WATER WAVES ON SLOPING BEACHES
HANS LEWY

1. Introduction. Consider the time-dependent velocity potential
¢(x, v, t) of the motion of an incompressible inviscid liquid in two
space dimensions x, y. The Newtonian equations and the condition of
incompressibility lead to the following mathematical model: La-
place’s equation

a2¢ 624,
(1.1) pye + oy 0

and Bernoulli’s law

il 09\ ? a9 \?
(1.2) —a-t'-l- ((5;)_,_(5;) )/2"‘33’"‘? = const.,

relating the pressure p and the gravity potential gy per unit mass to
the velocity potential; here the x-axis is horizontal, the y-axis vertical
and upwards and g is the modulus of gravity acceleration. At the
boundary of air and water the pressure is supposed to have a con-
stant value po; thus (1.2) relates implicitly the surface elevation y to
the velocity potential. A considerable simplification is introduced by
assuming the motion to be small of first order so that in (1.2) the
quadratic terms may be cancelled. Then the motion becomes a small
perturbation of the equilibrium position in which the surface will be
thought of as given by y=0. For small elevations of the surface one
concludes from (1.2) that, but for terms of higher order,

d
(1.3) y=3(xt) = — -(}:(x,o, t)/,

where the constant on the right hand has been absorbed in a properly
modified ¢. To this equation is added the condition that a particle
at the surface remains at the surface; that is (using the “substantial”
time derivative of (1.2)),

2,

3
(1.3.1) dy(, 8)/dt = — ;tf ¢ = 36/03,
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738 HANS LEWY [September

where terms of second order, such as (9% /dxdt)(d¢/dx), have been
dropped in comparison with 9% /d:2.

Among these infinitesimal motions the periodic motions are of par-
ticular interest. Set

(1.4) o(x, v, 8) = ¢1(=, ¥) cos vt — po(, ¥) sin »,
where »> 0 is the so-called circular frequency. From (1.1) we take
(1.5) (8*/0%x + 0%/0%y)¢s(x, ) = 0, (3*/3%x + 0%/9*y)¢a(x, y) = O;
from (1.3)
(1.6) v = y(x,8) = (v/9)p1(x, 0) sin vt + (v/g)da(x, 0) cos vz;
from (1.3.1)
(»*/g)(p1(x, 0) cos vt — ¢o(x, 0) sin vf)
= (3¢1/3y) cos vt — (3¢2/dy) sin vt.

Special cases occur if one of the two functions ¢, ¢s, say ¢z, is taken
identically zero. Then the crests or troughs and the nodes of the oscil-
lation retain their fixed positions in space. Crests or troughs of the
surface elevation occur where d¢,(x, 0)/9x =0, nodes where ¢:(x, 0)
=0. Such a periodic oscillation is called a “standing wave” in con-
trast to the more general case of a “progressive wave,” where the
crests and troughs and the nodes change position with time. For the
horizontal velocity component v,,q4 of the surface nodes we write
(1.6) in the form tan vt = —¢s(x, 0)/P1(x, 0) or vt= —arc tan (¢z/p1);
differentiation with respect to ¢ yields

tnod = v/((d arc tan ¢1/¢,)/dx).

Similarly the horizontal component v, of the crest or trough velocity
is found to be

d d
Vor = v/((d arc tan —ﬂ/—ﬁ)/dx>
dx dx

Both ¢1(x, y) and ¢2(x, ¥) are solutions of the same problem

(1.6.1)

1.7 %p/9x? + 3% /3y = 0
throughout the liquid,

9¢
(1.8) vi¢(x, 0)/g = % (%, 0)

at the surface.
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One of the fascinating problems concerning waves is the discovery
of the influence of the depth of the water on the shape of the wave
profile. Take first the classical case of infinite depth. To (1.7) and
(1.8) is added the condition that the magnitude of the motion de-
creases to zero as y— — . Qut of the manifold of all harmonic func-
tions the real and imaginary parts of

exp (— i(x + iy)v?/g)

are taken as solutions ¢ and ¢; of (1.7) satisfying the boundary con-
dition (1.8). With these is constructed the progressive wave

é(x, y,£) = Rexp (— i(x + iy)»?/g — if) = exp (v*y/g) cos (¥*x/g + »t),

which is periodic in x as well as in ¢; the x-period is 2wg/»?, the
t-period 27w /v. The wave profile travels unchanged in form in the di-
rection of diminishing x as ¢ increases; the velocity of the profile is
Unod =% = —g/v and depends therefore on the frequency.

Airy was the first to give a treatment of the infinitesimal gravity
waves in a channel of constant finite depth; his results are the founda-
tion of our knowledge on gravity waves. Again as in the case of infinite
depth, the profile of the progressive wave moves, unchanged in form,
with constant velocity. But the wave velocity depends on both the
frequency and the depth of the channel, and so does the space period
of the wave. Airy’s formulae show with great clarity the passage from
waves in water of finite depth to the well known limit theory of shal-
low water waves in whose treatment the dependence of the pressure
and velocity on the depth is assumed rather than derived.

The problem whose solution forms the object of this paper is the
construction of progressive water waves when the depth, instead of
being a constant, has a constant slope. This problem was first at-
tacked by E. T. Hanson! in 1926. He assumed the angle of the bottom
with the surface to be of the form 7/(2¢) with integral ¢, and gave the
expression of one standing wave ¢:1(x, ¥) in terms of exponential func-
tions, without, however, constructing the progressive wave which
requires the derivation of a second standing wave ¢s(x, ¥). M. Miche?
quotes an explicit form of this second function ¢s, which he calls
“houle,” to distinguish it from ¢, called “clapotis.” For the derivation

1E. T. Hanson, Proc. Roy. Soc. London. Ser. A vol. 111 (1926) p. 491.

2 M. Miche, Mouvements ondulatoires de la mer en profondeur constanse ou décrois-
sante, 1945, p. 88. This booklet also contains a most interesting report of various in-
vestigations of M. Miche, relating to the breaking of waves. See also M. Miche,
Annales des ponts et chaussées, 1944, pp. 25-78, 131-164, 270-292, 369-406. Unfor-
tunately, by the time of printing of the present paper, the author had had no oppor-
tunity to consult these latter articles.
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of his formula he refers the reader to a paper to appear in the Journal
de mathématiques pures et appliquées; also his result is restricted to
angles of form w/(2¢q).

We shall give in this paper an explicit representation in closed form
for a progressive wave for all angles pm/(2¢q) between bottom and sur-
face, provided p and g are integers, p is odd, and p <2¢. The functions
involved in our formulae are exponential functions and exponential
integrals of certain special types. (Unfortunately, the number of in-
dividual terms occurring in the solution becomes large as p or ¢
become large.) In the course of our investigation we are led to the
discovery of a strange and recondite relationship of these waves with
the quadratic reciprocity law of number theory. In fact, this law ap-
pears as an elementary consequence of the continuous dependence of
the finite standing wave on the angle between surface and bottom.
We do not go here more deeply into the discussion of certain number-
theoretical problems immediately suggested by this relationship, nor
do we investigate the continuity of the waves as functions of the
angle, for which there appears to exist a more direct approach than
through our explicit expressions for these waves. A further topic left
untouched is the extension of the principles of construction discussed
here to the study of the three-dimensional wave problem where the
wave crests are no longer parallel to the shore.

The complexity of our formulae for the waves for large p or ¢ and
the scarcity of suitable tables of exponential integrals make the evalu-
ation of these waves a problem of considerable difficulty. It seems
important to compare the “exact” theory of infinitesimal waves with
other approximations such as the shallow water theory, in order to
gauge the differences of the results furnished by the various theories.
These problems, for angles w/(2g), are attacked by M. Miche (loc.
cit.) and by J. J. Stoker in a paper under press.

2. Reformulation of the standing wave problem. The units of
length and time will now be chosen so that

g=1 and »= 1.
Set
X+ iy=2z=¢%
and let
B = =np/(2¢9), 2 odd and relatively prime to ¢, and 0 < p < 2q.

Denote by Sg the angular sector 0> 60> — 8. The problem of the stand-
ing wave for Ss consists in finding a harmonic function ¢ in Sp satis-
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fying the following boundary and limit conditions, to be stated first
for the case p=g¢:

1. 9¢/dy—¢p=0on y=0, x>0;

2. The normal derivative d¢/d7=0 on the bottom of Sg;

3. ¢ — A4 cos x— B sin x—0 for suitable constants, not both zero, 4
and B, as x— w0, y=0;

4. The square of the particle velocity, (0¢/dx)? +(d¢/dy)?, remains
bounded as z tends to « in Sg;

5. The flow through any vertical section

fo s (%, y)dy

—z tan B o
remains bounded as x— .

To these conditions must be added one concerning the behavior of
¢ and its derivatives at the shore (0, 0). We shall see that there is one
standing wave where

6a. ¢ and d¢/dx, d¢p/0y remain bounded as (x, y) tends to (0, 0),
and another where

6b. ¢ behaves like log(x? +y?) near (0, 0).

A solution of the above problem, if it exists, may be considered as
the real part of an analytic function W(z) in Ss. It can easily be con-
cluded that W(2) remains bounded as z2— . For this purpose con-
sider the conjugate harmonic y. Since the normal derivative of ¢
vanishes on the bottom of S, so does the tangential derivative of the
conjugate ¥, whence ¥ is a constant there. But
0

I}
W0 =y = wtanp = [

—z tan 8 ]

0 a¢
= f — (%, ¥)dy,
ox

—z tan B

so that Y(x, 0) remains bounded at the surface as x—«, by virtue
of the 5th condition. From the 4th condition it follows furthermore
that | W(z)| can grow at most like const.|z| as z— o within Ss. But
then the Phragmén-Lindelsf principle applies and yields the bound-
edness of | W(z)| for z— o in Ss. Indeed, for the application of this
principle it is not at all necessary to demand the condition 4 which
states that | W’(z)| remains bounded as z— = ; but it suffices to de-
mand, besides 1, 2, 3,

4’. | W(z)| <exp|z|i+e as z— o in Sp, for all €>0,
together with

5'. | W(z)| remains bounded on the surface as s=x— .
For then the principle states that | W(z) | remains bounded as z— in
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Ss. If p<gq, then 4’ and 5’ imply 4 and 5. For it is then possible to ex-
tend W(z2) analytically by reflection on the bottom of .Sz where condi-
tion 2 holds; and the double angle 28 =mp/q is still less than 7. In the
process of extension any bound for the absolute value of W(2) on the
surface of Ss becomes a bound for | W(z)| on the bottom of Ss. Ac-
cordingly, I W(z)| remains bounded on the boundary of Sy as z—
and furthermore | W(z)| <exp|z|+¢ as 2— o in Sy, €>0. Moreover,
W(2) can be continued analytically across ¥ =0, since this is true for
the function F(z) =:dW/(dz) — W whose real part vanishes on y=0.
A bound of | F(z)| for y <0 becomes at the same time a bound of

F(z)| for y>0. Let [W(z)l S M for y <0, x sufficiently large; then

dW/dz[ =M/ [yl by Cauchy’s integral theorem. Describe a hori-
zontal-vertical square Q of side 4 about a point x¢ of the surface as
center and consider Fi(2) = F(2)(z—x0—2)(z—x0+2). On Q we have
| Fi(2)| 54M; hence we conclude for |y| <2 that |Fi(xo+iy)]
<54M, where |F(xo+iy)| <54M/(|sy—2]||iy+2|)<S14M, and,
finally, from the definition of F(z) and the bound M for I W(z)l
= | W(xo+iy)l that ldW/dzI =<15M for x, sufficiently large, —2=<y
=0. For y < —2 Cauchy’s estimate gives immediately ]dW/dz] =M,
so that |dW/dz| remains bounded in Ss. Hence 4 and 5 are conse-
quences of 1, 2, 3, 4/, 5.

If p is no longer less than g, but p <2g, we shall still be able to ex-
hibit a solution W(z) of the wave problem satisfying 1, 2, 3, 4/, 5';
but we shall then show explicitly that | W(z)| remains bounded on
the bottom of Sg as 2— =, a fact which, as we have just seen, follows
from the Phragmén-Lindelsf principle for p <g.

Let N be an arbitrary complex number of modulus 1, and let d¢/ds
stand for the derivative in the direction of the vector A\. Then

ORW /3s = 3¢/ds = RIW/ds = R{AdW/(d\s)} = R{NaW /d3z}.

Accordingly, the condition 1 may be rephrased as

(2.1 R{(id/dzs — )W)} = 0
on y=0. Similarly for condition 2: set
2.2 €2 = B € = ¢ Wt = grrile;

then this condition becomes

(2.3 R{ie12dW/dz} =0 on 0= — 8= — xp/(29).
We furthermore see that reflection on the bottom of S yields
(2.4) R{(— ded/ds — 1)W()} =0 on 0= —28= — xp/q.
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3. Derivation of an ordinary differential equation. Let f(£) and g(§)
be polynomials with real coefficients. Then, by (2.1),

(3.1) R{f(d/dz)(id/ds — YW (5)} = 0
on y=0, and by (2.4),
g(8/3s)R{(— ied/dz — 1)W(3)}

(3.2) )
= R{g(ed/dz)(— ied/dzs — NW(z)} = 0

on § = —2p. Suppose we succeed in solving the identical equation
(3.3) J@GE — 1) = g(eb)(— ik — 1);
then

(d/dz)(id)dz — )W ()

becomes a function E(2), regular within the sector 0>6> —28, and
whose real part equals zero on the boundary of Sis (with the possible
exception of the origin). Now all such functions E(g) are known ex-
plicitly. Our problem thus becomes that of solving an ordinary differ-
ential equation

(3.4) f(d/dz)(id/dz — 1)W(2) = E(2)

for an appropriate E(2), and of choosing from the manifold of its
solutions one, W(z), such as to satisfy the boundary conditions (2.1)
and (2.3) as well as certain conditions concerning the behavior of
W(z) near 2=0 and z= .

4. Derivation of f(£).

LEMMA. There exist polynomials f(§) and g(§) satisfying (3.3) and
of degree q— 1. They are uniquely determined by requiring the degreeto
be g—1 and f(0) =1. Furthermore f(£) =g(§).

The following proof is valid only if p is an odd number. This is the
reason why our explicit construction of waves fails if p is even.
Let

fO=0a+at+- -, a =1,
g&) =bo+ buk+---.

The identity to be solved is

(4.2) (GE-1DA+at+---)=(—det—DBo+ bk +---).

Compare coefficients and find

(4.1)
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1 = by,
1 — ay = — tebo — bie,
(4.3) e ,
Lp_1 — Ay = — 1€"0p_1 — Dne®,

The imaginary part of the left-hand side is @, and may be considered
known from the preceding equation of the recursion. The imaginary
part of the right-hand side involves b,—; and b.. Now b.— also may
be assumed known from the previous equation. Consequently b, is
determined by equating imaginary parts, provided I(e*) 0, that is,
for all #» with 0 <# <g, since p and ¢ have no common divisors. Once
b, is known, we take the value of @, from the same equation by equat-
ing real parts. Thus the recursion furnishes in a unique way all co-
efficients a,, b, for n <q. There is a further condition to be satisfied
to establish (4.2), namely, (4.3) for n =g, which becomes

4.9 10g1 — Qg = — tetby_y — b€l
Since €= —1 for odd p, this implies
Qg1 = bq—l;

if this is so, we may assume all further coefficients ag, bg, @441, b1, - *
to vanish. Now observe that ao=by=1, and that the nth recursion
formula (4.3) may be satisfied by setting a,=b,, provided it is true
that @,_1=b,_1. Indeed, the uniquely determined solution of the re-
cursion formulae can be found from the recursion

a,(1 — €) = ap13(1 + ).
This gives for a, the nonvanishing value
(4.5) an = a,1t(1 + e”)/(1 — €7),

which is indeed real since the vector 1 —€” is perpendicular to 1 +e".
This holds provided e»#1, that is, as long as np/q 72k with integral
k; hence certainly for odd p and 0<% <g. Notice that (4.5) can also
be written as

(4.5.1) @n = @ cot (npr/2q) = [] cot (kpx/29), for n = 1.
k=1

If we had permitted p to be even, then ¢ would necessarily be odd
and we would have e2=1; in this event (4.4) would yield
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10g-1(1 4 €0 = 20,11 = @, — b, # 0,

which cannot be solved with real @y, ag, bq.
Thus we have found

&) =g =1, for g =1,
g—1 n 1 + Gk
B =g® =1+ iner ][]

b
nl =1 1 — €F

for ¢ = 2.

LEMMA. Let ¢>1. The roots of f(£) are
— e, — d€, -+, — ferl;
they are conjugate to and, as o set, identical with
ife, i/€2, - -+, ifer L,
In fact, since by (3.3)
(4.6) (i — Df(E) = (— ie& — 1)f(eb),

it follows that the root of the right-hand side £=1%/¢ must also be a
root of f(§) since it is distinct from —4. But as all coefficients of f(£)
are real, the conjugate —ie is also a root of f(£). Substitute §¢= —1ze
on the right; then either e2=—1 or f(—7€?) =0. Hence either ¢=2,
or —ie? is a root of f(£). In the latter case put £= —ie? in (4.6) and
find either €= —1, ¢=3, or f(—4e*) =0. Repeating this procedure we
find that the complete set of roots of f(£) is given by &= —ie®,
n=1,...,g—1. Hence

1® = oI1 (& + ie),
where

1
¢t = f(0)/c = qI_I (ie") = jelga@Di2 = (— 1) (=D D/2,

n=1

in view of (2.2). Thus

*.7) f& = (- 1)(29—1)(«1—-1)/2qI—I1 (£ 4 ien).

na=1
Upon combining factors which contain conjugate roots of f(£), we have
f(=3) = (= 1)ED@DI(— 4 j)(— 7 + i) - - -,

If g is odd, we have (¢g—1)/2 such pairs of factors; if ¢ is even, we have
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(g—2)/2 such pairs and the factor —¢ +ie€?/% Now suppose first that
both roots entering such a pair (for example, —t¢, —7e?~!) have posi-
tive real part. Then the argument of the product of such a pair re-
mains the same if both roots are replaced by +1; that is, the argu-
ment of the product of such a pair of factors is w/2. If, on the other
hand, both roots involved lie on the left of the imaginary axis, the
argument of such a product remains the same if both roots are re-
placed by —1, which gives precisely —w/2; and no root ¢/e*= +31,
since 0 <n <q.
Accordingly, for odd g,

f(=4) = (= 1)P=D@ DI = jYalpa)grileDI4y,
where >0 and a(p, ¢) is the number of roots of f(£) with positive

real part. It is easily seen that this formula still holds good for even g.
To determine 7, we note that

"I:Ia—e")

2 =

2 q—1
=T - —em
1
d (x"l — 1)
dx\ x+1
so that

(4.8 f(— i) = (— 1) DD~ j)alp.Dg=rile=D/4gl/2,

The number of terms with positive real part in the set /¢ is the same
as the number of terms among €7 with negative imaginary parts.
Note that

=gq,

Z=]

e*irila. gxinle—Nle = — 1,

Hence, if ev#?f/2 has a negative imaginary part, so does e*#?(¢=9/¢, Thus,
for odd ¢, a is even and (—1%)2?:9 =(—1)¥®.9 where N(p, q) is de-
fined (for ¢ odd or even) by

(4.9) N(p, ¢) = number of terms with negative imaginary parts in the
' set e7i?i'/2 with ;' integral and 1 < ' < ¢/2.

For even g, setting j=¢/2 makes e*#?i/7 equal to ¢?, while for j2¢/2 we
have the same fact that both eé?#/¢ and e*i»(¢—N/¢ have negative imagi-
nary parts or both have positive imaginary parts. Accordingly,

(= NN, for p = 1 (mod 4), ¢ even,
i(— VNGO for p = 3 (mod 4), ¢ even.

(— 9 = {
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Hence, from (4.8) we can conclude
(— 1)¥@.g-mile-14gli2 for g even, p = 1 (mod 4),
(4.10) f(— 3) = { (— 1)V jgrile-1I4glI2 for g even, p = 3 (mod 4),

(— 1)V 0gri-D/4gl/2, for ¢ odd.
Another property of f(§) is
(4.11) Gj = g—ja(— 1) Ve D i=12---,¢—-1L

In fact, the roots of f(£) are simple and contain the reciprocal of each
of them, whence

EEY) = (= DEDEDIYE).

5. Real independence and semi-independence. The following def-
initions are variants of the notion of linear independence; they are
introduced in order to simplify the formal part of our computations.

DEFINITION. # complex-valued functions Fi(x), - - -, Fa(x) on a
range of the variable x shall be called “really independent” on this
range if the relation

R{ éA,F.(x)} =0

with complex coefficients 4, implies
A1=A2="' =A“=O.
If and only if the F,(x) are really independent, the 2» functions

RF,(x) and IF,(x) are linearly independent in the ordinary sense em-
ploying real coefficients.

LEMMA. Let Fy (x), « + +, Fu(x) be really independent. Then a relation
with complex coefficients a,, b,

(5.1) R{ 3 (@ (s) + bR} = 0,
1
implies
(5.2) a+ 5 =0, v=1---,n
In fact,

0 = R{X (a.F(%) + bF,(0))} = R{Z (a0 + B)F(%)}.

This identity shows that (5.1) follows from (5.2), no matter whether
the F, are really independent or not.
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DgerFINITION. If Fi(x), * - -, Fa(x) are complex, F(x) real, and such
that
RFl(x)r ] RF"(.’JC), IFl(x)v R IFn(x)»F(x)

are linearly independent, we shall call Fi(x), - - -, Fa(x), F(x) “really
semi-independent.”

LEMMA. A relation for complex coefficients a,, b,, a,

5.3) a+ 5 =0, v=1,---,mn,
a+a=0,
implies
(5.4) R{ > (aF(%) + bF. (%) + aF(x)} = 0.
ya=]

Conversely, (5.4) implies (5.3) if the F,(x) and F(x) are really semi-
independent.

Notation. In order to simplify the printing, we shall often make use
of the following notation. Let v, and v, be two complex quantities.
We write

712 vy
in order to express that 7v; and %, are complex conjugate.

6. Integration of (3.4) for E(z) =0. Writing (3.4) in the form

q
(6.1) II (@/ds — o)W (z) = 0,
=1
where
(6.2) oj = ifel = iemirils, i=1-,q
we obtain

W) = 2": c;e’i®,

i=1
Note that
(6.3) 0;i = g4y j=1-:---,q9-1,
whence

€017 £ ¢oa-i®
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for real x. For odd ¢ the e°i* (j=¢,q—1, - - - ,¢—(¢—1)/2=(qg +1)/2)
are (¢+1)/2 really independent functions, for even ¢ the ei®
(G=¢,9-1, -+ -, q/2 +1) and e° /2* are q/2 +1 really semi-independ-
ent functions. Both statements follow from the nonvanishing of the
Wronskian of e#, - - -, e?¢%, which in turn is a consequence of the
nonvanishing of the Vandermondian of the ¢ distinct numbers
g1, ¢+ +, 04 In fact a linear form

R{ > (A,ev® + B,em)},
1
where s,=g,, can be written as
(1/2)- 22 ((4, + B))e= + (4, + B,)ev=).
1

The ¢; are determined by the boundary conditions (2.1) and (2.3).
We find

q
(6.4 0= R{idW/dz — W} = R{ > (io; — l)c,-e”i"}, on y=0,
1
and
q
(6.5) 0 = R{ie2dW/dz} = R{ > iellza,c,-wz}, on z=|z|em

1

Applying the lemmas about real dependence resp. semi-independence
in case ¢ is odd resp. even, we obtain as necessary and sufficient con-
ditions for the validity of (6.4)

(6.6) ¢i(io; — 1) = — ¢ j(iog—; — 1), ji=14---,¢—- 1L

Note that, for j=g¢, we have i0,—1=0. In order to exploit (6.5), ob-
serve that by (6.2)

(6.7) Og—jt1€'/2 =2 0 el /2 ji=1---,q
Hence (6.5) implies
(6.8) 1€1%0,_ 110 jr1 =2 — 1et/%0c;,
which reduces to
€0g—i410q—j+1 = 0g—iCj
or

(6.9) Co-i+1 = Cj j=1-,q
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The equations (6.6) and (6.9) determine the ¢, but for a real factor
independent of j. We conclude directly

(6.10) Eg-i = ¢i(io; — 1)/(icj + 1), i=1---,¢—1,
or
(6.11) ¢ = ¢j(io; — 1)/(io; + 1), i=1---,¢—1

The equations (6.11) are recursion formulae. They do not exhaust the
implications of (6.6) and (6.9). Let ¢ be even, and apply (6.10) with
j=¢/2 and (6.2):

Car2 = Cqp2(1 + e/2) /(22 — 1).

Now e92=¢7#/2 and p is odd. Hence

(6.12) Cq/2 = Cqiat™?, for ¢ even.
Let ¢ be odd, and put j=(¢ +1)/2 in (6.9):
(6.13) Cet+1y/2 = Cg+1y/2s O  C(gt1y2 1S real for ¢ odd.

Formulae (6.12) resp. (6.13) together with (6.11) show that the ¢; are
determined but for a constant real factor.

To compute the c;, we observe that they are related to the coeffi-
cients a;_; of f(§) in a simple manner. In fact, we had (4.5),

a;=a;1i(l + €)/(1 — &),
and (6.11) which can be written

cirn = ¢(1+ €)/(1 — &), j=1---,¢—-1
Hence
ciprfay = — icjfaja, j=1,--+,qg—1,
and
(6.14) ¢; = aj(— 9)id, j=1,-,q

where d does not depend on j. The absolute value of d is irrelevant,
but its argument is of importance. Take ¢ even and apply (6.12);
we find

Cq2 = e™?lty,

with a real factor 7. Substitute this value of ¢y in the formula (6.14)
for j=¢/2 and remember that all the coefficients a; are real. We find

(6.15) d = emilrtd /4 for ¢ even.



1946] WATER WAVES ON SLOPING BEACHES 751

Next take ¢ odd. Then, by (6.13), (6.14),
(— 9)@tD2d = rea,
and
(6.16) d = {@tD/2 for ¢ odd.
From (6.14), (4.1), (4.10) we compute

zz:cf = — if(— i)d,

. (— NNV @agl2 for ¢ odd,

(6.17) D cj={(— 1)¥N@o+G-DI4gli2 for g even, p = 1 (mod 4),

! (— DV @+iDIM4gLI2 - for g even, p = 3 (mod 4).
Furthermore, by (6.14) and (4.11),

(6.18) ¢ = {(" i) @D, for ¢ odd,

teTirtald for ¢ even.

Accordingly, our solution W(z), designated henceforth by Wy(3), is

" o1
(— 4) @ D%z - j@DI2Y" (— §)ig; exp [zei*iv/e],
=1
if ¢ odd,
(6.19) Wo(2) = 1 —
je—Tilrta) [4g—iz | eri(ﬁa)ldz (— i)iajexp [izeirirla],
j=1
| if ¢ even,

with

i
aj= ]] cot (npr/2q), @o=1.

n=1
In order to see that the coefficients ¢, actually satisfy (6.6) and
(6.9), we notice that these relations contain at most 2¢—1 linearly
independent real equations, while on the other hand their conse-
quences (6.11) and (6.12) resp. (6.13) are precisely 2¢—1 linearly
independent relations. Thus the number of linearly independent equa-
tions (6.6) and (6.9) is 2¢—1, and they follow from (6.11) and (6.12)

resp. (6.13).

7. Behavior of W(z) for z2— ». For the applicability of (6.19) to
the wave problem the behavior of Wy(2) at infinity is of importance.
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Now the moduli of the terms under the sum in (6.19) tend to zero or
infinity as =x— ®, according to whether R {ie*»i/1} <0 or >0. Fur-
thermore, it is readily seen that the modulus of the sum cannot re-
main finite unless all terms tend to zero. Now let 1<p<2g and
consider the angles

(7.1) /g, 2pw/q, - -+, (¢ — Dpr/g,

and their conventional representation in the unit circle. Among them
there is at least one whose second side lies in the third or fourth quad-
rant. This is evident if > g, because pm/q has this property. For p <q
we remember that there are at most (¢—1) positions available in the
first and second quadrants, namely those of

w/q, 2x/q, - -+, (g — D7/q.

If our contention were wrong, they would have to be filled each by a
member of the set (7.1), since no two of them can occupy the same
position by virtue of the fact that p and ¢ are relatively prime. In
particular there would be one, say kpw/q, which occupies the same
position as (g—1)7/q. Hence kp =g —1 +ng with even n. Here k%¢g—1
since otherwise p —1 becomes divisible by ¢ in contradiction to p <g,
¢>1. But now (k +1)pw/q is among the angles (7.1) and its second
side is identical with that of

@g—1+pw/g=010+ (p — D/gm,

which lies in the third or fourth quadrant.

From the foregoing we gather that, for 1 <p <2g, there exists a j
with 1<j<q—1 for which R{eiri»/e} >0. Accordingly Woy(x) does
not remain finite as x— 0 in contradiction of the condition 5’ of §2.

For p=1, however, R{'ie"""’/q} <0 for j=1, 2, ..., ¢g—1, and
Wo(x) remains finite as x— . Hence RWy(2) represents a standing
wave for p=1, it is free of singularities and behaves for z2— « like a
simple standing wave in water of infinite depth. More precisely,

RW(z) ~ R{e""(q‘l)/‘e""} , for ¢ odd or even,

and the complex factor e~"ie~D/4 is decisive in the location of the
nodes of this simple wave. These nodes lie at x=(—(¢—1)/4 +n)7
with integral #. Accordingly, an increase of one unit in ¢ makes the
nodes of the simple wave move one-eighth of a wave length toward
shore, if only angles 8 of the form m/2q are considered.

The standing wave RWy(2) was given by E. T. Hanson.? As we have
proved, the angles 8 of the form 7/2¢ between surface and floor of the

3 Loc. cit.
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ocean are the only ones for which it will satisfy the condition of finite-
ness at infinity.

For the construction of a progressive wave, Hanson's standing wave
furnishes only one component for p=1. For this construction re-
quires the exhibition of a second standing wave of the same period
which at large distance from the shore becomes a simple wave whose
nodes lie midway between those of the first component.

Plan of the following investigation. The assumption E(z) =const. un-
derlying the preceding section is a special case of (3.4). More gen-
erally we can take

E(z) = ig?kalo, k=0,+1,+2,.---.

All these choices may be expected to lead to a solution W(3) of (2.1)
and (2.3), that is, to a W(z) satisfying the boundary conditions. But,
generally speaking, these W(z) do not satisfy the condition of finite-
ness at infinity, and some have too large a singularity at the origin.
Our plan is to obtain suitable superpositions of the various solutions
which insure finiteness at infinity, indeed two independent such super-
positions, so as to enable us to prescribe the location of the nodes of
the simple standing wave to which they become asymptotically equal.
It is remarkable that this procedure proves successful, in that the
number of conditions to be satisfied is larger than the number of
available constants. Consequently, it becomes necessary to investi-
gate in detail the asymptotic behavior of the solutions to be con-
structed, and the algebraic character of the conditions which enforce
finiteness at infinity.

The result will be that for all angles B=mp/2¢q, 1 <p<2q, p odd,
there exist two standing waves, ¢; and ¢,;, one which remains finite
at the shore (and whose derivatives of first order (the velocity com-
ponents) remain finite), the other having a logarithmic singularity
at z=0 (resp. having a velocity which becomes infinite like 1/| z|).

8. Properties of exponential integrals. Unfortunately, the con-
struction of waves runs in a similar, but not identical, pattern when
p=1 (mod 4) and when p =3 (mod 4). This necessitates two parallel
sets of formulae for certain parts of the following investigation.

We begin with p =3 (mod 4). Let & 20 and consider the integral

iz
(8.1) f Mt

where

(8'2) A=(2kq/?)"1, k=0yi-1):t2)"' *
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The integral is a multi-valued function of 2, but a single-valued func-
tion of log 2, once log o; and the path of integration on the Riemann
surface of log 2z have been fixed. We shall take log 2 real for z=x>0
(on the surface) and set, generally,

(8.3) ¢ =logsz

and

(8.4) 7; = log o;

with

(8.5) ;= — pwi/2 + jpwi/q, ji=1-:-44q

This choice of the 7; has been made with a view to establishing for
the 7; the same relations of conjugation that hold for the ¢;. In fact,
the analogues of (6.3) and (6.7) are

(8.6) Te-i = PWi[2 — jpwifq = 7j 1=s5<yqg
and

75 — pmi/(29) = pwi/2 — p(§ — 1/2wi/q = Tosr1 — p7i/(29),

(8.7) /
1=sjsq¢
Accordingly, let the path of integration start at that point @ which

belongs to a real valueof log & and end at that point ;2 whose log is
¢ 474, and define

(8.8) Ly os(§) = evi f mr‘t*dt.

For real log 2, that is, for z=x>0 (on the surface), this function satis-
fies, because of (8.6) and (8.7), (8.3) and (8.4),

8.9 Ly o5($) = L o0-i($)-
For { =log z=real —ipm/2q, that is, for z=r¢!/2,#>0 (on the bottom),
(8.10) L oi(§) 22 L oqia($)-

We find the differential equation

(1) (@/d)Lnus§) = oilae§) = oHisd = seGHotears,
valid for all {. Thus for real {, 3=x>0,

(8.12) (¢/d2)Lr,0(§) = oilaes(§) + 2*(— 1)*,

and for ¢ =real —ipr/2q, z=re'/3,
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(8.13) (3/d2) In.0s(§) = 05La.es() + (= DrDIR,
Next take p=1 (mod 4). Set
(8.4) i = log (= ¢y),
where, again, (8.5) is assumed:
i = — pmi/2 + jpwi/q, ji=1--,q

Then, we have the same relations of conjugations as before, namely
(8.6) and (8.7). The definition paralleling (8.8) becomes

—0jz
(8.8") Lnai(§) = ei® f e'iMdt.

It introduces a single-valued function of { for =0, log « real, and
A= (2kg/p)—1 as above. We conclude the same relations (8.9) and
(8.10) of conjugation for the new definition (8.8’). Furthermore, the
differential equation corresponding to (8.11) becomes

(8.11) (8/d3) Lnoi(§) = oiln,oi(§) + (— o ;)12

and its special cases corresponding to surface and bottom are again
the equations (8.12) and (8.13).
Now consider, no matter what p, the function Wi (2) defined by

g

(8.14) Wa(z) = 2 cilaei(2).

je=1

We gather from (8.12) that on the surface where 2=x>0
q q
i(d/d)W(z) — Wa(@) = 2. ¢;(io; — DLnei(§) + (= D*i 2 ¢y
1 1
and on the bottom where z=re!/?, >0,
q q
1€!/2(d/dz) Wa(z) = 3, ie!/%0iln05(¢) + ™(— 1)F@DEY ¢y
i=1 1
Now, since E{c; is real by (6.17), we have on the surface

R{i(d/dz)Wi(z) — Wi(z)} = Ri ¢i(io; — 1)La,e5(5),
1

and on the bottom

R{ie/*(d/dz)Wi(z)} = qu: i€11%6 jo 3L 05(8)
1
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But then the equations (6.6) and (6.8) are sufficient, because of the
conjugation relations (8.9) and (8.10), to insure

d
R{(z-d~ - 1) Wx(z)} = 0 on the surface,
2

R{ie'%(d/dz)Wi(3)} = 0 on the bottom.

This shows that RW,(2) is a harmonic function satisfying the bound-
ary conditions on surface and bottom.

It is of interest that the functions L, ,;({) are linearly independent
as functions of z for j=1, - + -, g; this implies their real independence
or semi-independence (see §5) on the surface as well as on the bottom.
But since this fact is of no influence on the explicit formulae which
we shall give for the waves, we suppress a proof thereof.

(8.15)

9. Construction of a second standing wave for p=1. We are now
in a position to complete the construction of the progressive wave for
p =1 by establishing a second standing wave which behaves differ-
ently at infinity from Hanson’s standing wave given by (6.19).

This second standing wave is

q
9.1) RW_3(2) = R2 ¢;L-1,65(8)-

=1
To show this we study the behavior of W_,(2) for large lz| in Ss.

Notice that a change of the value of the positive lower limit « in

the definition (8.8") of the integral affects W_,(z) merely by adding a
real constant times Wy(2) to it. For simplicity’s sake take a=1. We
have

L—l,v:’(g—) = ¢%i* f

—0jz —0jz
ett-ldt = f ettoizt=1ds,
1 1

with the values (8.5)

log —o;j=1;= —wi/2+jmifq, j=1,---,4q.

Hence the arguments of —o;z lie between —w4/2 +wi/2q and wi/2,
as z varies in the sector Sg. Thus the variable of integration may be
restricted to the half-plane R(¢) 0.

With this in mind, let vy =4y +v2, 120, |'yl =1. There exists an
M >0 such that

(9.2)

4
f e““ft"ldt‘ <M.
1
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Y Y
-+ f ettt
1 1

Y
Y -
1

For we have

v
f et 1-dt = ettt
1

(9.3)

and

Y
‘ f ettt
1

This latter estimate is obtained by making the path of integration
proceed first on the unit circle and then on a ray through the origin
and vy. Consequently, (9.2) holds with any M for which

M2y +emn 4 e(1 4 7/2),

for example, for M =1 +e(2 +7/2).

Hence W_1(2) remains bounded in the sector Sg as long as ]z' =1.
Moreover, as z=x—®, L_3,,;({)—0 for j=1, - - -, ¢—1; for from
(9.3) with —ojx =1 +v.¢ we gather v;>0 and

k4 7/2 k4
’f e“‘ft‘ldtl =< ‘7"1 — el + (f +f )e""t"dt]
1 1 n/2

S|yt + e 4 en2(1 — 2y7Y)
+ | yit— 271“[-

The terms of the last expression tend individually to zero as x— .
On the other hand, consider

gef’| 12| dt] < e(t — | v |t + #/2).
1

L. = f et—t1ds,
1

as x— . By a deformation of the path of integration in the left half-
plane we obtain in a familiar way

100 1~
9.49) f ett™ldt = f et dt + mi = r + w1,
1 1

where the sign [’ denotes the Cauchy principal value of the real in-
tegral. Accordingly,
iz
W_i(x) — cqe"'"’f et dt—>0 as x— «;
1
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this leads to
W_i(x) — cie=i*(r + 73) >0 as zx— o,

since the integral (9.4) converges. Thus W_(x) —*Wo(x) behaves
like c,e~%mwi as x— «, while, by (6.18) and (6.19), Wo(z) behaves like
cq,e~%. Obviously the nodes of R { cqee~*} lie midway between those of
R{ce =i},

Near the origin we find, since Zc,- is real, in view of (6.17), that

RW_y(z) ~ ¢'/? log | 2.

10. Asymptotic behavior of exponential integrals. We proceed to
the study of the asymptotic behavior of the functions Ly,,;({). For
simplicity of notation, we set, for p =3 (mod 4),

v
= %0}, Hy(y) = ¢ f e\t

where now £ is supposed not to be divisible by p and
(10.1) A = (2kg/p) — 1, E=1,2---.
Furthermore 1 <p <2¢g, a=0. Since A >0, integration by parts yields

v
f et = — et
0

H@)=—P =MW1= =MA=1) -+ (N—s+ Dy

v v
+2A f e~ P1dt,
° 0

FAA=1) - (A = 5)e? f " e tp-eidy,
[

a formula which holds for all integral s with 0 <s <A. In particular,
we shall take the value s = [\], defined as the largest integer less than
A. We find

q

Wa(2) = 2 cilaei(§)

1
= Yoo (= 1=A@) = - =A- - A=s+1)(0i2) )

+ A — 1)--~()\—S)Zc,-e"i’f

[
0

(10.2)

iz
e—tP—1gg,

Now

S oot = S ot = X cierithalngrt,
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and by (6.14) and (8.5) this becomes
Yo =d i @i — ) ietpIHipl0wi-2kalng 1
1

= 4 2 aja(= )ilel(— DFeH = f(— iede(— 1)ke+ = 0,

for by the lemma of §4 the roots of f(£) are —ie, + + -, —1e?L,

Similarly D %c,0)'=f(—1e?) const. =0, where the constant de-
notes a number which does not depend on the index j of summation.
Proceeding in a like manner, we get

(10.3) S e = f(— i) const. = 0
1
for all s >0 with s <¢—2. This is compatible with s = [\] = [2kg/p —1]
for all k with
(10.4) 1sks(—-1/2
In fact, then
[2kg/p] = [(6 — Va/pl S [a—e/p) s ¢ -1,

A = [2kg/p —1] = ¢ -2

For k satisfying (10.4) we conclude from (10.2)
Wi(z) = W_ii2ke5(2)

10.5 .
(10-5) = T'(2kq/p)(T(2kg/p — [2Rq/p]) 21: ¢iL—142kq/p—12kas 21 (§)+
Set
(10.6) Wi(z) = (T(2kq/9))"Wh(2).

By (8.15), W satisfies the boundary conditions on surface and bot-
tom.

In order to study the behavior of Wi*(2) for z=x— o and for
z=r€'/?, r—x, consider one of the integrals on the right of (10.5)
(it will suffice to consider only the first of the following alternatives
in case p<¢):

ojz ojrel?
eoi® f e~ I-14¢ resp. eoite? f P-4y,
[} 0
Suppose first that j is such that

(10.7) x/22 —ir; = —w/2resp. /2 = — ir;— pn/2q = — w/2.
Then



760 HANS LEWY [September

iz

lim et MN-1gt = T(A — [A])
—® 0
resp.
ojrel/2
lim et N-1gt = T(A — [A]),
r—w 0
whence

oix ®
eoi® f e P~MN-1gt = T(\ — [N])eviz — evi= f e ip—-1g;
0

ogjz

resp.

ajrel/2
eo-jrellﬁ f et [)\]——ldt
0

@

=T(\ — [A])eeiralr — goiran f et N-1gy,
ojrel/2
Here
0 ]
le’f’f = ’f e | u+ o0 -1y
oj% 0
0
<o |*‘W—1f e~*du — 0,
0
resp.

L]

i eo',‘rcllz f
ojrell?

since A\— [A\] —1 <0. Thus

— 0,

ojz
e"i"< f e N=1gg — T(\ — [k])) — 0, resp.
0

Ead--)

(10.8)

gjrel/2
e,;,.x/a(f ! et D-1 — P\ — [A]) — 0,
0 0

if (10.7) holds.

Observe that [Je~#*—P1-14¢ is multiplied by e2>™* as log v is increased
by 2mi. Therefore we can generalize the previous result. Suppose #;
defined equal to », provided there exists an integral number »n such
that
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(10.9) either n2r + 7/2 = — ir; = n2r — w/2
) or n2r + w/2 = — ir; — pn/(29) = w27 — w/2.

(Notice that p <2¢ so that these two conditions never lead to differ-
ent values of n;.) Then

iz
lim {e"i”(f e~ iP—N-1gg — gAminikalpD(\ — [)\]))} = Qresp.
0

X— o0

(10.10)
ojrell2
i {evin( [ e s~ D)} =0
r— 0 0

On the other hand, if one or both of the conditions (10.9) cannot be
satisfied with integral #, but instead we have with some »

n2r + w/2 < — ir; < n2w + 3w/2  resp.
n2r 4+ w/2 < — ir; — pr/2q < n2w + 37/2,

s

(10.11)

then we must have, for example,

(2L
gric f
0

hence

—ojz
f e“(u + o;x)>"N-1dy
0

=

+[f ]

< | x|x—m-—1 + l eo'i:c| I\ — [)\]);

X— 00

iz

lim evi® f et~ MN-1dg = 0, resp.
0

(10.11.1)

ojrell2
lim eoire? f et~ N-1gp = 0,
0

>0

These estimates show that

q
lim {W:(x) - Zc,-&,-ke‘i”} =0,

T—veo j=1

q
lim {W:("ém) - Z Cjaike"i"m} =0,

r—o0 1

(10.12)

where 6, stands for

(10 13) s {esirin,‘kqlp if (10.9) hOldS,
. ik =

0 if (10.11) holds

(the value of #; in the second case is immaterial for the validity of
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(10.12) because of the vanishing of the exponential factor). The pos-
sible values of #; in (10.9) are

(10.14) n;=(p+1)/4;(p — 3)/4,---,0,—1,---, — (p — 3)/4.

The first of these occurs only for j=g, that is, n,=(p +1)/4. All
the other possible values of #; must be successive integers since two
successive terms —41;— pw/2q, —iT;0r —iT;, —iT;01— pw/2q differ by
pm/2g <w. On the other hand, the smallest value of #; occurs either
in n2r—7w/25 —iriSn2wr +7/2 or in n2r—7w/2S —ir;—pw/2q
Sni2w +m/2 when this »; is the smallest integer following that one, #’,
which would occur if j could become equal to zero; this would give

W'+ w/2 = — pw/2, w=—(p+1))/4

The alternative in the relations (10.9) to (10.14) is dictated by the
possibility that p>¢. Had we demanded that p <g, then the Phrag-
mén-Lindeldf principle would have permitted us to fix our attention
solely on the surface, as was explained in §2.

Next we give the parallel developments for p =1 (mod 4). Integrate

by parts for A>0:
-7 -
N P
0 0

4
f et dt = et
0

-7
e‘ff et = (— P =M=+ -
0

(= D= DAA =D =5+ D)

+ (= 1)*Hler f e —1) - (A —3),

0
where s= [\]. Then, by (8.8),

q

Wa(z) = 2, i o;($)

- i[cx— o1 + Mot + - -
(10.2') '
+A---A=s+ 1)(o2)7)
4 ¢i(— 1)'+1e’i'f_me‘t*""1dt)\ R O s)].

Now
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q q q
Yoot = Dot = 4 3 ap(— i)iecrirtisothesiia(— g )1
1 1

= const. Y a;_i(— i€)i~! = const. f(— ie) = 0,

------------------------------

d g
Do ci(—aj) " = const. ) aji(— §)ileli-D(s+D)
1 1

= const. f(— tettl) = 0,

since (10.3) and (10.4) apply again. Hence, for k=1,2, - - -, (p—1)/2,
Wik(z) = (T(A + 1))7'Wa(2)
10.6’ g
(10-6) = (= ner/A@N = N\ X eila-pi-1,6(8)

i=1

satisfies the boundary conditions on surface and bottom.
For large x, resp. large 7, consider

—0jz —ojrel2
eri® f eP—N-1dt resp. esireh f et N-1dy,
(] 0

For such j as make
—7/2< —ir;i<w/2 resp. —w/2< — ir;j— pw/2q < =/2,
we have R(—o0;) >0, and, with y= —ox,

b4 k4
(10.11.1) e f e—=M=1gp = f e=7p—-14s — 0,
0 0

as x— o ; or resp. (10.11.1’) holds with ¥ = —o;7€!/2 and R(—o;e/?) >0
as r— o, Similarly, (10.11.1’) still holds if there is an integral » for
which

(10.11) — /2 4+ 2nr < — ir; < w/2 + 2nm  resp.
—w/2 4+ 2nw < — ir; — pn/2q¢ < w/2 + 2nw.
On the other hand, if there is an integral # such that
7/2+ 2nwr S — ir; < 3n/2 + 2nw  resp.
7/2 + 2nw £ — ir; — pr/2¢ S 3n/2 4+ 2w,

then let #; be defined by #;=7 in (10.9’). We have Ry =0, where

(10.9")

= — g;x Tresp. vy = — opret’?
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¥ —o0 ¥
e‘“’f eP—MN-1dt = “'/(f —l—f ),
0 0 —c0.

—c0 ©
f etP—MN—1g = ___f et I t]x—m—xdl tl e™i(1+2n;) O—[\-1)
0 0

= enitDrizke/p(— 1) [2ka/2IT(\ — [A]),

4 4
- [ e‘t‘“m“ldt‘ -1 ee—m—m—w]
—o0 —~0

0
= | [ ety

< | v ]x-—m—1 —0,
as x—> o resp. r—> o,

Hence

—ojz
lim | e%i® f et —-1g;
x—o0 0

— (— 1) Rka/AID(\ — [)\])evize(2nj+l)ri2kqlp] = 0,

(10.10")

resp. a similar limit equation for r— «, if xo; is replaced by roj€!/2,
Accordingly, by (10.6")

q
lim {Wk*(x) - c,-B;ke”f’} = 0, resp.
1

(10.12") e )
lim {Wk*(f€1’2) -2 Ci5y’ke”""l”} =0,
r—r0 1
were now
(10.13) 5 {g2rikq(2ni+1)/p if (10.11") holds,
' * 0 otherwise.

Here the possible values of #; range from (p —1) /4, occurring for j =g
when —o,=1, 7,=pn/2, to —(p—1)/4, occurring for the smallest j
for which (10.9’) holds. For this value exceeds by 1 the value
—(p +3)/4 which would occur if j=0 were admissible; for then

3r/2 + 2n'n = — pw/2, n = — (p + 3)n/4.

11. Extension to the case A=—1, p=3 (mod 4). If 2 in (8.2) is
set equal to zero, a can no longer be chosen as zero if the integral
(8.1) is to converge. We set @ =1 and study the asymptotic behavior
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of L_1,,;({) defined by

oiz
eoit e t1ds, for p = 3 (mod 4),
1

(11.1) Loy @) = it
eﬁzf e~'t-1dt, for p = 1 (mod 4).
1

Here again the generalities about the multivalued character of the
integral apply. If { increases by 271, L_;,.;({) changes in the following
manner:

(11.2) L_1,i(¢ + 278) = L_y,,;() + 2wiesiz.
Furthermore, there exists the conjugation
(11.3) L q.i(¢) =2 Ly 0(5),
where s; = ¢;. Let y#0, —w/2<argy=<w/2,logy=log l'y[ +14 arg .
Then ) - -
e‘ff eitldt = e”’(f —f )
1 1 L7
= ¢ f et idt — f e (¢t + v)"ds,
1 0
v 0
(11.4) e"f e~itldt — e"f e dt| = [ 'y!-l,
1 1
v 0
(11.5) e"f et dt — e“’f e dt— 0
1 1

asy—, Iarg'yl =w/2.Butifwr/2 +d<argy <3w/2—38, 6 >0, consider
e [Je~'t~1dt where the integral is extended along a path leading in the
upper half-plane from 1 to v/ |'y| and thence to vy on a straight line.
We have, with x=‘y/|‘yl = — Ky +1Kg, k1>sin 6>0,

v « v
e"f e~tt1dt e"f e“t‘ldt,-}- f e‘(“")t“dt‘,
1 1 [
¥ Il
f e~ (=14t f e~ =114y
[3 1
Ivl/2 Il
L7+
1 17172

S emiilog (| 7] /2) + 20a] v )
Hence e7[7e~t-dt—0 as v/2 + 8 Sarg y<3r/2— 8 and |y|— . Con-

=

=

=
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sequently, for n; as defined by (10.9) and { =log x real resp. { =log
—ipw/2q, log 7 real,

(11.6) L_,y () — 2winjesi® — e"/’f et idt — 0, if Ro; = 0,

1
resp.
(1.7) Ly (§) — 2mingerird — grira f -1dt =0,
1

if R(os¢'/2) 2 0,

while always

(11.8) lim L_y,(t) = 0, if Re; <0, ¢ = log z,
F amd

resp.

(11.9) lim L_y.,(¢) =0, if R(sje!’?) <0, ¢ = log (re'l?).

20

The formulae (11.6) and (11.7) lead to corresponding relations for

(11.10) Walt) = 3 s f0).

1

12. Extension to the case A=—1, p=1 (mod 4). Let R—a;>0.
Then with some integral # and y= —o;x, Ry>0,

k4 k4
e"“’f et ldt = 2wine=" + f et=7t7148,
1 1

where the last integral can be taken along a straight line and

¥ vllvl
[ ora 2| f
1 1
Ry

< ¢ B7v.const. + e‘R"f ett—1dt.
1

v

+

/17l

Consequently, if ¥ tends to « on a ray through the origin which lies
in Ry >0, we have e~7[7e%t~1dt—0. Now suppose 7; defined by (10.9’),
that is,

724+ 2nmw S —7i S 37/2 4+ 20w
resp.

7/2+ 2w S — 10 — pwif2q S 3n/2 + 2n;m.
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We have in the first alternative
—ojz —00 —0jz
ei® f eltidt = e°i” f e't~tdt + evi* f e'tdt,
1 1 —
where
—00 l—o00
f e't-ldt = f ett=tdt + (2n; + =i,
1 1

with [’ understood as Cauchy’s principal value, and where the path
of /Z%" remains in the negative half-plane. Now as x— o,

—0jz —0jz
ei f e't1dt f ettoiT1dt
—0 —o0

0
= If et — a,x)"‘dtl S x>0,

so that

—0jiz 11—
(12.1) em[ f ett-dt — (2n; + V)ai — f e‘t“dt]—)o,
1 1

for x— ®, Ro; 2 0.

For the second alternative of (10.9’) we have similarly

—ojrell2 71—
(12.2) eﬂnl”[ f ettt — (2n; + Dwi — f e‘t“dt] —0,
1 1

for r — », Roy!/2 2 0.

13. Construction of the finite standing wave. It is now possible to
exhibit a solution of our boundary problem in the form
(p—1)/2

(13.1) Q) = Wo(a) — 2, AWH@);

k=1

Q(2) remains bounded as z tends to infinity on the surface and bottom
of Sz, and remains bounded as z—0. Moreover, the derivative
dQ(2)/dz will also remain bounded near 2=0 as is obvious from the
definition (6.19) of Wy(2) and the definitions (10.6) resp. (10.6”) and
(10.2) resp. (10.2’). Our problem is to determine the A4, in such a
way as to eliminate by superposition the various infinities introduced
for large |z| by each of the summands in (13.1). It suffices if this can
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be done on the surface for p <gq, and on the surface and bottom for
g<p<2q. Let p =3 (mod 4). Fix the attention first on the surface.
The estimates (10.10) and (10.12) lead to the equation

(p—1)/2
(13.2) lim I:szo(x) -y cje"i"(l - 5ik,4,,>] =0,
i

z—ro k=1

where it is necessary to extend the sum )’ only over those values j
for which the first alternative of (10.9) applies. Now suppose that for
those values of #; for which the first alternative (10.9) applies, but
with the exception of j =g, we can solve the system of linear equations

(p=1)/2

(13.3) > dpdr =1, i#q

k=1

in the unknowns A;. Then (13.2) reduces to

(p=1)/2
(13.4) lim | Qo(x) — cpei* (1 - > aqu‘ik):] = 0.

x> % Feml

In order that Q¢(x) should behave like a simple wave at infinity, we
shall have to show in addition that

(p—1)/2

(13.5) —14 > badr#0.

k=1
It follows directly that Qo(x) stays bounded also on the bottom if the
A, satisfy the system of equations (13.3).

Now (10.14) shows that (13.3) represents exactly (p —1)/2 distinct
equations, namely

(p—1)/2

(13.6) > Apetrikndle =1, p= — (p—3)/4,---,+ (p — 3)/4.
k=1

A similar analysis in the case p =1 (mod 4) shows the correspond-
ing equations to be

(p—1)/2

(13.6,) Z Ake2n‘kq(2n+1)/ﬂ =1,
k=1

n = "(P_l)/4;"';(?—5)/4-

We proceed to give the values of the A, explicitly. There occurs in
this deduction a remarkable analogy to the computation of the coeffi-
cients a; of the polynomial f(£) introduced in §4, with the role of p
and ¢ interchanged. Consider the polynomial of degree (p—1)/2,
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(p—1)/2
F(®) = 2 A", with 4o = — 1,
0
which vanishes at the (p —1)/2 distinct points
13.7 £ = etrindp
n= - (P—3)/4,‘ ,(?—3)/4,f01‘?53,

resp.
(13.7) £ = rie@ntDlp
n=—((p—1/4,-:--,(p — 5)/4, for p =1 (mod 4).
We have
Fe)= II -, n = ervialz, for p = 3 (mod 4),
wa
Fi§) = =TI (¢— 92+, 5= e*i/? for p = 1 (mod 4).
nZ—(p—1)/4

Evidently (13.6) resp. (13.6) hold. To test (13.5) we write for
=3 (mod 4)

(p—1)/2

(13.9) — 14 > sudy = F(etriatzt1t4n)) = F(g(r+exils) 3£ (

k=1

since e(+Deril? coincides with none of the roots (13.7). Similarly for
p=1 (mod 4)
(»=1)/2

-1 Supd s = F(e2vita/?) 2(p=1)[4+1)

(13.9) + ; s = F( )
= F(e(ﬁl)qri/n)

which does not vanish for a similar reason. It is easy to evaluate the
A explicitly. We have for p =3 (mod 4)

(§ = 2 DIF(E) = n-DIF(R)(§ — n-OrHOI),
whence

(r=1)/2 (p=1)/2
E AgFH(gk — p>=D12) = Z ApgF(n® — 1)ne-9)/4,
0 0
But
pPlt =1,  grt=(—1)¢
and
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Apy = (— 1)U (¥4 — 97314 /(n*—1 — 9~11%)

so that
Ap = (— 1), _4(sin (2k — 1)gn/p)/sin 2kqn/p
(13.10) - (- 1)"’+lfI sin (2v — 1)qr/p )

" H Ao = -1,
y—1 sin 2vgw/p

Similarly for p=1 (mod 4)
(& — n®DI)F(%) = 9>~ }(§ — 4~ @DI)F(E),
DT AERHI (g2 — gpl) = D AEk(ne—DiZg2k — p(—D/2)
But here
=1, = (= 1)y Ay = (= D2t — 1)/ — 1),
Ay = (— 1)%4x-a(sin (2k — 1)gn/p)/sin 2kqr/p,
which again leads to the result (13.10).
We find jointly for p =3 and p=1 (mod 4) from (13.8)
(— 1)@HDIIF(griatotDIp) = (gria(ztDIp — grisle—)I7) . . . |

and by elementary simplification

(=1)/2
(= 1) @HDI2F(eria(rtD)Ip) = gria*-1IUp) ] (e2ricklp — g-2wicklp),

1
and by a reasoning similar to that employed in §4,

(13.11) (~ 1)(1z+l)l2F(etiq(p+1)/p) = ewia(p’—l)lwi(p—l)ﬂ(_ 1) ¥ Ca.p) pli2,
Here N(2g, p) represents again the number of terms in the set

grialp gtrialp . . . erip-Dal? whose imaginary part is negative. Ac-
cordingly, by (13.4) and (13.9) resp. (13.9/),

(13.12) lim [Qo(x) _+_ cqe—i:tF(e(P'f‘l)Q‘l‘ilp)] = 0,
z—%

or
(13.13) 0 = lim [Qo(%) + ceeizemiatr™ =1 14p
e DI — ()N Ga P+ I2p1l2],
14. Construction of a second standing wave for p =3 (mod 4). Sec-
ond interpolating function G(£). Consider the polynomial

(p=1)/2

(14.1) G() = 2. Bt
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where

(14.2) Bi = — i(As/2)(n* — 1%)/(n* + 1* — 2)
= — (Ar/2) cot 2mqk/p

is real. We have
By = — idi/D((1 — 1) — (1 = 79,

(p—1)/2
(14.3) Gltn) — G(®) = EBkS"(n”—l)=(i/2)( > ekAk<1+n'°))

1
= (i/2)(F(§) + F(¢n) + 2),
since Ao= —1. Also ‘

(p—1)/2

G(1) = X B

1

whence, by (13.8) and (14.3),

(p—=1)/2

(14.4) G(n™) = in+ Y, By forn=— (p—3)/4, -+, (p — 3/4

and
(14.5) G = i(p + 1)/4 + (i/DF (19 + 3 By,
Thus the By are real numbers for which, with §;; from (10.13),
(14.6) > Bidjr = in; + > Ba, if (10.9) with 7 # g,
and

2. Bidg = i(p + 1)/4 + (i/2F(n=+V14) + 3 By
Set

(p—1)/2

7Q(z) = Woa(z) — 27 2 Wi(2)Bs
(14.7) !

+ Wo(2) (2#2 B, — f1 e‘t“dt).

By (14.7), (14.6), (11.6), (11.10) we have the limit relation

(p=1)/2
lim ‘—'— TQ_y(x) + 2wi 2' cme’i® — 2 Z' E B jrc j€7i®
T i i k=1

+ X 2me; Bsz] = 0,
i
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where the sum 2’ extends over all j with (10.9). This immediately
yields
(14.8) lim [— #Q_1(%) — wic F(nPtDI4)e=iz] = 0.
Z—®

Compare (14.8) with the limit formula (13.12) for Qo(x). Clearly the
nodes of Q_i(x) lie asymptotically midway between those of Qo(x).
In a similar manner it is seen that Q_;(2)—0 on the bottom of Ss.

For 3—0, Q_,(2) has a logarithmic singularity while 2y(2) remains
finite. Furthermore, Q_,(z) satisfies the differential equations on sur-
face and bottom since it is a linear combination with real coefficients
of functions having this property. Thus RQ_,(2) is the velocity po-
tential of a second standing wave and

cos tRQy(z) — sin tRQ_,(2)

is the time-depending velocity potential of a progressive wave, ad-
vancing toward the shore z=0, which at large distances from shore
is a simple progressive wave of wave length 2r. We observe that it
has a logarithmic singularity at 2=0.

15. Same for p=1 (mod 4). Set, as before

(p—1)/2

G() = X Bih,

1

with
By = — (3/2)Ax((1 — 9*%)71 — (1 — 772%)7)
= — (44/2) cot (2mhg/p),
where now
n = e2ridlp,
We find
(15.1) G(&n®) — G(&) = (5/2)(F(®) + F(&n*) + 2),
since 4o= —1. Also
(15.2) G@*') =G() +in, n=—(p—1)/4---,+ (0 —5/4

(15.3) G(r=1) = Gln) + i(p — 1)/4 + (i/DF(rr+1).
Now, by (15.1),
Gn) — G(™) =4,

since F(n) = F(n~) =0. Hence, because B; is real,
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G(n) = /2 + real.
Thus (15.2), (15.3) become
G(n*+1) = i(n + 1/2) + RG(n),
n=—0p-=-10/4- --,(—95/4%
G(ntD1%) = i(p + 1)/4 + (i/2)F(n*+1/%) + RG(n).
Accordingly
2 Bisje = i(n; + 1/2) + RG(),
if (10.9) holds with j =g,
2. Bidy = i(p + 1)/4 + (i/2)F(n>+V/) 4 RG(x).
Set
7Q_1(2) = W_i(z) — 2r ), Wi*(3)Bs

+ Wt (2rRG0) - S

1—

e“t“dt) .

Then

z—0 i

0 = lim [-— (%) + 218 D ci(2nj + 1)e7i* — 2x Y. cie"i* > Bidi
i k

+ (ZwRG(n) — f B e‘t‘ldt) > cje‘f”].
1

Consequently

0 = lim [— #Q_y(x) — wicF(eritrtDalp)gic],
z—®
The same conclusions about the behavior of ©_,(2) on the bottom and
near 2=0, and about the asymptotic distribution of the nodes of
RQo(x) and RQ_;(x), hold as did for p =3 (mod 4). Again

cos tRQ(z) — sin tRQ_1(2)

is the velocity potential of a progressive wave advancing toward
shore which at large distance from shore becomes a simple wave of
length 27 and which has a logarithmic singularity at the shore.

16. About the continuity of the standing wave as function of the
angle pm/2q and the connection with the quadratic reciprocity law of
number theory. Let us inspect the asymptotic location of the surface
nodes of the finite standing wave Qo(2) as 2=x— «. On entering the
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value of ¢, from (6.18) in (13.13) we find that Q(x) differs infinitely
little from

(= 8) @ DITHE=DI(— 1)NCalP)gri(r’~Da/4pg—izpl/2, if ¢ odd,

(— 3)ZDI2erilpta) [4+milp*~Da/dp(— 1)N G2, p)g—izpl/2, if g even.

Thus the nodes of RQ(x) come to lie asymptotically at the points
x=m/2 +mmw +qpw/4—qr/4p—m(q +p—2)/4, with m integral for ¢
odd, x=mwr+qpr /4 —gr/4p —n(14q)/4, with m integral for g even.
If the oddness of p is utilized, it is seen that the nodes lie asymptoti-
cally at

(16.1) % =mr — x/4 — qu/4p,
no matter whether ¢ is odd or even; for if ¢ is odd,
gp —q¢—p=—1(mod 4),
and if ¢ is even
gp—1—¢q¢g= —1(mod 4).

The result (16.1) is the generalization of a property announced at the
end of §7 for the case p=1.

Next let us study the ratio of lim,.,(e¥*Qo(x)) and 2,(0). By (13.1),
(10.6)

2(0) = Wa(0) = 3 cs,

as given by (6.17). Accordingly, by elementary simplification of the
exponents, one obtains, for example, for odd p and ¢ the formula
lim (e##Qo(x))/Q0(0)

x>0

= (— 1)N(2¢,p)+N(p,0)+(ap—p—q+1)/4pmi(1—q/D) /4 1/2
1) e (/>

Now suppose that the left-hand side depends continuously on the
angle pm/2q between surface and bottom. Then the same applies to
the right-hand side, whence in particular the expression

(— 1)¥Qe¢,p)+N(2.0+(ar—p—gt+D) /4

must be continuous in p/q for p and ¢ odd. But since it equals +1,
this expression must have a constant value, which is determined as
+1 by taking p=g=1 or p=1, ¢=3. Furthermore it is easily seen
from the definition of N(p, ¢) that, for odd p and g, N(p, ¢) = N(2p, q).
Thus the assumption of a continuous dependence of the finite stand-
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ing wave on p/g implies
(— DN¥2PHN(22.0) = (— 1) (p—De—D/Y,

This is, of course, the quadratic reciprocity law of number theory.

We shall not investigate here the above continuity question, nor
shall we go here into a discussion of those problems which are im-
mediately suggested by the above embedding of a number theoretical
fact concerning two integers p and ¢ into a continuous law concerning
the quantity p/q.

UNIVERSITY OF CALIFORNIA



