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The object of this note is to give a direct proof of the following 
theorem of Saks and Sierpinski: 

If f{x) is an arbitrary one-valued real function defined on the closed 
interval 1 = [0, l ] , there is a <p(x) of Baire class 2 at most such that for 
every e > 0 the inequality \f(x) —<}>{x)\ <e holds on a set of exterior 
measure 1. 

The proofs in the literature [l , 2 ] 1 depend on the corresponding 
theorem for measurable functions; namely, if/(x) is measurable, there 
is a 4>{x) of Baire class 2 at most such that ƒ(x) =0(#) almost every­
where. 

We first prove a lemma which seems to be new. 

LEMMA. If f(x) is defined on the closed interval 1 = [0, l ] , e>0 , <j>(x' 
continuous, and \f(x) — <f>(x)\ <e on a set of exterior measure greate 
than 1 — e, then for every rj > 0 there is a continuous ip(x) such tha 
| <f>(x) — \f/(x) | < e on a set of measure greater than 1 — e and \f(x) ~\p(x) \ 
<rj on a set of exterior measure greater than l—rj. 

PROOF. f(x) is exteriorly approximately continuous almost every­
where in the sense that for almost every £ £ / the set of points x for 
which ƒ(£)— k<f(x) <ƒ(£)+& has exterior metric density 1 at £, for 
every k>0. There is a 5, with 0<ô<? / , such that |ƒ(#) — <t>(%)\ <e — 8 
on a set E of exterior measure greater than 1 — €. Since f(x) is ex­
teriorly approximately continuous almost everywhere, every %(E:E—Zt 

with Z of measure zero, is in a sequence, {lçn}, i — 1, 2, • • • , of 
closed intervals, whose lengths converge to zero, such that the set of 
points x for which |/(£)—f(x)<8 has relative exterior measure ex­
ceeding 1 —5/2 in each Içn. Moreover, since </>(#) is continuous, the 
7fn may be chosen so that the saltus of <f>(x) in J$n is less than 5 for 
every n. Consider the totality of intervals 

/ = [/*•], S G E - Z , f i - 1 , 2 , ••• . 

By Vitali's covering theorem, since me(E—Z) > 1 — €, there is a finite 
number J$ in i, I$2nv • • • , I$hnh of disjoint intervals of I the sum, 
2Z*-i m(Iuni)i of whose lengths is 1— a>l*-e. Let G = J— ]£)<-i-A*n< 

and let G'QG be the points of G at which ƒ (x) is exteriorly approxi-

Presented to the Society, December 29, 1947; received by the editors August 20, 
1947, and, in revised form, November 19, 1947. 

1 Numbers in brackets refer to the references cited at the end of the paper. 

950 



PROOF OF A THEOREM OF SAKS AND SIERPINSKI 951 

mately continuous. Every f GG' is in a sequence {içm} of closed in­
tervals contained in G, whose lengths converge to zero, such that for 
every tn, the set of points x for which |/(f)~f(x)\ <S has relative 
exterior measure in I^m exceeding 1 — 8/2. Consider the totality of 
intervals 

ƒ = [/fm], r e f f , » = i , 2 , . . . . 

There is then a finite number of disjoint intervals Ittmv Iç%m2i • • • , 
I\KmK of ƒ such that X X î m(Jt#nï) exceeds a —8/2. Now, let 

iK*) = ƒ(&) f o r e v e r y * ^ J**»*> * = i, 2, • • • , *, 

lK*0 = ƒ(£<) for every x G i"r<«<» i = 1, 2, • • • , ÜT, 

and let ^(#) be defined elsewhere so as to be continuous. Suppose 

I *(*) - *(*) I ^ I *(*) - ƒ(&) I +1 ƒ(&) - *(fc) I 
+ I *(&) - *(*) I < 0 + (c - 8) + 8 = é. 

But S*- i w(^€<n<)>l —6. Hence |^(#)—<£(x)| <€ on a set of measure 
greater than 1 — e. Moreover, since the relative exterior measure of 
the set of points for which \$(x)—f(x)\ <8<rj exceeds 1—8/2 in 
every J^n<> i = l, 2, • • • , kf and in every Içimi, i = l, 2, • • • , K> and 
these intervals are disjoint, the exterior measure of this set exceeds 

( l - y ) [ Z m(Iun.)+ E « ( w ] 

^l-A)[(l-«)+(«-})] 

This completes the proof. 
We now prove the theorem of Saks and Sierpinski. Let f(x) be an 

arbitrary function defined on 1= [0, l ] . Let ôOxO—O. By the lemma, 
there is a continuous 4>x(x) such that |#i(#) — f(x)\ < l / 2 on a set of 
exterior measure greater than 1/2. Having defined the continuous 
functions 

* l ( * ) , * 2 ( « ) , • • • , $ n - l ( * ) 

with | <l>n-i(x) —ƒ(#) | < 1/211""1 on a set of exterior measure greater than 
1 — l/2n*~1 there is, by the lemma, a continuous </>n(x) such that 
| <£*(#) — 0n-i(tf) | < l /2n~x on a set of measure greater than 1 — l /2 n ~ 1 
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and \<t>n(x)—f(x)\ < l / 2 n on a set of exterior measure greater than 
1-1 /2» . Let 

<t>(x) = l im s u p <j>n(x). 
n-xx> 

Then </>(x) =limnH>00 [l.u.b. (0W(#), <£n+i(#), • •* ) ]» and, since l.u.b. 
(<t>n(x)y </>n+i(x), • • * ) is lower semi-continuous, for every n, <j>(x) is 
the limit of a nonincreasing sequence of lower semi-continuous func­
tions and is, therefore, of Baire class 2 at most. Moreover, the se­
quence {<£n(#)} itself converges almost everywhere to <t>(x). Ac­
cordingly, for every e > 0 and every rj>0, there is an n, such that 
10n(#)—<£(#)| <e /2 on a set of measure greater than l—rj/2 and 
I <t>n(x) —f(x) I <e/2 on a set of exterior measure greater than 1— rj/2. 
Hence, the set of points for which | <j>{x) —f(x) \ < e is of exterior meas­
ure greater than 1— rj for every ry>0 and is, therefore, of exterior 
measure one. 
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