AN INTEGRATION SCHEME OF MARECHAL
J. ERNEST WILKINS, JR.

The French physicist Maréchal [1]! has invented a mechanical
integrator for studying the distribution of light in an optical image.
This integrator approximates a double integral [3™[&f(r, ¢)rdrdp by
a line integral 2ma [¢f(7, ¢)ds extended over that portion of an archi-
medean spiral

C: r = a¢

which lies inside the circle 07 <R, 0=<¢ <2w. The validity of this
procedure when f(r, ¢) is continuous (as it always is in the case of the
integrals determining distribution of light in an optical image) was
taken for granted by Maréchal when a is small. It is the purpose of
this note to justify Maréchal’s approximation by proving the follow-
ing theorem.

THEOREM. If f(r, ¢) is continuous on 0Sr<R, 0S¢ <27 and is
periodic with period 2w in ¢, then

a=0

1) lim 21rf Rf(r, r/a)(a® -+ r)12dy = fh fRf(r, d)rdrde.

Let us define

T

1
PN(’)¢) =m o {f(r,qb+u)

2) + f(r, ¢ — u)} sin? (Nu/2) csc? (u/2)du,
ann(r) = 2—11; (= nl/M f " ftr, $)esneda,

Then it is known from the theory of (C, 1) summability of Fourier
series that

n=N—1
(3) PN(’: ¢) = Z a"N(r)ei'“v
n=—(N-1)
lim Px(r, ¢) = f(r, ¢)

N=w

uniformly on 0 £# =R, 0 =¢ < 2. For each positive e we can therefore
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pick an integer N such that
4) | Pn(r, ¢) — f(r, ¢) | < /3R
Let M be the maximum of |f(r, ¢)l. Then

21rf Rf(r, r/a)(a? + r?)12dr — zwfRf(r, r/a)rdrl

R
=< 21er {(a2 + )12 — r}dr < ¢/3
0

if @ is less than a suitably chosen Ai(e). Moreover, since (4) holds

R R
21rf f(r, r/a)rdr — 27rf Py(r, r/a)rdr| < €/3.
0 0
By virtue of (3),
R R
21rf Py(r, r/a)rdr — 27rf aon(r)rdr
) 0
N—1 R
< 2r Z f ann(r)eirriody |,
|nl=1 0

Since N is fixed when e is chosen we infer from the Riemann-Lebesgue
lemma (which is surely applicable since we see from (2) that a.x(7)
is continuous) that if a is less than a suitably chosen 4:(e), then

R R
21rf Py(r, r/a)rdr — 21rf aon(r)rdr | < €/3.
0 0

Since it follows from (2) that 2w [Eaon(r)rdr = [2™[of(r, )rdrdd, we
can now conclude from the above inequalities that when a <A4i(e),
a<As(e),

21rf0Rf(r, r/a)(a? + r?)dr — fo“ fonf(r, ¢)rdrd¢l < ¢

and the theorem is an immediate consequence of this inequality.
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