PROOF OF A THEOREM OF SAKS AND SIERPINSKI
CASPER GOFFMAN

The object of this note is to give a direct proof of the following
theorem of Saks and Sierpinski:

If f(x) is an arbitrary one-valued real function defined on the closed
interval I=[0, 1], there is a ¢(x) of Baire class 2 at most such that for
every €>0 the inequality l () —qS(x)] <e holds on a set of exterior
measure 1.

The proofs in the literature [1, 2]* depend on the corresponding
theorem for measurable functions; namely, if f(x) is measurable, there
is a ¢(x) of Baire class 2 at most such that f(x) =¢(x) almost every-
where.

We first prove a lemma which seems to be new.

LEMMA. If f(x) is defined on the closed interval I = [0, 1], e>0, ¢(x)
continuous, and | f(x) —¢(x)| <e on a set of exterior measure greater
than 1—¢, then for every n>0 there is a continuous Y(x) such tha
IqS(x) —\b(x)l <€ on a set of measure greater than 1 —eand l f(x) —w(x)l
<7 on a set of exterior measure greater than 1 —n.

ProoF. f(x) is exteriorly approximately continuous almost every-
where in the sense that for almost every £E&1 the set of points x for
which f(&) —k <f(x) <f(¥) +% has exterior metric density 1 at §, for
every k£>0. There is a 8, with 0 <8 <7, such that ]f(x) —¢>(x)| <e—0d
on a set E of exterior measure greater than 1—e. Since f(x) is ex-
teriorly approximately continuous almost everywhere, every EEE~Z,
with Z of measure zero, is in a sequence, {Ig,,}, 1=1,2,---,0f
closed intervals, whose lengths converge to zero, such that the set of
points x for which |f(£) —f(x) <8 has relative exterior measure ex-
ceeding 1—6/2 in each I, Moreover, since ¢(x) is continuous, the
I, may be chosen so that the saltus of ¢(x) in It is less than § for
every #n. Consider the totality of intervals

I=[I€n]’ tE€EE~-Z,n=1,2,.-.,

By Vitali’s covering theorem, since m.(E—Z)>1—g¢, there is a finite
number Iy, I, « * ¢, Itia, of disjoint intervals of I the sum,
> b1 m(Ig;n,), of whose lengths is 1 —a>1—e Let G=I— Zf_,Igm
and let G'CG be the points of G at which f(x) is exteriorly approxi-
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mately continuous. Every { €G’ is in a sequence {I;,,.} of closed in-
tervals contained in G, whose lengths converge to zero, such that for
every m, the set of points x for which | J© —f(x)] <& has relative
exterior measure in I, exceeding 1—08/2. Consider the totality of
intervals

J = [Itn], CEG,m=1,2,+--.

There is then a finite number of disjoint intervals I¢my Legmg * ¢
Itgmg of Jsuch that 37, m(I;m,) exceeds a—5/2. Now, let

¥(x) = f(&) forevery ¥ € Igm;, 6 =1,2,--+, k,

¥(x) = f(83) forevery € Itympy 1= 1,2, -+, K,

and let ¥(x) be defined elsewhere so as to be continuous. Suppose
xE Ly 1Si<k.

| ¥(2) — o(2) | = | ¥(x) — S8 | + | £&) — 889 |
+1oE) —d(®)]| <0+ (-8 +o=e

But > f., m(Ign;) >1—e Hence lxp(x) —¢(x) I < eon a set of measure
greater than 1—e. Moreover, since the relative exterior measure of
the set of points for which I\,b(x) —f(x)l <8<n exceeds 1—§/2 in
every Iy, 1=1,2, « - -, k, and in every Itm;, ¢=1,2, - - -, K, and
these intervals are disjoint, the exterior measure of this setexceeds

(:-3)] S i)+ 3 -y

D))
=(1——%)2>1—-8>1—17.

This completes the proof.

We now prove the theorem of Saks and Sierpinski. Let f(x) be an
arbitrary function defined on I'=[0, 1]. Let ¢o(x)=0. By the lemma,
there is a continuous ¢1(x) such that |¢1(x) —f(x)| <1/2 on a set of
exterior measure greater than 1/2. Having defined the continuous
functions

$1(x), pa(%), * -+, Gn1(x)

with |¢>,._1 (x) —f(x)| <1/27=10n a set of exterior measure greater than
1—1/271 there is, by the lemma, a continuous ¢,(x) such that
|¢,.(x) —¢>,,..1(x)| <1/271 on a set of measure greater than 1—1/27-1
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and [q&,.(x) —f(x)| <1/2" on a set of exterior measure greater than
1—-1/27 Let
¢(x) = lim sup ¢u(x).
fn—ro

Then ¢(x) =lim,., [Lu.b. (¢a(x), ¢nsa(x), - - - )], and, since Lu.b.
(Pn(x), Pnya(x), « - +) is lower semi-continuous, for every n, ¢(x) is
the limit of a nonincreasing sequence of lower semi-continuous func-
tions and is, therefore, of Baire class 2 at most. Moreover, the se-
quence {q&n(x)} itself converges almost everywhere to ¢(x). Ac-
cordingly, for every ¢>0 and every >0, there is an %, such that
én(x) -—qS(x)l <e€/2 on a set of measure greater than 1—%/2 and
(%) — f(x)l <¢€/2 on a set of exterior measure greater than 1—17/2.
Hence, the set of points for which IqS(x) —f (x)] <eis of exterior meas-
ure greater than 1—n for every n>0 and is, therefore, of exterior
measure one.
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