A SECOND NOTE ON WEAK DIFFERENTIABILITY OF
PETTIS INTEGRALS

M. E. MUNROE

In a recent paper! the author proved that if @ is any compact
metric space containing non-denumerably many points and C(Q) is
the Banach space of all continuous functionals over 2, then there is a
Pettis integrable function from the unit interval to C(Q) whose in-
tegral fails to be weakly differentiable on a set of positive measure.
The purpose of this note is to obtain the same result, assuming only
that Q contains infinitely many points. This leads to a certain neces-
sary and sufficient condition for weak differentiability of Pettis in-
tegrals.

The author’s previous paper (cited above) will be referred to here-
after as Note I. It will be assumed that the reader is familiar with the
notation, terminology, and results of that paper.

Let B be the non-dense perfect set described in Note I, and let B
be its complement. Let the intervals of B be arranged in a sequence
I, I, I, - - - in such a way that if the order of I; is greater than the
order of I, then j > k. For each positive integer &, let (k) be the order
of I;. As in Note I, we now define a function ¢(x, £) over the unit
square so that for each x, ¢(x, £) is continuous in £ This will serve to
define a function from the unit interval to the space C.

For xEB, let ¢(x, t)=0; for xE1, let ¢(x, t)=0; for xEI; and
t=1/k (=2, 3, 4, - - -), let ¢(x, t)=222®/y(k); for xEI; and
t=1/(k+1/2) (k=2, 3, 4, - - ), let ¢(x, t)=0; for t=0 or 1, let
¢(x, t) =0. Now for each x, let ¢(x, £) be extended linearly as a func-
tion of ¢ between successive points already determined. We now de-
note by ¢(x) the function whose values are the elements of C deter-
mined by ¢(x, ).

THEOREM 1. ¢(x) ¢s Pettis integrable. Its integral is the element of C

®p(t) = fE¢(x, Bdx.

That ®x(¢) is defined and continuous in ¢ is obvious. For
t=1/k, ®g(t)=|E-I.|2:"® /n(k)=|E-I.| /| Is| n(k) S1/n(k); for

Presented to the Society, April 27, 1946; received by the editors April 15, 1946.
1 M. E. Munroe, 4 note on weak differentiability of Petiis integrals, Bull. Amer.
Math. Soc. vol. 52 (1946) pp. 167-174.

668



WEAK DIFFERENTIABILITY OF PETTIS INTEGRALS 669

t=1/(k+1/2), ®(t)=0. Px(t) is linear between successive points
in this sequence, and $z(0) =0.

To show that ®z(¢) is the integral of ¢(x), we introduce the func-
tions

o(x,8) for t= 1/(k+ 1/2),
0 otherwise.

890, ) = {

For each x, ¢ (x, {)—¢(x, t) uniformly in ¢. Furthermore, the func-
tions ¢® (x) determined by ¢® (x, t) are step functions, hence Pettis
integrable. Therefore,? their integrals are the elements of C

(k)

aP(1) = f o®(x, )da.
B
Now

| @x(t) — @ () |

[ 1ot 1 = 6 i

_ {@E(t) for t=1/(k+ 1/2)
Tl 0 for ¢>1/(k+1/2)
1/n(k) forall ¢

IIA

Thus ®;z® (£)—>®z(f) uniformly in ¢, and Theorem 1 follows from a the-
orem of Pettis.?

THEOREM 2. The function
®(E) = f o(x)dx
E

is not weakly differentiable at any point of B.

Let xo&B, and let J, be an interval having x, as its center and con-
taining an interval of B of order »#. This may be done with

| 7.] = 2|G.| = 2(1/2~ + 1/221) < 17272

where G, is a gap of order # (see Note I). Let I be the interval of B
of order # contained in J,; then

“<I>(]n)H > l q).f,,(l/k)l 1/n Qn—2 '
|71 = 7.l T | Tl "

2 See Note I, footnote 5.
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Thus the norm of the difference quotient is unbounded for each xoEB,
and the failure of weak differentiability follows from a theorem of
Banach.*

THEOREM 3. If Q is a compact metric space containing infinitely
many points and if C(L) s the space of all continuous functionals de-
fined over R, then there is a Peitis integrable function from the unit
interval to C(Q) whose integral fails to be weakly differentiable on a set
of positive measure.

In this case Q contains a homeomorph of the sequence {1/k}. The
argument used in Theorem 4.1 of Note I now applies to the present
theorem. We shall not bother to repeat it here.

THEOREM 4. If M is an abstract M-space with unity® a mecessary
and sufficient condition that every Pettis integral defined to M be almost
everywhere weakly differentiable is that M be finite-dimensional.

Obviously finite-dimensionality is sufficient. If M is infinite-di-
mensional, it contains an infinite-dimensional separable subspace
which, by a theorem of Kakutani,® is equivalent to the space C(Q)
of Theorem 3. Hence, finite-dimensionality is also necessary.
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