seﬁdyl NG, X, 9) =ib) + w-dea({y| N, X, 3) = o })
and

> i HUy | NG X, 9) = i)+ o-Fl{y| N X, 3) = o)

=1
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We follow the usual convention of measure theory that « -0=0. In
particular, if f maps X univalently onto Y, then

[ s1@icse = sk = Fuw).
X

In this connection it is useful to know that every .Lx measurable set X
contains an [ measurable set X’ such that f is univalent on X’
and such that the sets X and X’ have the same f image ([MF]).

This leads us to consider those sets which are almost representable
as Lipschitzian images of subsets of E;. More precisely we say that a
subset 4 of E, is Hausdorff k rectifiable if and only if there is a
Lipschitzian function f on Ej to E, such that

acZ(A — range f) = 0.

Every subset of a Hausdorff % rectifiable set is Hausdorff % rectifi-
able. A countable union of Hausdorff % rectifiable sets is Hausdorff &
rectifiable.

Before entering into a deeper discussion of Hausdorff k rectifiable
sets we must introduce some of the concepts which help to describe
the local behavior of sets of finite Hausdorff measure. For e €E, and
r>0 we let

K(a,7) = {z|| 2 — a] <7}

be the open sphere with center ¢ and radius 7. If 4 is a regularly
embedded k-dimensional manifold through a, then 35[ANK(a, 7)]
is asymptotically equal to «(k)-7* as » approaches zero. This sug-
gests the definition, for arbitrary A CE, and ¢ €E,, of the upper and
lower Hausdorff k densities

k
.14 N K(a,
G:(A, a) = lim sup [ (7]
=0+ a(k)r®
k
3.4 M K(a,
o%(4, a) = lim inf 2L @nl,
70+ ()t(k)i"’°

If A is any set for which 3¢;(4) < «, then

2_k =< GS(A, a) = 1 for 5(3: almost all ¢ in A.

If, in addition, the set 4 is 3¢% measurable, then

@:(A, a) = 0 for 5(3,:, almost all ¢ in E, — 4.
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There exist 3¢, measurable sets A4 for which 0<3%(4)< » and
@X¥(4, a) =0 for all aEE,.

Turning now to the subject of approximate tangent planes, we
first observe that for each REG, the orthogonal projection (p% o R)
maps the k-plane

{x|| x| =| (pno R)(@)| }

isometrically onto E;. The k-plane parallel to the above and through
the point ¢ €E, is

D:(R, a) = {«|| x— a =}(p:oR)(x-—a)] .

By saying that the k-plane [Ji(R, @) is an approximate tangent
plane of the set A CE, at the point ¢ we mean roughly that most of
those points of A which are close to a—say in K(a, r)—lie in a suit-
ably preassigned neighborhood of [TX(R, a) — {a,}. For the latter we
choose the sets

R e a)={z||z—a|l<A+O"| proR)(x—a)|}

corresponding to €>0. A point x of E, is in Of(R, €, a) if and only if
the distance from «x to the (z —k)-plane through a and perpendicular
to [J%(R, a) is less than € times the distance from x to [J%(R, a).
Requiring of course that 4 should appreciably enter into arbitrarily
small neighborhoods of @, we phrase the precise definition as fol-
lows: The set ACE, has at the point e €E, the Hausdorff k (ap-
proximate) tangent plane [J5(R, a) if and only if

(4, a) > 0
and

@:[A - of(R, ¢ a), a] = 0 for every ¢ > 0.

Under these circumstances we shall refer to (p o R) as a tangential
projection of A at a. It is clear that R is not uniquely determined by
[T%(R, a) and serves only as a convenient parameter, nor is the
tangential projection uniquely determined by [7%(R, a). However
the k-plane [J5(R, a) is usually unique in cases of interest to us, for
if 3¢5(4) < o, then A has at 3¢} almost all points of E, at most one
Hausdorff 2 tangent plane, though it need not have any.
Fixing € >0, we observe that

& k
514 N K(a, 7) — OKR, ¢
55 [A4 — OXR, ¢, a), a] = lim sup [ (@7 = 0nR s )]
0+ a(k)r®
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If A is a regularly embedded k-dimensional manifold through ¢ whose
tangent plane at a in the classical sense is [Tr(R, a), then the set
whose Hausdorff measure occurs in the numerator is vacuous when-
ever 7 is sufficiently small. The notion of an approximate tangent
plane is therefore an asymptotic generalization of the corresponding
classical concept.

We have now filled in the background necessary for the under-
standing of the following basic theorem describing the structure of
sets whose Hausdorff measure is finite.

Suppose A is an 3¢ measurable set for which

5en(4) < o,

B is the set of all those points of A at which A has a Hausdorff k tangent
plane, and

C=4—B.

Then:
(1) B and C are 3t measurable sets.
(2) B 1s Hausdorff k rectifiable.
(3) C contains no Hausdorff k rectifiable set of positive 3¢, measure.
(4) F5(B) =3(B).
(5) F%(C)=0; for ¢, almost all R in G, the (p: o R) image of C has
L, measure zero.
(6) 3ea(A) =3Ch(B)+3en(C) =Fu(B) +3¢(C) =Fn(4) +3¢5(C).
(7) Fa(4) S3C5(4).
(8) The following three conditions are equivalent:
(i) Fa(4) =3a(4).
(ii) A is Hausdorff k rectifiable.
(iii) A has Hausdorff k tangent planes at 3¢ almost all of its points.
(9) The following three conditions are equivalent:
(i) Fa(4)=0.
(ii) A4 contains no Hausdorff k rectifiable set of positive 3¢y measure.
(iii) A has Hausdorff k tangent planes at 3¢y almost none of its points.
For the special case in which 2=1 and # =2 these results are sub-
stantially due to A. S. Besicovitch, A. P. Morse, and J. F. Randolph
([B 1], [MR]). The extension to general dimensions was made by
the writer ([F 4]).
Intimately related to this structure theory, there has been a great
deal of research into the subject of Hausdorff densities. It is easy to
prove that

GZ(A, a) = Q:(A, a) = 1 for 5(3: almost all ¢ in B,
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but the behavior of the densities on C presents a difficult problem.
For the special case in which k=1 it is known that

ci(A, a) = 1.0lQi(A, a) for 5(3,1‘ almost all ¢ in C.

This intriguing estimate was obtained by A. P. Morse and J. F.
Randolph for =2 and extended by E. F. Moore to all positive in-
tegers n (See [MR], [MEF 2]).

4. The Gauss-Green Theorem. The classical formula bearing this
name asserts that the integral of a partial derivative of a function
over an open subset of E, equals the integral of the function itself,
multiplied by a component of the exterior normal, over the boundary
of the open set. Giving precise measure-theoretic interpretations to
the intuitive concepts which enter into this statement, we are able
to give it a completely natural and general form.

Suppose U is a bounded open subset of E,, A is the boundary of U,
and 3 1(A) < ».

We shall integrate with respect to ., over U and with respect to
3¢5~ ! over A. Our definition of the term “exterior normal” is as fol-
lows: Suppose a &4 and w is a unit vector, that is, w&€ E, and le
=1. For each >0 we consider the solid hemispheres

s(r) = K(a, r) N {x[ (x—aew== 0},

t(r) = K(a, r) N {x| (x—a)eow= O}
into which the sphere K(a, r) is divided by the (#»—1)-plane through
e and perpendicular to w. The vector w points from a into s(r), and
—w points into (r). By saying that w is an exterior normal of U at
a we mean roughly that for small 7 the hemisphere ¢(7) is filled mostly

with points of U while s(7) contains only few points of U; precisely we
mean that

. Laltn N U]

lim >t 2 74

ot LCallD)]
and

lim Lalstn N U]

70+ Cn[s(r)]

The set U has at each point a at most one exterior normal, but it may
have none. We define

= 0.

v(U, a)
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as the exterior normal of U at ¢ whenever that exists, and as the zero
vector otherwise. We also let »;(U, @) be the jth component of the
vector »(U, a) for j=1,2, -, n.

From our discussion of the geometric properties of the domains of
integration we now turn to the assumptions about the function which
is to occur in our formula.

Suppose f is @ numerically-valued function, continuous on UJA, and
absolutely continuous in the sense of Tonelli on U.

The last part of this hypothesis means that for j=1, 2,---,n
the partial derivative

D;f(x)

of f in the direction of the jth base vector exists for .C, almost all x;
that

fv | Dif(@) | s < w03

and that for L,—; almost all y in E,_; the function
f(yli VL By Yikly t 0, yn—l)

of one variable z is absolutely continuous in the classical sense on
every interval I for which

{(3'1,"‘»3’:‘—1:2»3/:'+1,"',yn—l)IZEI}CU-

We observe that for all this to hold it would be sufficient, but not
necessary, to assume that the first partial derivatives of f are con-
tinuous and bounded on U. Under the foregoing assumptions the
writer has proved (in [F 2, 3]) the Gauss-Green formula:

fD,-f(x)d,Cnx = ff(d)l/j(U, a)d 3(3:_10 forj=1,2,--+,mn.
v 4

Inasmuch as all earlier definitions of exterior normals utilized tangent
planes of the boundary set, it is interesting to note that at 3¢3~!
almost all of those points @ of 4 at which U has an exterior normal
the (r—1)-plane

{x[ (x—a)ev(4, a) = O}

is a Hausdorff » —1 tangent plane of 4 at a. The converse is false, as
may be seen from the simple example in which =2 and U is an open
disc minus a radius; at each point of this radius the set 4 has a Haus-
dorff 1 tangent plane, but U has no exterior normal.



1952] MEASURE AND AREA 315

The set of those points of 4 at which U has no exterior normal
contributes nothing to the integral on the right, because »;(U, a) =0
for all such points a. However this point set and, worse than that,
the set of those points of 4 at which 4 has no Hausdorff » —1 tangent
plane may very well have positive 3¢3~' measure. This situation may
occur even in the relatively simple case in which =3 and 4 is
homeomorphic with a two sphere. Significant in this connection is
the fact that, while every connected set of finite 5, measure is
Hausdorff 1 rectifiable, the intrinsic topological properties of a set of
finite 3¢ measure have no bearing whatever on its rectifiability in
case k>1.

To our version of the Gauss-Green formula corresponds the fol-
lowing form of the Cauchy Theorem:

If U is a bounded set of complex numbers, A is the boundary of U,
303(A) < », and if the complex-valued function f is continuous on U\JA
and analytic on U, then

f F(@)w(U, a)dsesa = 0.
A

This reduces to the classical formula in case 4 is a simple closed
rectifiable curve in the plane.

5. Multiplicity functions and areas. Assuming that X is a locally
compact, locally connected, separable subset of a triangulable k-dimen-
sional manifold we let

Ca(X)

be the set of all continuous functions on X to E,. We wish to associate
with each mapping fEC,.(X) a non-negative number (possibly )
indicating the k-dimensional extent of the point set occupied by the
values of f as well as the multiply overlapping manner in which the
various parts of this point set may be covered by f. If such an asso-
ciation has invariance properties consistent with the Euclidean
geometry of E,, and if it relates to relatively simple (differentiable)
mappings the same numbers as do the classical integral formulae,
then we shall refer to it as a k-dimensional area on C,.(X). No precise
definition of this general concept of area, which would complement
Carathéodory’s axiomatization of the notion of measure, has yet
been devised. Up to now all the work in this field has been directed
toward the study and comparison of certain particular functions
which belong to the still vague category of all areas. In the remainder
of the present paper we shall continue these special investigations,
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but we shall point out some desirable general properties of areas as
they occur in our work.

Most areas are defined as integrals of multiplicity functions by the
following scheme: Suppose u is such a function that, for f&C,(X)
and yEE,,

I-"(fr X, 3’)

is either a non-negative integer or « and gives a sensible appraisal of
the multiplicity with which the mapping f assumes the value y. Sup-
pose further that y is a measure over E, and is reasonably indicative
of k-dimensional Euclidean extent. Then the function which asso-
ciates

f l’-(fr X, y)d‘/’y
E,
with f&E C.(X) is the area on C,.(X) corresponding to the multiplicity
function u and the measure .

In §2 we have already described the elementary multiplicity func-
tion N which simply counts the points x in X for which f(x) =y. Used
in conjunction with the measure 3k it yields the k-dimensional Haus-
dorff N area

N(f, X, y)d5ny,

By

and with % the k-dimensional integralgeometric N area

fE N, X, )Yy,

of the mapping f&€ C,(X). According to §3 these areas agree with the
classical integral formula in case X is an .(; measurable subset of Es
and f is a Lipschitzian mapping. For any X and any f&C.(X) our
structure theorem concerning sets of finite Hausdorff measure im-
plies that

| NG X, p)dshy 2 [N X, a7y

and that, in case the k-dimensional Hausdorff area of f is finite,
equality holds if and only if the range of f is a Hausdorff % rectifiable
set. A comprehensive list of such inequalities, containing all known
results of this type except for those derived in the following sections
of this paper, may be found in the writer’s recent note [F 6].
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Assuming that ¢ is such a measure over E, that all closed subsets
of E, arey measurable, the ¢ N area of any f& C,.(X) may (according
to [F 1]) be computed as follows: Let a partition P of X be such a
countable disjointed family of analytic subsets of X that

U w=x

wEp

and let
o, f, P) = 2, ¢[f(w).]
wEP

Then the YN area

N(f, X, y)dyy

En

of f equals the supremum of o(¥, f, P) for all partitions P of X; it
also equals
lim o (¥, f, P:)

1—©

whenever Py, P,, P;, - « - are such partitions of X that

lim sup diameter W = 0.
il WEP,‘

These alternate methods for the computation of the N area em-
body the general measure-theoretic principle underlying the classical
theorem which states that the length of a continuous curve, defined
as the supremum of the lengths of all inscribed polygons, equals the
limit of the lengths of the terms of any sequence of inscribed poly-
gons with vertices corresponding to finer and finer subdivisions of the
interval on which the curve is parametrically represented. In this
case ¢ is 3¢, or i, X is a closed interval, and only finite partitions
of X into subintervals need be considered. The classical length of
any curve fEC,(X) is found to be equal to the one-dimensional
Hausdorff N area of f and also to the one-dimensional integral-
geometric IV area of f.

Among the elementary properties of the multiplicity function N
the following three appear to have some general significance:

(i) Localizability of N. If X' CX and

XN {=z]f(x) =y} C X,
then



318 HERBERT FEDERER [May

N(f, X, y) = N(f, X', y).
(ii) Addstivity of N. If P is such a disjointed family of subsets of X
that

U w =X,
weEP

then
N(f, X, 9) = X N(f, W, 9).
wep

(iii) Superposition formula for N. If
Yi={y| N(J, X, 9 = i} fori=1,23.--,
then

N(gof, X,%) = 2, N(g, Vs, 2).
1=1

Analogous, somewhat weaker properties are shared by all those
functions to which we vaguely refer in this paper as “multiplicity
functions,” and will certainly play a role in any future precise defini-
tion of that term.

The superposition formula for NV may be used to show that the
k-dimensional integralgeometric IV area of f& C,(X) equals

B(n, By f N(#" 0 Rof, X, 2)dLazddaR,
e

nV Ep

a kind of average over G, of the areas of the orthogonal projections
pr o R o fof f. In case X is k-dimensional and k <# these projections,
which map X into Ej, are much easier to study than the mapping f
of X into E,. In this respect the integralgeometric area is simpler
than the Hausdorff area, which cannot be represented as an average
of this type.

There are several natural multiplicity functions other than N.
Among these the function S is connected with the concept of stabil-
ity. We recall that vy is said to be a stable value of f if and only if
¥ is in the range of every mapping sufficiently close to f. The under-
lying topology on C,(X) is based on the neighborhoods

C.(X)N {gHg(x) — f(x)| < efor x € X}

of f corresponding to €>0. Convergence in this topology is uniform
on X. Introducing (as in [R 3]) the stable multiplicity
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S(f, X, y) = lim inf N(g, X, ),
01

we note that y is a stable value of f if and only if S(f, X, y) >0. We
also observe that

limsup N(g, X, y) = o
ot

whenever X is dense in itself and ¥ is in the closure of the range of
f. Since X is at most k-dimensional, S(f, X, )=0 in case k<n.
Therefore the function S is directly useful only in case k=#, where it
gives rise to the LS area on Ci(X). However the alternate formula
for the integralgeometric IV area, which was discussed in the pre-
ceding paragraph, suggests the indirect definition of the k-dimen-
sional integralgeometric stable area on C,(X) associating

B(n, B f S(* 0 Ro f, X, 2)dLonddaR
Gp vV Ey

with fEC.(X) for k=#%. In case X is a subset of E; whose boundary

has . measure zero and f is a Lipschitzian mapping this stable area

of f agrees (according to [F 3]) with the classical Jacobian integral

formula, because each projection pf o R o fis a Lipschitzian mapping

in Cy(X) and because

S(h, X, 3) = N(h, X, 2) for L almost all z in E;
whenever % is a Lipschitzian mapping in Cy(X). Furthermore we have
S(k, X, 2) = N(h, X, 2) for h € Cx(X) and 3 € Ey,

whence we conclude that the k-dimensional integralgeometric stable
area of every fEC,(X) is less than or equal to the k-dimensional
integralgeometric N area of f.

From the point of view of approximation theory the function N,
which accounts only for the relatively accidental behavior of an in-
dividual mapping, is less appropriate than the stable multiplicity
function S. Indeed S(f, X, y) is computable by the Cech cohomology
theory which approximates X and f by complexes and simplicial
mappings [F 7].

For fE€Ci(X), yEEs, and r >0 the components of the open set

XN {x|]f(x) — y| <7}

are connected open sets. We shall refer to them as canonical regions of
(f, X, v, r). Furthermore we shall call F a canonical family of
(f, X, 9, €) if and only if each element of F is a canonical region of
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(f, X, v, r) for some 7S¢, F is disjointed, F covers the closed set
x N x| f(®) =y},

and every point of X has a neighborhood which meets only finitely
many elements of F.

If fEC(X), yEEyx, and €>0, then there exists a canonical family F
of (f, X, 9, €.

To prove this we let

4= {x|j@® =5},
G(r) = the set of all canonical regions of (f, X, y, 7)

I

whenever 7 >0, choose compact subsets
0=B CBiCBC---
of X for which
X = G Interior B,

=1
and inductively define the sequences
Yoy 1y 7oy * * * ;HO’HlyH%"' ;UO) Ul, U27"'
in such a way that

7o = €, Ho=0, Uo=0

and
ri = inf ({risa} U {|f(2) — y|| # € Bioy — Uis}),
Hi=Gr)yN{v|vNAN B: ¢ Ui},
U;i=Uia Y U V
VEH;
for t=1, 2, 3, - - - . We shall prove that

F =UH;

=1

is a canonical family of (f, X, v, ¢€).
First we verify by induction that

O<riSeand(AﬂBi)CUi

for every non-negative integer 7. The statement holds if 7=0. If it
holds for =3j—1, then

ANB;y) CUjyy,  (Bia—Ui)MNA=0,
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|f(x) — y| > O0for x €& Bj; — Uiy,
Bi1— Ujis compact, 0 < 7; S 7y,

AC{z||f@ -y <} C U 7,

VEG(Tj)
(AmBi)— Ui—lc U Vy (AmBl)CUh

VEH;

whence the statement holds for 7=j;.

We infer that each element of F is a canonical region of (f, X, y, 7:)
for some 7;<¢, and that F covers 4.

Since G(r) is disjointed for » >0, H; is disjointed for:=1,2,3, - - .
If F were not disjointed, there would exist 1<j, VEH,;, WEH;
with VNW0; hence r;=r;, VEG(r:), WEG(r;), WCVCU;CUj,
W& H;. It follows that F is disjointed.

For 7=1, 2, 3, - - - the set H; is a disjointed family of open sets
each of which meets the compact set B;; hence H; is finite. In view of
this and of the fact that every point of X is interior to some set Bj,
we may complete the proof by checking that

i
FN{V|VvNB;#0} CUHforj=1,23,---
=1
To do this suppose 1<j, VEH;, x& VNB;. Then
sEVEGH), |f®—y]<r
Vf\U,-=0, xEB,-—Ui, If(x)—-ylgrﬂ_l,

whence 7,41 <rj, contrary to the fact that 7+1=<j and 7,41=7;.

The proof is complete.

A canonical region V of (f, X, vy, r) is said to be inessential if and
only if there exists a mapping

v € Cy(Closure V)

such that
v(x) = f(x) for x € Boundary V,
|v(x) — y| = rforz € V.

Otherwise V is essential; in this case there exists a mapping

9 &€ Ci(Closure V)
such that

v(x) = f(x) for x € Boundary V,
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lv(x) - yl Srfora €V,
N, V,y) = 1.
Corresponding to each canonical family F of (f, X, ¥, €) we construct

a function g by choosing for each region VEF a mapping v& Ci
(Closure V) as above, letting g(x) =v(x) for xE€ V, and letting

g(x) = f(x) for x&€X — U V.
vEF

The locally finite character of F assures us that g&& Cy(X). Further-
more

Ig(x) —f(x)| =< 2efor x € X,
N(g, X, y) = the number of essential regions in F.
With this machinery at hand we proceed to the proof of the fol-

lowing proposition:
If feCu(X), y&Ex, and

s(r) = the number of essential canonical regions of (f, X, vy, 7)

whenever r >0, then

lim s(r) = S(f’ X, y)
r—0+

The above limit exists because » >#' >0 implies that every essential
canonical region of (f, X, ¥, ) contains an essential canonical region
of (f, X, v, "), whence s(r) Ss(*').

If g€Ci(X), >0, and

Ig(x) —f(x)| <rforxE X,

then N(g, V, y) 21 for every essential canonical region Vof (f, X, v,7),
because f and g define homotopic mappings of Boundary V into
Ey— { y}; it follows that N(g, X, #) =s(r). Consequently

S(f, X, 9) 2 lim s().
r—0+

In proving the opposite inequality we may assume that there exist
a positive number p and an integer ¢ such that

s(r)y =1for0 <7 = p.
Suppose €>0 and let F be a canonical family of (f, X, y, €. If

Vi, Ve, + - -, V; are essential regions in F, let 7, 73, - - -, ; and 7 be
such numbers that
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O0<r=pr=sryg
and
V¢ is a canonical region of (f, X, y, 7;) fort =1,2,--.,4.

Then each V, contains an essential canonical region of (f, X, v, r),
whence j=¢. Constructing g corresponding to F as previously indi-
cated, we find that g& Cy(X),

| g(x) — f(x) |
N(g X, )

It follows that S(f, X, ) S7.

The proposition whose proof we have just completed reduces the
computation of the stable multiplicity to the counting of essential
canonical regions. The Hopf extension theorem [D] of combinatorial
topology provides an apt criterion to decide whether a canonical
region V of (f,X, ¥, r) is essential. Since f maps Closure V into Ex
and Boundary V into ExN\{z||2—y| 27}, f induces a homomorphism

f*: H¥(Ey, Ex N {z]| 2z — y| = r}) = H*(Closure V, Boundary V)

2¢ for x € X,

=
s

of the k-dimensional Cech cohomology groups with integer coefficients
and based on locally finite coverings. A necessary and sufficient
condition for V to be inessential is that f* be a trivial homomorphism
(whose range has only one element).

The preceding condition is certainly satisfied whenever H*
(Closure V, Boundary V) is a trivial group (with only one element).
This is actually the case unless V is a k-dimensional manifold and
Closure V is compact. Consequently:

If f&Cu(X) and r>0, then every essential canonical region of
(f, X, v, r) is a k-dimensional manifold whose closure is compact.

If fECu(X), then S(f, X, y) is the supremum of the set of all integers
i such that there are nonvacuous k-dimensional manifolds Vi, Ve, - - -,
V' whose closures are disjoint compact subsets of X and for which y is
a stable value of each of the mappings ( fl V1), (f] Vo), -+« (f | Vs).

From this alternate characterization of the multiplicity function S
we infer that though S was originally defined in terms of the strong
“uniform” topology on Cx(X), it may equally well be defined in terms
of the weaker “compact-open” topology on Ci(X) based on the
neighborhoods

CuX) N {g]| g(®) — f(x)| < eforx € 4}

of f corresponding to each ¢>0 and each compact subset 4 of X.
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Convergence in this topology is uniform on every compact subset of
X

Whenever f& Cy(X) and X’ is a locally compact, locally connected
subset of X, then (f| X’) € Cy(X’) and we agree that

S(f, X', 3) = S(f| X', X', ) for y € Ey.

We are now ready to state five basic properties of S:
(1) Localizability of S: If fECw(X), X' is a locally compact, locally
connected subset of X, yE Ex, and

XN {z|f(x) = y} C Interior X',
then
S, X, 9) = S(f, X', 9).

(i) Addstivity of S: If f&Ci(X), yEEyx, and P is such a disjointed
family of open subsets of X that

u w=X,

wEPp

then
SU, X, 9) = 22 SU, W, ).
wep
(iii) Superposition formula for S: If f< Cr(X), Y is a locally compact,
locally connected subset of Ey, range fCY, gECy(Y), 2EEx, and
Vi={y|S(, X,y =i} fori=1,23+--,
then

Sgof, X, ) = 2.5( ¥y, 2).
=1

Sufficient for equality are the conditions that X be embedded in an orient-
able k-dimensional manifold and that the set
{ye() = 2}

be totally disconnected.
(iv) Compact origin of S: If fEC.(X), yEEx, and F is the set of all
compact, locally connected subsets of X, then

S(f, X, ¥) = sup S(f, X', ¥).
X'EF

(v) Lower semi-continuity of S: S(f, X, ) is lower semi-continuous
with respect to (f, v) on the cartesian product Cr(X) X Ey, with the “com-
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pact-open” topology on Cp(X) and the usual topology on Ey.

The sets Y; in (iii) are open by virtue of (v). The strict inequality
may hold in the conclusion of (iii) even if =1 and X and Y are
closed intervals.

Combining (v) with Fatou’s lemma which states that the lower
limit of the integrals of non-negative measurable functions is greater
than or equal to the integral of the lower limit of these functions, we
find that the k-dimensional integralgeometric stable area on C.(X) is
lower semi-continuous with respect to the “compact-open” topology on
C.(X).

Now suppose that the space X admits finite triangulations. A
mapping g& C.(X) is polyhedral if and only if X has such a finite
triangulation T that g maps each simplex of T baricentrically onto
some rectilinear simplex of E,. The k-dimensional area of g, defined
according to any one of the methods which we have described, equals

> e,
sETk
where T is the set of all k-dimensional simplices of T". The Hausdorff
measures occurring in this finite sum are computable in elementary
fashion by determinants.
The set P of all polyhedral mappings in C,(X) is dense in C.(X).
For any mapping f& C,(X) we have

S(proRof, X,z) = liminf N(peoRog X, 2)
0—10EP
whenever REG, and zE E;; hence the k-dimensional integralgeo-
metric stable area of f equals

B(n, k)—lf f lim inf N(p,lfo Rog, X, 2)dLxzdé.R.
G,V E, 9-79EP

True to the tradition of analysis we wonder what happens if we

put the “lim inf” ahead of both integral signs. In this way we get

the function L; on C,(X) such that

Li(f) = liminf (the k-dimensional area of g)
-1 9EP
for any f&€ C.(X). The function Ly is the k-dimensional Lebesgue area
on C.(X). We note that, if X is k-dimensional, the corresponding
upper limit is infinite for all fEC,(X).
Another way of thinking of the Lebesgue area is the following: The
k-dimensional area is lower semi-continuous on the dense subset P
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of C,(X), because it may be obtained by confining the lower semi-
continuous k-dimensional integralgeometric stable area on C,(X) to
P. Hence the k-dimensional area on P can be extended in infinitely
many ways to a lower semi-continuous function on C,(X). The nu-
merically largest such extension is the k-dimensional Lebesgue area
on C,(X).

For any mapping f& C,(X) the proposition

Li(f) < =

has far-reaching analytic and geometric consequences. It implies that
f can be uniformly approximated by polyhedral mappings whose
areas tend to the Lebesgue area of f and that many properties, such
as being quasiconformal, which may be possessed by these polyhedral
mappings are then inherited by f. For these reasons the Lebesgue
area has been used successfully ([R 1], [DJ], [MCS]) in solving
Plateau’s problem: to inscribe a surface of least 2-dimensional area
in a given simple closed curve in E;. It is true that the solution is
necessarily a saddle surface for which all the definitions of area de-
scribed here agree with each other, so that the answer to the problem
of Plateau is really independent of the particular definition of area
used in stating it precisely. However the Lebesgue area is a powerful
tool in proving the existence of solutions of this and other problems
in the calculus of variations.

Inasmuch as the k-dimensional integralgeometric stable area is
less than or equal to Li(f) for all fEC.(X), it is natural to wonder
under what conditions on &, 7, and X these two areas of f are actually
equal for all f& C,(X). It is known that if X is a k-dimensional cell or
sphere, then the equality holds in case 1=k =<# and in case 2=k =<n
=3, but fails in case 3<k=# ([R 5], [F 3, 6]).

We now recall the fundamental principle with which we started
our whole discussion of areas: Most areas can be defined as integrals
of multiplicity functions. Indeed we constructed the Hausdorff N area
and the integralgeometric IV area according to this scheme, but we
varied it somewhat in introducing the integralgeometric stable area,
and abandoned it completely in defining the Lebesgue area. This
raises the question: Can the Lebesgue area be represented as an integral
of a multiplicity function? Our present state of knowledge does not
allow a complete answer to this question, but several special cases
have been studied thoroughly and in each of these cases the answer
is affirmative.

For k=1 the Lebesgue area equals the Hausdorff NV area.

For k=n the problem was solved in [F 6], though with the unneces-
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sary restriction that the manifold in which X is embedded be orient-
able, by the discovery of such a new multiplicity function M that
the Lebesgue area equals the Hausdorff M area. We shall presently
describe M, without the assumption of orientability.

In the later parts of this paper we shall answer the question for
the case in which k=2, =3, and X is a 2-cell.

Our characterization of the stable multiplicity S in terms of the
Cech cohomology theory suggests the following definition of the new
function M: Suppose X is a locally compact, locally connected,
separable subset of a k-dimensional manifold (not necessarily ad-
mitting finite triangulations), f€ Ci(X), and y&EE;. For r>0 and
each canonical region V of (f, X, y, r) we consider the induced homo-
morphism

f*: H*(Ex, EsN {3 ]z-—y] =7})—H* (Closure V, Boundary V)

of the k-dimensional Cech cohomology group with integer coefficients
and based on locally finite coverings. The first group is infinite
cyclic. According to the three possible isomorphism types of the
second group we define the non-negative integer

D(f,r, V)

in three alternate steps:

(i) If V is an orientable k-dimensional manifold whose closure is
compact, then the second group is infinite cyclic, f* maps a generator
of the first group onto an integral multiple of a generator of the
second group, and D(f, r, V) is the absolute value of the multiplier.

(ii) If V is a nonorientable k-dimensional manifold whose closure
is compact, the second group is cyclic of order two and D(f, r, V)
equals 0 or 1 depending on whether f* is trivial or nontrivial.

(iii) Otherwise the second group is trivial and D(f, r, V) =0.
Letting F(r) be the set of all canonical regions of (f, X, ¥, r) whenever
r>0, we see that

> D(f,r, V)

VEF ()
does not decrease with r. The limit, as »—0+4, of this sum is the
multiplicity
M, X, y).
Proceeding as in [F 6] we find that the function M is connected

with the Lebesgue area by the following theorem:
If X admits finite triangulations and fE Cr(X), then



328 HERBERT FEDERER [May

L(f) = f M(J, X, 3)dCry.

The triangulation hypothesis can be removed by a suitable natural
extension of the concept of Lebesgue area (see §6).
The functions S and M are related by the inequality

S(f’ X’ y) é M(fr X9 y) fOl'fE Ck(X)t y e Ek’

which can be strict for a set of points y with positive L measure.
However these two multiplicities vanish simultaneously and are
simultaneously infinite. Furthermore the five listed basic properties
(localizability, additivity, superposition formula, compact origin,
lower semi-continuity) of .S hold also for M.

Returning to the general case in which k<% we conclude this
section by discussing two properties of Ly on C,(X) which will be of
later use:

(1) If X is finitely triangulable, fEC,(X), and G is the set of all
components of X, then

L(f) = X Lu(f| 2).
zE@

) If X 1s finitely triangulable, fE Co(X), and Z is a finitely tri-
angulable subset of X, then
L(f) 2 Lu(J| 2).

The first of these two propositions is obvious, but the second seems
worthy of further discussion.

Suppose €>0 and g& C.(X) is a polyhedral mapping, with a cor-
responding finite triangulation T of X, such that

| g(2) — f(x)| < efor x € X,
Li(g) = Li(f) + e

Letting p be any distance function metrizing the compact space X,
we next choose 6 >0 so that

| g(x) — g(&") | < e whenever p(, ') < 26.

From T we obtain by successive barycentric subdivisions a finite
triangulation 77 of X such that the star of each vertex of T” has a
diameter less than 8. Then the mapping g is polyhedral with respect
to T'. Let P be the set of all & simplices of 7" and let

Q=PN {s|sCz}.
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We next choose a sufficiently fine finite triangulation U of Z and
a function ¢ on Q to the set of all k simplices of U such that

g(s) C sfors € Q.

Applying the modification procedure of [F 6] to the identity map of
Z into X we obtain a map u of Z into X with the following properties:

u maps ¢(s) barycentrally onto s for s € Q,
u[s — q(s)] C Boundary s for s € Q,
u(s N\ Z) C Boundary s fors € P — Q.
It follows that
plu(x), x] < éfor x € Z.

From U and # we obtain by successive barycentric subdivisions
and simplicial approximation a finite triangulation U’ of Z and a
map %’ of Z into X such that:

%' is simplicial with respect to U’ and 77,
olw' (), u(x)] < & for x € Z,
' | q(s) = u| g(s) for s €0,

umaps Z — U g(s) into the £ — 1 skeleton of 7.
€e

We conclude that the mapping (g o #') €C.(Z) is polyhedral with
plw'(x), x] <25,  [(gow)(®) —g(®) | <e
| (gou)x — (f]Z)(x)| < 2eforx €EZ
and that

Li(gow) = g alg(s)] < Li(e) S Li(f) + «.
& Q

This concludes the proof of the Proposition (2).

6. Integration over the middle space. The results of the preceding
section suggest that among all the open subsets of X the canonical
regions associated with a mapping f&E C.(X) are most important in
computing those multiplicities of f which are connected with the
Lebesgue area of f. For x&€X and >0 we accordingly consider the
neighborhood

Af(xv f)
of x, which is defined as the canonical region U of (f, X, f(x), r)
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such that x& U.
These neighborhoods do not always form a basis for the topology
of X, for it may happen that

Ap(x, 7) = Ap(a'r) for allr > 0

even though x and x’ are distinct points of X. Therefore we consider
the equivalence relation

X XxXN {(x, x') I A(x, ¥) = Ag(«’, 7) for all ¥ > 0}
and the corresponding partition
M

of X into equivalence classes, called the middle space of f. Each x&X
is an element of the equivalence class
my(x) = ) A=, 1) € ;.
>0
The function m; has domain X and range 9.
Assuming that X is connected we metrize the set N; (as in [B 2])

by means of the distance function d; as follows: If A ENM{; and BEN,,
then

ds(4, B) = uirréfp diameter f(W)

where F is the set of all those compact connected subsets of X which
meet both 4 and B.

The connectedness of X is essential only in proving that d;(4, B)
< o for all 4, BEM;. If we wanted to drop the assumption that X
is connected, we could replace d;(4, B) by d;(4, B)/[1+d;(4, B)]
in case d;(4, B) < «» and by 1 in case d;(4, B) = «. All subsequent
results would remain substantially unchanged.

The metric d; induces such a topology on 9, that the function my
is continuous, the m; counterimage of every connected open subset
of My is a connected subset of X, and the space N is locally con-
nected.

If A€M, and r >0, then As(x, 7) is the same for all xE 4. It will be
denoted by

Af(A, f).
The elements of NM; are closed subsets of X but need be neither

compact nor connected. If 4 ENM,;, then 4 is a compact subset of
X if and only if the sets A;(4, ) have compact closures for all suffi-
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ciently small positive numbers 7. Every compact element of N is
connected. The set of all compact elements of 9, is an open locally
compact subset of N;. The whole space N, need not be locally com-
pact.

If X is compact, then the elements of N{; are the maximal continua
of constancy of f and the mapping my is monotone. However, if X
is not compact, then N, and m; need not have these properties.

In verifying these properties of My, my, and d; it is helpful to note
that

{4] 4[4, m()] < r} Cmelafa, ] C {4 d[d, m(x)] < 2r},
{z] my(z) € my[As(x, )]} = Ag(w, 7) forz e X,r > 0.

Since f is constant on each equivalence class in N, there is a unique
function J; on N, to E, such that

f = l; 0 my.
Iy is continuous; in fact it satisfies the Lipschitz condition
| 4(4) — 1(B) | < dy(4, B) for 4, B € M.

If V is any subset of E, and Z is any component of the J; counter-
image of Y, then the diameter of Z is not greater than the diameter
of Y. It follows that the /; counterimage of each point of E, is totally
disconnected, so that / is a light mapping.

Recalling the manner in which 3¢} was defined in terms of the
metric of E, we analogously define the k-dimensional Hausdorff

measure

Hy

over M, in terms of the metric d;. The Lipschitz condition satisfied
by J; implies that

H; ) =z 5(1: L] whenever Q C N;.
It follows that
f g(A)dHA = > g(4)dse.y
WC/ En  lY(A)=y

for every non-negative analytically measurable function g on 9.
To prove this we observe that the set of all those non-negative
analytically measurable functions g for which the above inequality
holds is closed to addition, to multiplication by positive numbers,
and to monotone convergence. Hence it is sufficient to prove that
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this set contains all characteristic functions of analytic subsets of
M. However, if g is the characteristic function of the analytic set
QCM;, then the inequality reduces to the formula

k
HiQ z | N, 0 yds.y
E,
which can be proved by the method of [F 1, 4.4].
If QCM; and H}:(Q) < =, then

QN mylag4, n)) _

2-% < lim sup
r—0+ a(k)rk

for H} almost all 4 in Q. If, in addition, the set Q is Hf measurable,
then

k
. H QN m a4, 1))
lim =0
r—0+ a(k)r"
for Hy almost all 4 in N, — Q.
These density properties of Hf can be proved just like the cor-
responding properties of 3C; established in [F 4].
An arbitrary subset V of X may fail to be finitely triangulable and

the k-dimensional Lebesgue area of the mapping f[ V may not be
well defined. We therefore define the substitute

Ne(f, V)

as the supremum of Li(f| W) for all those subsets W of V which
possess finite triangulations. It is clear that

M(f, V) = Li(f| V) for every finitely triangulable V C X,
M V) = D0 N(f, Vi) whenever Vi, Vo, Vs, - - - are disjoint subsets
1=1

of VCX.
If AEM; and 7 >0, then
f[Af(A: 7’)] C K[lf(A)i 7’],

and it is natural to compare M [f, As(4, 7)] with a(k)r*, the L meas-
ure of any orthogonal projection of K[l;(4), 7] into Es. This leads
us to consider the upper and lower limits

* T )‘k[fy As(4, r)]
Lk(f, A) = 111;1;1*()5‘}-1p—-'¢1(k)r—k“)
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TR )‘k[f' Af(Ayr)]
Lyr(f, 4) = hﬂol.,l.lf T

which we think of as the upper and lower densities of the k-dimen-
sional Lebesgue area of f at 4. Using integration with respect to
Hj we shall establish formulae which allow us to regard these densi-
ties as derivatives of the Lebesgue area. Furthermore the densities
are related to multiplicity functions connected with the Lebesgue
area.

We note that A\x[f, As(4, 7)] is lower semi-continuous with respect
to (4, r) on the cartesian product space fM/X{rlr>0}. It follows
that Ly (f, A) and L«x(f, A) are analytically measurable with respect
to A on ;.

LemMA 6.1. If fEC.(X), V is an open subset of Ny, WCV, t>0,
and

Lif, A) > ¢ for 4 € W,
then
M, (2| mi(x) €VY) 2 o H W),
Proor. We may assume that
M(f, (x| my(2) EVY) < .
Let €>0. Defining
u(4,r) = Closure m;[A;(4, 7)] for A € My and r > 0,
F={ud,n|AENM,0<r<e10,ud,r) CV and

Mlf, (4, D] > ta(R)rt,
Z = {A|dy(4, B) £ 2 diam Z for some B € Z} for Z C 9y,

It

we note that F covers W in the sense of Vitali and apply a covering
theorem of A. P. Morse [M, 3.10] to obtain such a disjointed sub-
family G of F that

wcCc Uzu U Z
zE¢ ZEH

whenever HCG and G — H is finite. For each Z&G we choose 4z and
rz so that

7z = u(Az, fz), Az € Mf, 0<rz < 6/10,
Nelf, Ar(Az, 72)] > ta(k)(rz)*
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and observe that
diameter Z = 27z < ¢, diameter Z < 5 diameter Z < 1077 < e.

If Z and Z’ are distinct elements of G, then A;(Az, 7z) and Ay(Az, 73/)
are disjoint nonvacuous open subsets of X. It follows that G is
countable.

If HCG and G—H is finite, then

GV {Z|z € H}
is a countable covering of W by sets whose diameter is less than e and
> 2-kg(k)(diameter Z)* + D 2~*a(k)(diameter Z)*
zEaq zZ€EH

= 2 a(b)(r)t + 5% 2 a(k)(ra)*
zE@ zZER

< t-1< > Nl Ar(Az, r2) ] + 20 NS, A4z, rz)])-
zZEQG ZEH

Inasmuch as

zée)\k[f’ Afy (AZr Tz)] = )‘k(f’ {xl mf(x) & V})r

we can choose H so that
2 Ml Adz, 72)]
z€EH

is arbitrarily small. Then the last member of our string of inequalities
exceeds

(S, {2 mi(x) €TV

by arbitrarily little.
Letting € approach 0 we conclude that

Hi(W) < £ N(f, {#|m(x) € V}).
THEOREM 6.2. If fEC,(X) and V is an open subset of My, then

MG, (x| m() €V 2 fv Li(f, A)IH}A.

Proor. We may assume that
M, (x| mo(x) EV]) < =,
Let 1<t< ». For each integer 7 we define
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Ui=v N {4|f <L, 4) s )

’

infer from the preceding lemma that

Hy(U) < 0N, (o] m2) VY] < o,

and choose a closed subset W; of U; such that

k k
H:(U;) = tHy (W,).

Since the sets W; are disjoint closed subsets of V, we can choose
disjoint open subsets V; of V such that W;CV; for every positive
integer 7.

Applying the preceding lemma again, we conclude that

[ i, vamia= 3 [ i, aamia
14

T=—00 Ui

I

< S Mt mwysd Y LEw

t=—00 T=—00

<2 3 NG (] mie) €V

= 2(/, {x[ my(x) € V})

and let ¢ approach 1 to complete the proof.
The preceding theorem is complemented by the inequality

[ L, wamga 2 > L, A)ischy
v E, AEV, iy d)=y
which is valid whenever f& C,(X) and V is an analytic subset of N(;.

It is natural to ask:

Does equality hold in these inequalities?

Is Ly(f, A) =Lu(f, A) for Hf almost all A in 9;?
No counterexamples are known. Moreover we shall prove the affirma-
tive answers for some special cases. The problem is trivial for k=1
=n. The case in which 2=, the case in which S is a finitely con-
nected subset of E; and #=2, and in particular the case in which X
is a 2-cell and # =3 will be discussed in detail. Complete answers will
be obtained in the first and last of these three cases. In general the
solution of these problems seems to depend on the answer to the
following question:

What geometric properties of a point A ENMy and which topological
and metric invariants of the mappings f|5s(a, 7), for r >0, are significant
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for the densities Li(f, A) and Lxi(f, A)?

One such property of 4 is that of being 7-fold essential in dimen-
sion k, which we shall define later in this section. In some special
cases the densities can be completely described in terms of this
property. However the geometry underlying the behavior of the
densities is not yet fully understood in the general case.

In the remainder of this section we compile the fragmentary re-
sults known to us for the general case in which 2<% as well as the
complete results for the case in which k2=#. The case in which X is a
finitely connected compact subset of E, is taken up in the later sec-
tions.

THEOREM 6.3. If fEC.(X), V is an open subset of Iy,
N, o] () € V) = f L, A)dHfA < e,
and V' is an open subset of V, then
n, (sl ms) € V) = [ L, ayama.
Proor. Otherwise there is a finitely triangulable set W such that

W C {x|mx) € V'}, Li(f| W) >f Li(f, A)aH;A.
Vl

Then W and my(W) are compact, V—m,(W) is open, W and
{x| my(x) EV—my(W)} are disjoint subsets of {x|m(x)EV}, and
my(W)C V’. It follows that

MU (2] m(x) € VY Z Lu(f| W) + NS, (2] my(x) EV — mg(W)})

> f LY/, A)AHA + LY, A)dH} 4
Vf

V—ms (W)
12

which is false.

LEMMA 6.4. If f&Ciw(X) and U is an open subset of X, then

N, U) = fE M(f, U, 3)dLsy.

Proor. If W is any finitely triangulable subset of U, then
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Lu(f| W) = fE M(f, W, )dLay,

M(fr Wv y) § M(fl U! y) fOI‘ y E Ek.
It follows that

N(f, U) < fE M(f, U, 9)dLsy.

On the other hand U has finitely triangulable subsets W, C W,
CW;C - - - with the property that each point of U which has a k-
cell neighborhood in U is an interior point of W; for some positive
integer <. We infer that

M(f, Wi 9) £ M(f, Wiyr, y) fory € Eyandi=1,2,3,---,

M(f, U, y) = lim M(f, W, y) for y € Ey,
f— 00

M(f, U, y)dLxy = lim | M(f, Wi, y)dLry
Ey Eg

f—r 00

lim Li(f| W3) < M(f, U).

§—00

THEOREM 6.5. If fEC.(X), V is an open subset of Ny,

M, (2| mi(x) € VY) = f LY/, A)dH A <

P=VN{A|L{f 4) >0}, REG.
Z = {s|S(pno Roj, {x| m(x) €V}, 5 >0},
then
L[z = (pno Rol)(P)] = 0.

ProOF. Otherwise there exist a closed set F and open sets U1 DU,
DU;D - - - contained in E; such that

Lx(F) >0 and ﬁ Us=F CZ — (pao Rol)(P).

t=1

Defining
F'= VN {4] (pno Rol)(4) EF},
Ul =V (4] (proRol)(4) E Ui} fori=1,2,3,-- -,

we infer that
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VOUIDUDUsD--- and NUI=F CV-P,

=1

whence

lim | Li(f, A)dB/A = | Li(j, A)dHj4 = 0
i—w Jy F’

and we choose a positive integer ¢ for which
f | Li(f, A)aH;A < LaF).
Ul
However

L) s [ SroRof, (=] mix) €V}, 9
r
s [ MGioRoj, (s m) €V}, 9l
U;
=f M(p:oRof, {x| mi(2) € U}, 2)dCoz
U;

= | M(proRof, {x|m(x) € U}, 5)dLsz
Ey
= )\k(p:oRof, {x]| me(x) € U = My {]| m(x) € U

* k
= j; Li(f, A)dHA.

1

THEOREM 6.6. If fEC.(X), V is an open subset of My,
MU, (x| m) € V) = [ L, d)ama < o,
14

and REG,, then

S(pno Rof, {x|m(x) €V}, 2)
< N(poo Roly, VN {A| Li(f, 4) > 0}, 2)
for L almost all 2 in Ep.

Proor. We choose a countable basis B for the topology of E;,
define

Fy = {W| W is a component of V" {d | (pro Rol)(4) € U}}
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for each UEB and let

Zw = {3 S@pao Ro f, {x| m(x) € W}, ) > 0}
whenever W& Fy for some U&B. Then

U Fy is countable
vEBRB

and we infer from Theorem 6.5 that

(Y U - Gloronmnpl) =0,

EB WEFy
where
P = {4| Li(f, 4) > 0}.
Now suppose

t€E— U U [Zy— (proRol)(WN P,

UvEB WEFy

m is a positive integer, and

S(pno Rof, {x|m(x) EV},2) = m.
Then there exists a UE B such that the set
G=FN{W|zEZy}

has at least m elements. Recalling our choice of z we find that

£ € (pro Rol)(WN P)for W EG

and use the disjointedness of G to conclude that

N(proRol, VN P,3) = m.

The proof is complete.

We say that

A is i-fold essential for f in dimension k if and only if fEC.(X),
AENM;, 1 is an integer, and there exists an REG, such that

et M(paoRof, A4, 7), 5) Z i})
r0+ a(k)rk

= 1.

We refer to ps o R as an i-fold essential projection for f at A in
dimension k.
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Furthermore we define
Ei(f, A) = sup {z[ A is i-fold essential for f in dimension k}.

We note that M(pf o Ro f, Ai(4, r), 2) is lower semi-continuous
with respect to (4, R, r, 2) on the cartesian product space N;XG,
X {r|r>0} X Es, and that

k .
Lu({z| M(pno Rof, A(4, ), 2) 2 i})

is lower semi-continuous with respect to (4, R, r) on the cartesian
product space N XG,X {r|r>0} for each integer 4. It follows that
Ei(f, A) is analytically measurable with respect to 4 on A.

THEOREM 6.7. Lui(f, A) = Ei(f, 4) for fEC.(X) and AE M.
Proor. If REG,, then
Melf, 844, )] = Me[pao Ro f, A4, 7)]

= | M[paoRof, AfA, 7)]dLsx

Ey
2 ila({z| M(pno Ro f, A4, 1), 2) Z 4}).

THEOREM 6.8. If pt o R is an i-fold essential projection for f at
A in dimension k, >0, and

T(r) = A4, 7) N (x| f(2) € On[R, & I(A)]}  forr >0,
then

1oy Lz [ M@pnoRof, T), 5) 2 i) _
-0+ a(k)r®

1.

Proor. Suppose t<1. Let
u = (14 )72 v = uk 4 (1 — ukb),
note that #<1 and v<1, and choose § >0 so that

Li({z] M(pno Ro f, Af4, 1), 2) = i}) 2 va(k)r*

whenever 0 <r <4.
Suppose 0<r<4é. For j=1, 2, 3, - - - we define

Zi=E:N {zlrui<|z - (p,:.oRol,)(A)’ < ruj—l},
Ui = {x| (g0 RoN(x) €2},
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and easily verify that U;NA(4, ru=)CU;N\T(r). Hence z&Z;
implies
M(proRof, A4, i’ ), 2) = M(pno Rof, U\ Ag(d, ru’ ), 5)
< M(pwo Rof, Ui N T(), 2)
= M(pao Rof, T(), 2),
and we infer that
ZiN {z| M(pao Ro f, T(r), 5) Z i}
D {z| Mpno Rof, Afd, ru’ ), 2) 2 i} — K[(#ro Rol)(4), r'],
LoZiN {z] M(PaS Ro f, T(), 5) 2 i})
i~1k k-1 k. k
(@ — u)a(k)r.

2 sa(B)(ru )" — a(B)rd ) = ()

Since the sets Z; are disjoint and £ measurable, summation with
respect to j yields the inequality
v — uF)a(k)r®
Ll Mo Rof, 70, 9 2 i) 2 C I < e
—u
THEOREM 6.9. Suppose

FECLX), V is an open subset of Ny,

MG, (5] mix) € 7)) = fv Li(f, A)HMA < ,

P=VN{A|Li(f, 4) >0}, H/(P) < =,
Q =V N {4|Ef, 4) > 0}.

Then:

(1) P and Q are analytic subsets of My, and QCP.

k

Hi(Q N\ms|Ai(A4, r
2 lim 1@ /144, D =1 for H,’f almost all A in Q.
r—04 a(k)r®
3) H,f (W) = N, W, y)dﬁc:y for every analytic set W C Q.
By
k k

@ f g(A)dH; A = f 2 g(A)dse.y

Q v B, 4€Q.g)=y

for every analytically measurable function g on ;.
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(5) Li(f, A) = Lu(f, A) for Hy almost ali 4 in Q.

(6) For Hy almost all A in Q the following implication holds:

If >0, REG,, and p; o R is an i-fold essential projection for f at
A in dimension k, then CI5[R, 1,(A)] is a Hausdorff k tangent plane of
Q) at ;(4).

(7) 1;(Q) is a Hausdorff k rectifiable subset of E.,.
ProoOF OF (2). Since H}(Q) < « and Hj(P—Q)< «, we have

QN myladd, N _

lim su
r—>0+p a( k)r"

and
; H(P N\ (A4, D] = Q)
m =
=0+ a(k)rt

for H} almost all 4 in Q.

On the other hand if 4 is any point of Q, then there exist >0
and REG, such that pf o R is an 4-fold essential projection for f at
A in dimension k. For any positive number 7 which is so small that

mf[Af(Ay f)] cv
we infer with the help of the theorems 6.3 and 6.5 that

0

Li({z] M(pao Rof, A4, 1), 2) = i}
~ (no Rol)(P N my[A4, N]) = 0,
H/(P N\ my[A(4, 7)]) 2 Lelpno Ro1)(P N my[Ai4, D))
= Co({z| M(pao Rof, A4, 1), 2) 2 i}).
It follows that

k
. H (PN m[a(4,n)])
lim inf =
-0+ a(k)rk

Proor oF (3). Inasmuch as we already know that

NG, W, y)dsety < B D),
Ey

it is sufficient to prove the following statement:
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If 0<¢<1 and €>0, then there is a partition F of W such that

sup diameter Z < ¢,
ZEF

> sal(D)] 2 CE/W) — e
TEF
To prove this we choose an open subset U of N, for which

WCUCV, HUNP—-W) <e
and let G be the family of all sets Z such that
Closure my[A;(4,7)] = Z C U, 4Aew, 0<2r<e
ta(B)yr" < Seall(Z N P)] < HYZ N P) <& a(b)r'

for some A and 7. Then G covers H almost all of the W in the sense
of Vitali, and the Vitali covering theorem [M, 4.1] yields a countable
disjointed subfamily H of G such that

H’}(W - U z)=o.

4494
We let
F,={zNnw|ze H},
choose such a partition Fy; of W—UzggZ that

sup diameter T < ¢,
TEF;

and define
F = F 1 U F 2.
It follows that

FH(W) = X CH/ZNP) s X seall,(ZN P))
ZEH ZE€EH
< g (BenllZ N\ W) + H{Z N P — W))
Z&H

< 3 %D+ B/ (UNP-W)
TEF

A

> e li(D)] + e
TEF

PRrOOF OF (5). By virtue of (2) the usual theorem on the differentia-
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tion of an indefinite integral is valid on Q. We infer, for H}‘ almost all
4 in Q, that

Li(f, A)dH, A

* . myglds(A,r)]
Li(f, A) = lim
o/ ot HXQ N my [as4, 1))

and use Theorem 6.5 and (2) to conclude that the limit on the right
is equal to

li kk[f, Af(Av f)]
m —
=0+ a(k)r®

PRrooF oF (6). Defining

Y = {327 2 6all(Q), 3] S oalli(P), 3] = 1},
W =0N{4]|i4) € T},

we find that
sen (@] = senll(P)] < w,  Beall(Q) — ¥] =0,

HiQ-W]=| N@HQ—W,ydskey = 0.

E,

Now suppose A €W, 7 is a positive integer, and the hypotheses of
Theorem 6.8 hold. Applying the Theorems 6.3 and 6.5 as in the proof
of (2) we conclude, for all sufficiently small positive numbers 7, that
Lul{s| M(pno Rof, T(r), 5) 2 i})

< Lil(pno Rol)(P N my[T()])]
< (P N g [T D] S 3a((P) N AT
S 3((P) N OulR, & L(A)] N K[1(4), 7).
It follows that
all(P) N OnlR, & L)), ()] = 1,
k
Salli(P) — OnlR, ¢ 1(4)], h(4)] = 0.

THEOREM 6.10. Suppose fE Cy(X) and U s the union of all those
open subsets V of M, for which

M(f {x| m(x) EVY) < w.
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Then:
) Li(f, 4) Z lim sup DI, 7, Ad, 0] Jor 4 € My
r—0
(2) Ei(f, 4) = lim iff D[f, r, Ay(4, r)] for A € M.

(3) If Wis an open subset of My, yE Ey, >0, and Z is an essential
canonical region of (f, {xl mi(x) EWY, v, r), then there is an ACW
Jor which [;(A) =y, Ar(4, r)=2Z, and

limsup D[f, £, Ai(4, §)] = 1.
-0+

(4) If Wis an open subset of My, ACW, and
lim inf D[f, r, A/(4, r)] < lim sup D[f, r, A/(4, )],

r—0-+4 r—0+

then M(f, {x|my(x)EW}, Ij(4)) = ».
(5) If Wis an open subset of My and y & Ex, then

Y Li(f, A) 2 M(f, {x| m(x) €W}, y).
AEW, i 4)=y

(6) If W is an open subset of My, yE Ey, and

M(f, {x]| m(x) E W}, 9) < o,
then
M(f, {x|m(x) EW},9) = 3 lim D[f,r, A4, 0]

AEW, Iy (4)=y 70+

(7Y  If Wis an open subset of Iy, then

N(f, (2] mi(2) € W}) = fw L, A)dH}A

- f > LN 9l

r AEW, )=y
= | M, {z|m(x) € W}, )dLsy.

Ey,

(8)  For Ly almost all y in Ey the following implication holds:
If W is an open subset of U, then

M(f, (x| mlx) EW},9) = X LiJ, A).

AEW, iy (4)=y
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)  Li(f, A) = Lu(f, 4) = Ei(f, 4) = lim Dlf, 7, A4, D] <
for H almost all A in U.

(10) Li(f, A) = Lu(f, A) = o for A € N — .
Proor oF (1) anp (2). If A€M, r>0, and
Dlf,r, 844, 1] 2 4,
then
M[f, (4, ), 3] z ifor y € K[1,(4), 7],
Mlf, A4, 1] 2 ilCe({y | M1, 804, 7), 9] 2 i}) = ia(R)r®.

Proor oF (3). We define Zy, Zi, Zs, Zs, - - - inductively in such a
way that Z,=Z and Z; is an essential canonical region of
(f, {xl me(x) EWY, v, 72=%) with Z;CZ;_4 for every positive integer 3.
We infer that Closure Z; is a compact subset of Z;_; for every posi-
tive integer 7, and choose

a E a ClosureZ; = Fiz,-, A = my(a).
7=0 1=0
It follows that
a€ZC {a|mxyew}, 4ew,
W(A4) = fla) =y, A4, 7) = Ba,7) =2,
A(A, 727 =Z; fori=1,2,3,---.
ProoF oF (4). There exist positive numbers
To > 1L > e > 13> e
such that
D[f, i1, Ap(4, fi—l)] = D[f» ri, Ag(4, '1)]

fori=1, 2,3, - - - . Hence we can associate with each positive integer
¢ an essential canonical region Z; of (f, {x[mf(x)EW}, I(4), r:)
such that

Zi CAi(A, rin) — As(4, 7).
Since Zi, Zs, Zs, - - + are disjoint subsets of {xlmf(x)EW} and
Slf, Z:, 1,(4)] = 1 fori=1,2,3---,

we conclude that
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Mf, {x|mi(a) € W}, (4] 2 S[f, {2]| m(x) € W}, 1:(4)] = w.
PRrOOF OF (5) AND (6). By virtue of (3) we have
M(f, {x|m(x) €W}, 5) = lim 2. Dlfyr, 004, 7)]

=0+ AEW,l (A)=y
whenever W is an open subset of N, and yE E;.

Hence (1) implies (5), and (4) implies (6).

Proor oF (7). Consider the statement obtained from (7) upon re-
placing “=7" by “=” in front of each of the three integral signs. This
is a true statement by virtue of Theorem 6.2, the remark following
that theorem, and Proposition (5) of the present theorem. However
the first and last term in this string of inequalities are equal by
Lemma 6.4.

PRrOOF OF (8). Let B be such a countable basis for the topology of
U that

Me(f,y {x] mi(x) € V}) < o for V € B,
and let

Zv={ylM(f,{xlmAx)ev},yK > L',':(f,A>}

AEV, Iy 4)=y
for V &€ B. From (5) and (7) we infer that
»C,k(ZV) =0for V e B,

Uz ) o,
BCk(VEB 4

yEE,— UZy
vEB

Now suppose

and W is any open subset of ;.

If 4y, 4., - - -, A, are distinct elements of W such that };(4.) =y
for 1=1, 2, - + -, m, then there exist disjoint elements Vy, Vs, - - -,
Vm of B such that 4;&EV;fori=1, 2, - - -, m. It follows that

m

SOG4 sy Y LN A4)

i=1 i=1 A€Vl d)=y

- éM(f, (x| mi(x) € Vi), 9)
< M, {5 m(x) E WY, y).
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Proor oF (9). We see from (1), (2), and Theorem 6.7 that
lim inf D[f, r, A4, r)] < limsupD[f, r, A/4, )] < Li(f, 4),
-0+ 704

lim inf D[f, r, Ax(4, ©)] £ Eu(f, 4) < La(f, 4) < Lt(f, 4)
r—0+

whenever 4 EN(;. Choosing B asin the proof of (8) we shall complete
the proof by showing that

lim inf D[, r, A4, ) |dH,4 = f Li(f, A)aH; A
v 10+ 14
whenever VEB.
Suppose VEB. By (6) and (7) we conclude that

lim inf D[f, r, A4, 7) |dH; A
v r—04

> f > liminf D[f, 7, A4, N]dCry
E

k AEV.Z/(A):y 704
= fE M(f, {x| m(x) €V}, 9)dLry = fV Li(f, A)dHA.
13

7. Fréchet equivalence. If fEC,(X) and T is a homeomorphism
of X onto X, then f and f o T behave identically with respect to the
geometric properties discussed in the two preceding sections. These
mappings have the same multiplicities, the same areas, and isometric
middle spaces. However f o T may be preferable to f on account of
differentiability properties which are not invariant under homeo-
morphisms of X.

This passage from a mapping to a geometrically equivalent one,
which may have superior analytic properties, can be extended by a
limiting process. If f&€ C,(X) and T, Ty, T, - - - are homeomorphisms
of X onto X such that f o T; converges as ¢ tends to infinity, then
the limit mapping is geometrically very similar to f but may be
smoother and easier to compute with than f. An example is the
familiar process of reparametrization by arc length which replaces
an arbitrary curve of finite length by one satisfying a Lipschitz
condition.

The formal definition follows:

Suppose fEC.(X) and g&C.(X). We say that

f and g are Fréchet equivalent
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if and only if there exist homeomorphisms T4, T3, T3, - - - of X onto
X such that for each compact subset Q of X

(fo T:)(x) — g(x) uniformly for x € Q as 1 — o,
(g0 T7 )(%) = f(x) uniformly for x € Q as i — o,
Closure U2, [T:(Q)UT(Q)] is compact.

It is easy to verify that we have indeed defined an equivalence rela-
tion on C,(X). However, most important for the theory of area is
the following proposition:

If f and g are Fréchet equivalent elements of C.(X), then there exist
homeomorphisms T1, Ta, T, - - - of X onto X and an isometry u of
I, onto My such that

liou=1,
and such that for each compact subset Q of X
(mso T.)(x) = (womgy)(x) uniformly for x € Q as i — o,
(mgo T7 ) (%) > ( omy)(x) uniformly for x € Q as i— .

To prove this we start with a sequence of homeomorphisms
Ty, T2, T3, - - - which have the properties stated in the definition of
Fréchet equivalence. Later we shall replace this sequence by a sub-
sequence.

If e€X, a’€X’, and €>0, then there exist a positive integer j
and neighborhoods V and ¥V’ of ¢ and a’ such that

ds[(my 0 Ti) (%), (myo T:)(&)] = dg[my(x), my(s')] + e

whenever xE€V, x’ € V’, 7 is an integer, and 7> 7.
To check this we choose a continuum WCX for which

a EW,d E W, diameter g(W) < d,[m,(a), m,(a")] + ¢/5

and secure a positive integer j and open connected subsets V and 7’
of X such that

a E€V,a &V, Closure V and Closure V' are compact,
do[my(x), my(a)]1<e/5and | (fo T:)(x)—g(a) | <e/5for xEV and i>7,
do[m(x"), my(a")]<e/5and | (foT:)(x')—g(a’) |<e/Sfora’€V’and i>7,

| (fo T)(x) — g(x) | < ¢/5 for x € W and i > j.
Letting
Z = WU Closure V \U Closure V',
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we conclude for xEV, ¥’ &V’ and 7> that
dy[(my 0 T3)(%), (myo Ti)(«)]
=< diameter (fo T:)(Z) < diameter g(Z) + 2¢/5
= da[mo(a)x ma(al)] + 3¢/5 = da[ma(x): ma(x’)] + e

The preceding equicontinuity property implies the following:
If Q is a compact subset of X and €>0, then there exists a positive
integer j such that

de[(ms 0 T3)(x), (myo T)(&")] < do[my(x), my(2)] + €

whenever xEQ, ¥’ €0, < is an integer, and 7> .
In view of this and also of the fact that

Closure { (m;0 T:)(%) | 1=1,23,--- } is compact for x € X

we may just as well assume, after passage to a subsequence, that
there is a mapping U of X into M, such that

(my 0 T;)(x) = U(x) uniformly for x E Q as 1 —

whenever Q is a compact subset of X.
It follows that

d[U(x), Ux)] < dy[my(x), moy(x)] forx E X, 8’ €X
and that there is a function # on N, to N, such that
U = uom,,
ds[u(4), w(4")] < dy(4, A") for 4 ENM,, A’ € N,
Furthermore
(Grou)[mo(2)] = L[(wom)(x)] =1 [1‘11130 (mso0 Ti)(x)]

= lim (fo T () = g() = Lo[my(2)]

for x&€X, whence l; o u=1,.
By symmetry we may also assume, after passage to another sub-
sequence, that there is a function » on N to MM, such that

(mgyo T:l)(x) — (v 0 my)(x) uniformly for x € Q as i — =
whenever Q is a compact subset of X and such that
d,[v(4), v(4")] < dy(4, A) for A € N, A’ € I,
We shall complete the proof by showing that the functions # and »
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are inverse to each other.
Suppose 4 EN; and €>0. Letting
GEAbEVA),Q={T:@|i=1,223 -} {b},
we choose a positive integer j such that
d¢[(my 0 T)(x), (myo T) ()] = dylme(x), mo(a)] + ¢
whenever x€0Q, ¥’ &Q, and 7>j. We infer that
4, (wov)(4)] = ds[ms(a), (wom,)(d)]
= ds[my(a), ‘1_112 (my0 T3)(b)]

= (lf?o dy¢[my(a), (myo T)(B)]
= lim 4/[(m;0 7 (77 (@)], (myo TH(B)]
< lim sup d, [(m, 0 T ) (a), my(8)] +

= d,[(vom)(a), v(4)] + e = d,[v(4), v(4)] + € = e
It follows that
(o v)(4) = A for 4 € M.
Similarly we find that
(vou)(d) = 4 for A € M,

The proof is complete.

The preceding proposition has the following corollaries:

If V is an open subset of M, and W is a compact subset of
{x| my(x) E V}, then there is a positive integer j such that

T:(W) C {«| mi(x) € w(V)} fori > j.
If V is an open subset of M,, then
(g {2] mo(2) € V] = NS, {x] me(x) € u(M)}).
If V is an open subset of M,y REG,, and 3& Ey, then

S(pf,oRog, {xlm,,(x) & V}, 2)

= S(pmoRof, {z|m(x) € u(V)}, 1),
M(paoRog, {x|m,(x) EV},2)

= M(pno Rof, {&| m(x) € u(V)}, 2).
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If AEM, and r >0, then

“(ma[Aa(A: 7) ]) = mf(Af[“(A)’ r)).
If A€M, then

Li(g, A) = Lilf, w@)],  Lua(g, 4) = Luaif, u(A) ],
Eilg, 4) = Exlf, w(A)].

If VCNM,, then HXV) =H}[u(V)).
If VCI, and yEE,, then

N(lm Vv, y) = N(lf’ “(V)v y)-

It follows that the Hausdorff N areas of /s and /, are equal. How-
ever the Hausdorff NV areas of f and g need not be equal, and the
integralgeometric N areas of f and g need not be equal. The reason
why N(f, X, y) may differ from N(g, X, y) is that N(k, X, ¥) is not
lower semi-continuous with respect to 2 on C,(X). The invariants
S, M, and \; of Fréchet equivalence are lower semi-continuous func-
tions of compact origin.

We observe also that if X is the set of all those points of X which
do not have a k-cell neighborhood in X and if

My = M N {A]| A4, ) N\ X 5 0 for all » > 0},

then u(N,) = 9N,

A cyclic mapping is a function fEC,(X) whose middle space N,
has no cut point. A nondegenerate mapping is a cyclic mapping f such
that 97, has more than one element.

For example a cyclic mapping of a two-cell X CE, is one whose
continua of constancy do not separate X, while a nondegenerate
mapping is one whose continua of constancy separate neither X nor
E,.

The usefulness of the concept of Fréchet equivalence for the
theory of two-dimensional Lebesgue area is largely due to the follow-
ing proposition of C. B. Morrey ([MCB], [CE 4]):

If X is a two-cell, fEC.(X), Lo(f) < o, and f is a nondegenerate
mapping, then f has a Fréchet equivalent g whose partial derivatives
D\g(x) and Dsg(x) exist for Laalmost all x in X — X and whose Lebesgue
area Ly(g) equals the Dirichlet integral

1
7fx—5r| Dig(%) |2 + | Dag(#) |2dLax.

This proposition makes the techniques of classical analysis avail-
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able for the discussion of all Fréchet invariant properties of nonde-
generate mappings of two-cells with finite Lebesgue area. Further-
more there are two devices by which results concerning certain geo-
metric properties can be extended from nondegenerate to arbitrary
mappings of two-cells.

If X is a two-cell, fEC.(X), and 7y, 7s, 73, + - - are the monotone
retractions of N, onto its proper cyclic elements, then

(Iroriomy), (lyorsomy), (lyorsomy), - - -

are cyclic mappings in C,(X). They are called the c¢yclic components
of f. Certain properties possessed by every cyclic component of f are
inherited by f. Such properties of mappings are said to be cyclically
extensible (see [R 5]).

If X isa two-cell, fE C,(X), and fis a cyclic but not a nondegenerate
mapping, then f maps X onto a single point y&E,. For each ¢>0
there exists a two-cell T such that

{z||f(x) —y| 2l CTCX - X

The mapping (f [ T)EC.(T) is called an internal approximation of f.
Every cyclic component of (f|T) is a nondegenerate mapping in
C.(T). Certain properties possessed by every internal approximation
of f are inherited by f. Such properties of mappings are said to be
internally extensible.

Now if a property of mappings of two-cells is both cyclically and
internally extensible and if it is possessed by every nondegenerate
mapping of finite Lebesgue area, then this property is successively
inherited by all internal approximations of those cyclic mappings of
finite Lebesgue area which fail to be nondegenerate, by all cyclic
mappings of finite Lebesgue area, and by all mappings of finite
Lebesgue area.

8. Mappings of locally connected finitely connected plane continua.
For any two subsets 4 and B of E; we define

v(4, B) = sup inf |x — y|
zEB yE4

and the Hausdorff distance
p(4, B) = sup {'Y(Ar B), v(B, A)}'
Letting

I' = {4| 4 is a nonvacuous compact subset of E,},
@ =TN {44 is connected},
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we note that I' is a boundedly compact metric space with respect to
the Hausdorff distance, and that the set @ of all plane continua is a
closed subset of T'.

With each 4 CE, we associate

A# = the union of all bounded components of E; — 4,
o(4) = inf {-y(A, w) I W is a component of Ey — A}.

The following theorem characterizes the finitely connected com-
pact subsets of the plane by means of the function ¢.

THEOREM 8.1. If AET, then
a(d) >0
if and only if the number of components of Es— A 1is finite.

Proor. Since y(4, W) >0 for every component W of E;—A4, the
second condition implies the first.

Now suppose (4) >0. Then each component of E;—A contains
an open circular disc of radius ¢(4), whence

7 [¢(4) ]2 (number of bounded components of E; — 4) < L(41) < o,

because A* is bounded. Hence the number of bounded components
of E;—A is finite. Furthermore E,— A4 has precisely one unbounded
component.

Lemwma 8.2. If A and B are such subsets of E, that
v(4, B) < ¢(4) and Boundary B C 4,
then
B C A.

Proor. Otherwise E;—A4 has a component W which meets B. It
follows that

W M Closure (W M B) M Closure (W — B)
C WM Boundary BC WM A4 =0,
W—-B=0, WCB, od)=2v4, W) =4, B)<da(4d).
Lemma 8.3. If
4e€Q, B € q, AN B=0, At M Bt 50,
then
either A C Bt or B C Af.
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Proor. If A Bf, then ANB*=0 because the connected set 4,
which does not meet B, is contained in a single component of E;—B.
It follows that

AN (BU BH = 0.
If also BGA?, then
AF N\ (BUBH =0

because the connected set B\UB*, which does not meet 4, is con-
tained in a single component of E;—A but not in A%, It follows that
AfMB*=0, contrary to hypothesis.

LemMma 8.4. If
4ET, B €, A C B,
then
A\J A C B,

ProoF. The unbounded connected set E;— BY, which does not meet
A, is contained in the unbounded component of E;—A. Thus

E, — Bt CE,— (AU 4%, A4\J A% C Bt
LeEMMA 8.5. If AET, A*=0, and >0, then there is a >0 such that
v(4, Bf) < e¢ whenever (A4, B) <.

Proor. We choose >0 so that

A4 C {a|| 2] <r}
and let
f(x) = inf | & — y] for x € E,.
vEA

Each point of the compact set
V= {x|| #| < rand f(¥) = ¢}

is in some unbounded connected open set W whose closure does not
meet A. Hence V is contained in the union of finitely many such sets
le W21 ALY Wm. Deﬁning

Z={x||x|gr}U6W¢,

=1

6 = inf f(x),
&2
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we see that § >0 and that Z is an unbounded connected set for which
{z] f(x) 2 ¢} C 2.

If v(4, B)<3d, then Z does not meet B and is contained in the
unbounded component of E,— B. Thus

ZCE,—BY, BICE,—ZC{x|f(»)<e}, 4, BH)=e

LeMMA 8.6. If f maps the topological space X into the circle Y and if
X has connected subsets A, B, C such that

fANB) CfC), fBNC)LfA), fCNA) CfB),

then f is an essential map of X into Y.

Proor. Otherwise f=h o g where g is a map of X into E; and &
is a covering map of E; onto V.
Choosing a, b, ¢ so that

a€BNC, flo) & f(4),
becCnd, fo) Ef(B),
c€ANB, flo) &),

we note that g(a), g(b), g(c) are distinct and that one of these three
real numbers lies between the two others.

If g(a) is between the numbers g(b) and g(c), both of which are in
the interval g(4), then g(e) Eg(4) and f(e) Ef(4), contrary to our
choice of a.

The other two alternatives can be similarly eliminated.
LemwMmA 8.7. If g maps the topological space X into
Z = E, — {(& )}
and if X has connected subsets E, W, N, S such that
ENN, NN\W, WNS, SN E are nonvacuous,
¢B) C{w)|u>tl,  gW) C{w0)|u<tl,
g C{mo|e>a}, g C{w)|v<n},
then g is an essential map of X into Z.

Proor. The preceding lemma is applicable with

¢(x) — (& m)
f -
= T =@ ]
A=E B=N, C=WUS.

for x € X,
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LemmA 8.8. If ACT, gECy(A\JA4Y), and if g| A is an essential map
of A into E,— {z} , then 2 is a stable value of g.

ProoF. Assuming that
0 <7< inf Ig(x)—-zl
&4

we consider the cohomology diagram:

8
H?[Es, E; — K(z,7)] «—— H[E;, — K(2,7) |

g (g] 4)*
P i
HYA\J 4%, 4) ———— H1(A) ——— HY(A U 4%)

Since 4\UA* does not separate Es, the group H'(4\JA) and the
homomorphism 7* are trivial. By exactness §’ is an isomorphism.
From this and the fact that the homomorphism (g| 4)* is nontrivial
it follows that the homomorphism

gros=0d0o(g|4)*
is nontrivial. Hence g* is a nontrivial homomorphism.
LemmaA 8.9. IfAET, BET, C<T,
AU AFC B, CC (BVU B — 44,
g EG[(BY Bf) — 4],
gl A is an inessential map of A into Ey — {z},
g | C is an essential map of C into Ey — {3},
then z is a stable value of g.
Proor. There is a mapping
fEC(B\ Bf)
such that
FIBUBY) —at] =g J4U4H CE: ~ {s}.
Noting that
flc=g¢lc, cuUCtCBWU B,
we infer that z is a stable value of f| (C\UC*) and of f. Since
{|f(2) =3} C(BU B — (4 49
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and (BUB?%) —(4\UA4") is open in BUBY, it follows that z is a stable
value of

fI(BUYBH — (4U 4H)] = ¢g| [(BY BF) — (4 U 49)]
and of g.

THEOREM 8.10. Suppose:

(1) X s a locally connected, locally compact subset of Es for which
a(X)>0.

(2) GCX and G 1s open relative to X.

3) ueCi(G), v&Ci(G), g€C(G), and

g(x) = (u(x), v(x)) for x €G.
(4) For each z= (21, 2:) EE,, v(2) is the supremum of the set of all

positive integers m with the following property:
G contains m disjoint continua A1, A, + -+, Am such that

21 = u(x) for x € G A4;,

=1
2o & Interior 9(4;) fori =1,2,---,m.
Then:
(5) »(2) £S(g, G, 2) for L2 almost all z in E,.

ProoF. Let m be a positive integer.

We choose points pi1, ps, ps, *+ + - which form a countable dense
subset of E; and define
Pi=9N {44 CGand p; € 4%; forj=1,2,3---.
We also define

Po=0N {4| A CG and 4% = 0}.

Corresponding to each m-termed sequence

q=(qu 9%+ qm)
of non-negative integers, and for any rational numbers 7 <s, we let
F(q, 7, 5)
be the set of all m-termed sequences
A= (4, 43+, Am)

with the following properties:
Aiqu‘for'i= 1,2,-.. ’m;
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Ay, Asy ¢+« , Ap are disjoint;
m

u is constant on U 4;;
=1

inf 9(#) <r<s < supv(x)fori=1,2,.--.,m.
zEA4, €4,

Setting
U(4) = u(x) whenever A € F(g, 7, s) and x € U 4,,
i1

we observe that the set
{z] v(s) 2 m}
is the union of the countably many cartesian products
UlF(g, 7, 5)] X {n|r <n <s}.
In order to prove that
S(g, G, 2) = m for.Ls almost all z in {z] »(z) = m}

it is therefore sufficient to verify the following statement:
For each of the above triples (q, r, s) there is a set p such that

pCUIF(g 1 5], UlF(r, $)] — uis countable,
Sg, G, (&, 1)] = m whenever t E pandr <n <s.
For the purpose of proving this we henceforth fix g, 7, s and abbreviate

“F(q, r, s)” by “F.”
Associating with each 4 €F the 2m-termed sequence

# # t
(Aly AIUAlr A2r A2UA21 ctt ,Am: AMUAm)

we establish a one-to-one correspondence between F and a subset of
the 2m-fold cartesian product of I'. Since T is separably metrized by
p, the set F becomes a separable metric space with the distance

n # f
2 o(4s B) + p(4:\J 4, B;\J B)
1=1

between AEF and BEF.
We let R be the set of those points of F at which the function U
has either a relative maximum or a relative minimum, infer that

U(R) is countable,
and define
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p = UF) — U(R).
Now suppose
tem r<n<s, §E=U(4), AEF-—-R
We successively choose
6,Gy,Goy o Gy 8 Vi, Vay o ooy Viny Wy, Wy oo+, W, ', B, C

in such a way that

0<t<o(X),

Gi=XN{x|inf,c4, |x—y| <t},

Gy, Gy, * ¢+ -, G are disjoint subsets of G,

o< <,

v(4:, Zt) <t whenever ¢;=0 and y(4., Z) <t,

Vi and W, are connected and open relative to X,

Closure (V,\JW,) is a compact subset of G;,

'Y(A 2y V,U W,) <t’,

V:iNA; and W;N\A4; are nonvacuous,

v(x) <7 for x& V;, v(x) >s for xEW;,

03t <,

ViNZ and W;N\Z are nonvacuous whenever ZCX and y(Z, A,)
< tll,

BEF, CEF,

2y 0(As B)+p(4JAL, BAUBY) <t

2ot p(dy, C)+p(d4:04], cuCh <,

UB)<E<U(C).
It follows for each integer ¢ between 1 and m thatV,N\B;, W;N\B;,
ViNCi, W:NC; are nonvacuous and that one of the following three
alternatives holds:

(i) q:= 0:

(ii) ¢:>0 and B,\UB!CC(!,

(iii) ¢:>0 and C;\JC!{CB!.

In case (i) holds we define

#
Z; = B;\JUC;\J Closure (V,U W,'), X:= Z;\JZ;

and conclude that
7(441') Zt) <t,v
v(X, X)) Sv(4,, X)) <t<o(X),
Boundary X;CZ;CX,
X.CX, X:CGy,
ng,- is an essential map of Z; into E;—~ {(E, 7) },
(&, 1) is a stable value of g| X,
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S[g’ Gi, (Er 77)] =1.
In case (ii) holds we define

# #
Xi = (C,UC,) - Bi,

choose continua V{ and W/ such that
ViCXiN Vi WiC Xi N\ W,
ViN B, WiN By, ViN Ci, WiNC; are nonvacuous,
let
Z;=B,JCGUV,UW,
and conclude that
v(X, Xo) Sv(4s, Xo) sv(4s B)+v(Bs, Xi)
=v(4:, B:)+v(B:JB}, X))
<v(4:, By)+v(BAIBf, CAUCH <3 <t <t<a(X),

Boundary X;CB,\JC;CX,

X:CX, X:CGy, Z2,CX,,

g|Z: is an essential map of Z; into E,— {(E, 1) },

g| B is an inessential map of B, into E;— { (£, )},
(&, ) is a stable value of g[ X,

S[g> Gi) (E» 7))]21-
Since the third alternative is quite similar to the second, we ob-
tain the result that

Slg, Gy (£, )] = 1fori=1,2,---,m

whence it follows that

S[e. G, (6 m)] = ﬁs[g, G (& )] = m.

The proof is complete.
Actually it is true that

v(z) = S(g, G, 2) for Ls almost all z in E,

because v(2) =S(g, G, 2) for all z in E,, but we shall neither prove
nor use this fact here.

TrHEOREM 8.11. Suppose:
(1) X s a locally connected, locally compact subset of E, for which
a(X)>0.
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(2) GCX and G s open relative to X.
(3) €Ci(G), vEG(BG), wEGG), fFECG), gECG), hEC(G),

and
f(®) = (u(x), w(%), v(x)), g(x) = (u(x), v(x)),
h(x) = (u(x), w(x)) for x EG.

4) fE'zS(gr G, Z)d.,C22< ®.
Then:

(5) Le[la@NA—Nt) ] =0.
Proor. The elements of the set
T N\, — Ny
are continua on which the functions %, %, and w are constant, but

the functions f and v are not constant. The denial of (5) implies the
existence of rational numbers » <s and a Borel set P of 9(; such that

PCAMNT, Lafl(P)] >0,

inf 9(x) <7 <s <supwv(x) for4 € P.
zEA FISY S

Defining the function » as in the preceding theorem we find that
v(§, 7) = (number of elements of {§‘| 0 e l;.(P)}) forr <9n <s,

w > [ S 6 2dte 2 f W)dLaz = f i f (&, m)dLond Lok
Eq —0 Y r

By
2(s—r)- f w(number of elements of {§| (£, 0) € (P) })d,CIE,

{§‘| (& ¢) € Ly(P)} is finite for L almost all ¢ in E;,
0= [ "Ll & 0 € WP it = Lln®)] > 0.

For the special case in which X =G is a 2-cell the preceding Theo-
rem 8.11 was proved by L. Cesari in [CE 2]. He used it in showing that
L,(f) does not exceed the sum of the Lebesgue areas of the three
orthogonal projections of f onto the coordinate planes.

THEOREM 8.12. Suppose:

(1) X s a locally connected, locally compact subset of Ey for which
a(X)>0.

(2) GCX and G 1s open in X.

(3) fECU(X), n=3, and N(f, G) < .
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(4) REGrand h=p o Rof.
Then:

Proor. Defining the functions
%, W, 01, + +, Vg € C1(G);
gy, 82 € CAG);  fu v, fae € C(G)
so that
(Ro f)(x) = (u(x), w(x), 2a(x), -+ + , va2(%)),
gi(®) = (u(x), v:(%)),  fi(x) = (u(x), w(x), vi(x))
for x€G and j=1, - - -, n—2, we conclude that
h(x) = (u(x), w(x)) forz €G,

S(gi G, 2)dLaz = Na(g5,G) EN(f,G) < wforj=1,-++,n— 2,
Ey
n—2
TN, — M C U anh—yﬂ}j,
=1
n—2

Lall(@ NN — )] = §42 [T NN, — Ay)] = 0.

THEOREM 8.13. Suppose:

(1) X s a locally connected, locally compact subset of E, for which
a(X)>0.

(2) GCX and G is open in X.

3) FECUG) and N(f, G) < .

(4) P=2GN{A|A*%0 and lim sup,..+ D[f, 7, Ai(4, r]>o}.
Then:

5) C:[L(P)]=o0.

Proor. It is sufficient to consider a point ¢&E, and a set
QC PN {d4|qg€ 4% and S[f,G, L(4)] < =}

such that J; is univalent on Q, and to prove that Q is countable.
The subset Q of @ is a separable metric space with the distance

p(4, B) + p(4 \J A*, B\U BY)

between 4 €Q and B&(Q. Furthermore Q is simply ordered by the
relation

@ X Q)N {4, B)| 4 C B}.
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We recall that any function on a separable metric space into an
ordered set has only countably many relative maximum or minimum
values. Applying this principle to the identity map of Q we find that
only countably many points of Q are isolated on the right or left.
Hence Q has a countable subset Q’ with the following property:

If AEQ—(Q’, then there exist sequences

-Blv B2) B3y trt Cly C2) C31 c e

of elements of Q such that

# #
B;C 4, ACC;forj=1,2,3--,
# #
lim p(4, B;) + p(A\J 4, B; U B;) = 0,

J—

# #
lim p(4, C;) + p(4\J 4, C;U C3) = 0.

J—o0

We shall prove that this property of 4 violates our assumptions
about Q, thus showing that Q=0Q’ and Q is countable.
The sets

X; = (C;\Ch) — B
are continua for which
A C Interior X;, Boundary X; C B; UC; CGC X,
(A4, X)) S 74, B)) + +(B;U B, ¢;U C),
lim v(4, X;) = 0 < o(X),
-0

X; CG for large 7,
lim sup d;[4, m(x)] = 0.

oo 2EX;

There are positive numbers 74, 72, 73, - - - such that
lim r; = 0,
J—x

D[f,ri 84, 7)] >0 forj=1,2,3,---.
Passing to subsequences we may assume that
GD X;D A4, ) D Xin,
f(Boundary X;) C {I«(B)), ¥(C)} C Ex — K[is(A4), r5]

for every positive integer j.
Now consider the cohomology diagram:
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)
H*E,, Ey — K[lf(4), r;]) «—— HY(E: — K[}/(4), r5])

1 f* 1 (f| Boundary X ;)*

’

H*(X;, Boundary X ;) «——— H'(Boundary X;)

Since f(Boundary X;) is a finite set, the homomorphism
(f| Boundary X;)* is trivial. It follows that the homomorphism

f*oé = & o (f| Boundary X ;)*

is trivial. Furthermore 8 is an isomorphism onto the domain of f*.
Hence f* is a trivial homomorphism.

We conclude that X; contains an essential canonical region Z; of
(f, G, I;(4), r;) other than A;(4,7;). Then the sets Zi, Z,, Zs, - - « are
disjoint and

S[f: G, lf(A)] = «.

THEOREM 8.14. Suppose:
(1) X s a locally connected, locally compact subset of E, for which
a(X)>0.
(2) fel.(X) and n=3.
3) Vi, Vo, Vs, - - - and W are open subsets of ;.
(4) Ui={x|mi(x)EV:} and No(f, Us) < w for i=1,2,3, - -.
(5) U (ViNTN{4|A*=0 and A Clnterior U:})CW.
(6) REG, and h=p2 o Ro f|U,U..
Then:
(7) Le[ln@ N —9) ] =0.
(8) S(h, Uz U, 2) <S(h, {x|f(x) EW}, 2) for L2 almost all z in E,.
(9) S(h, U2 U, 2) < D2y S(hy Us, 3) for Lo almost all 3 in E,.

Proor oF (7). We define

Q = Ulaws TN Mawy — Mywals

i=1
note that
La(Q) = 0,
and shall complete the proof by verifying that
LT N9t — 9] CO.
We suppose
A ET NNy — Ny,
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note that m;(4) is a compact subset of

U Viv

fom]
and choose closed sets F;C V; such that
m,(A) C U F,'.
=l
Then

m(d) = U [Fs O\ my(d)],

Tom]l
my(4) is a nondegenerate continuum,
mys(A) is not zero-dimensional,
and there exists a positive integer 7 such that
Fi; M my(4) is not zero-dimensional,

F; M mg(A4) is not totally disconnected.

Choosing a nondegenerate component B of F;\mys(A) and a set C
such that

C E Mawy, {#|m(x) € B} CCC A4,
we conclude that
CeTNMawy — My,
W) = lawy(C) € Q.
Proor oF (8) AND (9). We define
Pi=90,N {A]| 4 C U, A* 5 0, and lil?_::}p D[k, t, An(4, §1 > 0}

for =1, 2, 3, - - - and infer that

.Cz(l;. [(P N M, — M) U U P{D = 0.
fam]
Now suppose
ZEEz bt lh[(Fth - Mf) V) U Pt‘:l

t=1

and Z is an essential canonical region of (&, U;~,U;, 2, 7).
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According to Theorem 6.10 there is a set 4 such that
A E N fM;,, lh(A) = 2, Ah(A, r) = Z,
lim sup D[k, ¢, Ax(4, £)] > 0.
=0+

It follows that

A €My, A C Interior U; for some positive integer ¢,
AF =0, AC {xlm(x) € W}
and we can choose ¢ so that
0<t<r, D[ht Ax4,1)]>0,
An(4, §) CUN {x| my(x) € W),

Hence Z contains the essential canonical region A,(4, ¢) of
(k| U, Us, 2, 1) and of (h| {x|mi(x) EW}, {x]|ms(x) EWY, 2, 0).

THEOREM 8.15. Suppose:
(1) X is a 2-cell.
(2) fFECLX) and Ly(f) < .
Then:
3) chf)gﬂf[(m,—m,')mEA E(f, 4)=1}].
@) L(f) =[N {4| &, 4)=1}].
(5) Ly(f, A) =Lus(f, A) = Ex(f, A) =0 or 1 for H} almost all A in M.
(6) The stable area

S(pno Ro f, X, 2)dLs
E,

of the projection p:o Ro f of f is continuous with respect to R on
Ga.

(7) If REG,, then

S(pnoRof, X, 3) = N(pno Roly, {A| Exf, 4) = 1}, 2)

for L almost all 2 in E,,

(8) If R&G. and W is an open subset of Ny, then
S(pio Rof, {x| m(2) € W}, 5)

= N(pmoRoly, W {4] Exf, 4) = 1}, 2)

for s almost all z in E,.

Proor oF (3) AND (6). The properties (3) and (6) of f are Fréchet
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invariant as well as both cyclically and internally extensive. Hence
we need only consider the special case in which f is a nondegenerate
mapping whose partial derivatives Dif(x) and Dyf(x) exist for s
almost all x in X —X and whose Lebesgue area L,(f) equals the
Dirichlet integral

1
“z‘fx_,-r | Dyf(#) [* + | Daf(#) [*d.Cox.

These assumptions imply that

| Dif(®) | = | Dof() | = T,
Dyf(x) @ Dzf(x) = 0
for .Cs almost all x in X —X. Furthermore

i S(p: oRof, X, 2)dLs = L_kf(p: o R o f)(x)dLa(x)

for REG,, and for each X — X such that Dyf(x) and Dsf(x) exist
the Jacobian

J(pno Ro f)(x)

is continuous with respect to R and does not exceed Jf(x).
Now (6) follows immediately.
In order to prove (3) we define

= (X — X) N {z]| Jf(x) > 0}

and infer that the following ten conditions are satisfied for L, almost
all points x of P:

(i) my(x)={x} ENMG—

(ii) lim,.op Lo[K(x, r)— Af(x, r(Jf(x))2) ]/ (wr?) =0.

(iii) There is a continuously differentiable mapping g€ C,(E;) and
a compact set G such that lim,.oy L2 [K(x, ) —G]/(xr?) =0 and

xEGC {z|g(3) =f(2), Dig(2) = D:f(2), Dag(2) = Dof (3) }.
(iv) There is an REG, such that
Jf(x) = Jg(x) = Jh(x), where b = ﬁ:o Rof.
(v) lim,.oy Lo([£5 0 R 0 g][K(x, r)])/(nr?) = If(x).
(vi) limy.oq Lo(B[HNAs(x, r(Jf(x))V?)])/ (wr?) 2 Tf(x),
where H=GN{z| Jh(z) >0}.

(vii) limy.op Lo(B[HNAs(x, )])/(mr?) 2 1.
(viii) Lok [HNA(x, r)] = {2] Mk, As(x, 7), 2]21}) =0 for r>0.
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(ix) p2 o R is a 1-fold essential projection for f at {x}.

® &, {x})=z1.
Certain techniques developed in [R 2], [F 1], and [W] are helpful in
checking the statements (i), (ii), (iii), and (viii).

We let

Q=PN {«| {2} €M — N and E(, {#}) = 1}
and conclude with the aid of (i), (x), and [F 1, 3] that

H[@00 — 96) N {4 Ex(f, 4) = 1}]

2 Hm@Q] = | N m(Q), y)dseny

En

- [ ety = [ ot

= Jf(®)dLox = La(f).
X-X
Proor or (4) AND (5). We know from Theorem 6.7 that
L3(f, 4) Z Lua(f, 4) 2 Eu(f, 4) for 4 €N,

and infer with the help of Theorem 6.2 and (3) that
> L gf Ly ,AdeAgf A)dHA
© 2(f) o, 2 (f, A)dH; %,L*Z(f )dH;
> € ,AdHZAZf Ea(f, A)dH:A
_f%?.(f WHAE [ G A

= 3 06 - 96) N 4] €, 4) 2 i}
2 Lu(f) + H[0 — 9) N {4] €7, 4) = 2} ].
Proor orF (7). From (4), (5), and Theorem 6.6 we know that

N(pwoRoly, {A|Ex(f,4) =1},2) = S(pnoRof, X, 2)

for .5 almost all z in E; whenever REG,.
We define the functions % and » on G, such that

%(R) = N(p:oRol,, {4] Ex(f, 4) = 1}, 5)dLaz,

En
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o(R) = | S(pnoRof, X, z)dLe

Ey

for REG,, and shall complete the proof by showing that # and »
are equal.

The function v is continuous on G, by virtue of (6).

From (4), (5), and Theorem 6.9 we infer that each of the sets

Yi={y|N@, {4] Exf, 4) = 1}, y) = i}
is a Hausdorff 2 rectifiable subset of E,. Since
u(R) =2 | N(paoR, Vi, 5)dLaz for R € Ga,
t==l E,

we conclude that the function # is continuous on Gn.
Thus # and v are continuous functions on G, such that

#(R) = 9(R) for R € G,
and

[ wtRdsir = 8, 2) 3 7a(r) = 80 2) X 50(¥)
[e]

» i=1 =1

=60n 2 | NGy (4] &f 4) = 1}, 9)d3Chy

= B(n, 2)- Hy({4| Ex(f, 4) = 1}) = B(n, 2)-Ls()
=f ?(R)do.R.
G

n

It follows that u =wv.

Proor oF (8). Let V1D V,D V3D - - - be such open subsets of M,
that

My — W=V

7=l
and let
Vi={a|m(x) €V} fori=1,23---,
W' = {x|m(xew}, 0={4]&( 1) =1},
g=pioRolf, h=pioRof.
From (3), (4), and Theorem 6.6 as well as (7) and Theorem 8.14
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we infer for .z almost all z in E; that
N(g Q2 < =,
S(h, W', 2) < N(g, QN W, 3),
S(h, Vi, 5) < N(g, QN Vs, 2),
N(g Q,3) = S(h, X, %) < S(h, W', 3) + S(h, Vi, 3)

for every positive integer . For each such point z there exists a posi-
tive integer ¢ such that

N(g!Qn W, z) + N(g!Qm Vi, Z) = N(g, Qv Z)n
whence it follows that
S(h, W', 3) = N(g, QN\ W, 2).

THEOREM 8.16. Suppose:

(1) X s a locally compact, locally connected subset of Ep for which
a(X)>0.

(2) fEC.(X) and n=3.

(3) U s the union of all those open subsets V of Iy for which

N(f, {x]my(x) EVY]) < .

4) Q=9GN {4|L3(f, 4)=E(f, 4)=1}.
Then:
(8) If Wis an open subset of U and REG,, then

S(pno Rof, {x| m(x) € W}, ) S N(pno Roly, WNQ, 3)

for L almost all z in E,.
(6) If W is an open subset of U, then the 2-dimensional integral-
geometric stable area of the mapping

Il {a| m(x) € W}

does not exceed

H (W N Q).
(7) If W is an open subset of MM; and REG,, then
S(pno Rof, {x| m(2) E W}, 2) < > Lu(f4)

AEW, (2 oR 0 Iy) (4)=s

for Ls almost all 2 in E,.
(8) If W is an open subset of Iy, then the 2-dimensional integral-
geometric stable area of the mapping
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| {z| m(x) € W}
does not exceed
[ = pa .
E, AEW,lf(A)=y

Proor oF (5). We choose ¢>0 and define

g = pioRol,, h = pf,oRof.
Furthermore we let F be the set of all ordered pairs
(v, T)

such that V is an open subset of W, T is a two-cell contained in X,
and

{x[m,(x) € V} C Interior T, Lg(f[ T) < o,
If (V, T)EF, then V is an open subset of N r),
{z|m(x) €V} = {&| mgm(2) €V},
Li(f, 4) = Ly(f| T, 4) for4 €V,
Exf, A) = Ex(f| T, 4) for A €V,
S(h, {x|mi(x)EV}, 2)=N(g, VNQ, 2) for .L5 almost all z in E,,

H(V N Q) £ M(f, {x]| m(x) EV}) < o.
Defining

w= U 7V
v.TEF

we note that

(WNTN {A4]| 4% = 0and 4 C Interior X)} C W',
whence, by Theorem 8.14,

S(hy, {x| mi(x) € W}, 2) = S(h, {x| m(x) € W'}, 2)

for > almost all z in E;, because there are open subsets
Wi, Wa, Ws, + - - of W such that

w=Uw,

=1

M(f, {o] mi(x) EW}) < o fori=1,2,3,---.
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Finally we choose pairs (Vy, T1), (Vs, T3), (Vs, T3), + + + in F such
that

W = U7V,

tem]
i .
H?(Qn Via N\ U V,) <.
j=1
It follows from the Theorems 8.14 and 8.15 that

S(h {z] mi(a) € W'}, 5) < 3 SCh, 5] my(a) € Vi}, )

Fam]
= ZN(g7 V"nQ: z)
to=l

for L» almost all 2 in E,.

However
cz(g[ uenNvrnN v,)]) < Hﬁ[u N VN Vi)]
i § ipt§

© i

=< Z Hf oNViaNU Vi)
Te=] J=1

< i €2 = ¢
Tl

and

S NG Vi Q) = N(g, QN Wy 5) < Nig, QN W, 2)

t=1

whenever
2 E Ey — g[U (aRZIa Vj)].
i

We conclude that
Lo({z] Sh, {x|m(x) EW},5) > N QN W, 9)}) S
Proor oF (6). We define
Yi=E.N{y| NG, WNQ, ) = i} fori=1,23:--

and compute:
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HWNQ =z [ NG W0 assy
B,

R A DIRACD

t=1 1=1

t=1

= i B(n, 2)~1 f N(pno R, ¥s, 2)dLazdpaR
Q, VY B,y

= B(n, 2)~1 f f‘, N(pno R, Vi, 2)d.LozdénR
G

n ¥ Ey i=1

= B(n, 2)-1 f N(puo Roly, W N Q, 2)dLazdé.R
Ey

n

= B(n, 2)~! f S(pno Ro L {x|m(x) € W}, 5)dLozdguR.
Gn Y E,y

ProoF orF (7). For z& E, we define

g(z) = 2 Ly(f, 4)

AEW.(pf. ORO I)(4A)=2

and observe that
Li(f,4) = o ford € W — U,
g(z) = = forz € (p:oRol,-)(W - U).
On the other hand if

£ € Ey— (pao Rol)(W — U),
S(pao Rof, {x|m(x) € W}, 2)
= S(p,z,oRof, {x[mf(x) cunN W},z),

and by (5) and Theorem 6.7 the second member of this equation is
for > almost all such z less than or equal to

N(pnoRol, UNWNQ, 3) < g(2).

Proor orF (8). From (7) we infer that

B(n, 2)7 fG i S(pno Rof, { x| my(x) € W}, 2)dLasdpuR

seom2 [ [ > Luslf, 4)ALsd6,R
Gn VE; AEW,(p, © RO Uy)(4)=2
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= B(n, 2 fGn fE P> S Lalf, A)dLsedéR

2
(P © R)()=z AEW,lf(4)=y

= fE > Lus(f, 4)dFay.

n  AEW,l )=y

REMARK. In case n=3 we can add the following three statements to
the conclusions of Theorem 8.16:

(9) L5(f, A) =Lxs(f, A) = Ex(f, A) =0 or 1 for H} almost all A in U.

(10) Ly(f, A) =Lus(f, A)=0 or 1 or  for H} almost all A in ;.

(11) If W is an open subset of My, then

> LA = X Ll 4)

AEW,l (4)=y ACEW,l (A)=y

is a non-negative integer or « for 3¢ almost all y in Es.
We observe that (9) implies (10) because

Lyo(f, A) = o for 4 € My — U,

and that (10) implies (11) because /; maps sets of H; measure zero
onto sets of 32 measure zero.

In order to prove (9) it is sufficient to consider an open subset V
of MM, for which

M, {2 m(x) V] < o
and to show that
Ly (f, A) = 0 for H; almost all 4 in V — Q.
Suppose €>0. Since

H(VNQ) S M, {2 m() EV]) < w,
we can select an open subset W of V such that
V—QCW, HWNQ) <e
Letting
W' = {x]mf(x) e wi,
we infer from (6) that
Ae(ps0 Ro f, W) < ¢ for R € Gs.

Choosing R!, R?, R*&G; so that
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RY(x) = x,  R*%) = (%, 3 %1),  R¥x) = (%3, 21, %)
whenever x = (x1, %2, x3) € E3, we find that
3 2 U
N(f, W) £ D N(pso R of, W) < 3e
=1

This conclusion can be justified by extending the fundamental in-
equality of Cesari [CE 2] from mappings of two-cells to mappings
of arbitrary finitely triangulable subsets of E, into E;. This extension
presents no great difficulty.

It follows from Theorem 6.2 that

L3(, A)dHA < f LE(f, A)HA < M, W) < 3e.
vV—-Q w

The arbitrary nature of e implies that

Ly(f, A)dHA = 0,

V—-Q
Ly(f, A) = 0 for Hy almost all 4 in V — Q.
TuaeoreM 8.17. If X is a 2-cell and fECy(X), then

La(f) = f o L0 DA = . o ol

= > Li(f, A)ddcny = > Lu(f, A)d3ny
Eyn l(A)=y E, lr(4A)=y

[ T Buady <[ ¥ L0
Ep yA)=y E, l(4)=y

Proor. By virtue of Theorem 6.2 each of the above seven numbers
is less than or equal to L.(f) and greater than or equal to the last
integral. Furthermore Theorem 8.16 implies that the last integral
is greater than or equal to the 2-dimensional integralgeometric stable
area of f, which equals L(f).
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