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If p=g+1, replace (21) by
[(2e — B)(1 — 2) + (4 — B)x]F

50) = ai(l — ®)F(ar +) + (ar — BJF(ar —)

q—1
— 22, ViF B +); E=1,2,---,9.

=1
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In a recent paper,! N. Levinson gave four theorems concerning the
behaviour of the solutions of the differential equation of elastic vibra-
tions

(1) @x/df + ¢()x = 0

as t—+ . It is the purpose of this note to give generalizations of the
Theorems I and III of Levinson by making use of certain inequalities
concerning homogeneous equations of the first order

ax; ks
2 ——+Za,~kxk=0, i=1,.+,n
dt k=1

Theorems I and III of Levinson run as follows:

THEOREM 1. If a(t) denotes the integral

® at) = [ 1ot - a1

then

€ x(t) = Ofexp (a(9)/20)}.
TuEOREM III. If a(t) is O(t) then

(5) lin‘L sup I x(#) exp (a(t)/Zc)] > 0.
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1 The growth of the solutions of a differential equation, Duke Math. J. vol. 8 (1941)
pp. 1-11,
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The Polish mathematician Z. Butlewski in a paper written in Pol-
ish? sets

(54"

XXk
b
72

™ 80 = au(Z)+ 3 oat )

1 r i, k=1

where 15k, 1 <k, and obtains immediately from (2)

8 r = C exp <-— ft: ¢(T)d7-).

Setting

t t
) oy = f | a;;l dr, Bi; = f I ai; + ajil dr,
t ¢

0 0

we have

1

(10) féCexp(f:au-i--— i Bii)
1

i, =13 <4
and from this we have the following theorem.

TaeorEM XVIII oF BUTLEWSKI. If a;; <+ © and B:; < + », all the
systems x;, 1=1, - - -, n, of solutions of (2) are bounded.

With the designation

t
(11) M) = max f | ai;| dr,
to
we have
(12) r = Cexp (nM (D).

We can complete Butlewski’s theorem by remarking that
n 1 n
(13) rgCexp(— Dai—— 2, B.-;),
1 2 i genici
and
(19 r = Cexp (— nM(©)).

2 O calkach rzeczywistych réwnaf rézniczkowych zwyczajnych, Wiadomosci Mate-
matyczne vol. 44 (1937) pp. 17-81.
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In the particular case » =2 Butlewski introduces polar coordinates
(15) X1 = p COS ¢, %y = psin ¢

and obtains

t
p =Cexp (— f {au cos? ¢ + (@12 + @21) sin ¢ cos ¢
to
16
(16) =+ @39 sin? ¢)}dr).
The maximum of F(¢p)=— {au cos? ¢+ (a;2+aq) sin ¢ cos ¢
+assin? ¢} is
2"'1{ — an — a2 + ((@11 — 822)% + (@12 + 021)2)1’2},
so that

1 t
p = Cexp <—2-f {— au — a2 + ((a11 — a22)?
t

7 0
@an + (a1s + an)z)uz}d,.).

Thus we obtain the following theorem.

TueEOREM XIX OF BUTLEWSKI. %1, X, are limited if
1 ¢
(18) '?f {— au — aas + ((a11 — @22)? + (212 + 221)?)/2}dr)
to

1s limited.
In the same manner we obtain

1 t
p = Cexp (~2-f {— an — a — ((a11 — @29)?
11

(19) + (a1s + 021)2)1/2}‘1,.),

completing Butlewski's results.
The linear differential equation

(20) o + ¥ + o)z =0

with continuous ¢ and ¥ can be transformed into a system (2) by
setting

(21) x' = Nay, x = %,
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N%0, continuous in ;. We obtain the system

dxy dxy ) <)\, )
22 — — N2 =0, —+4— — = 0,
(22) pr %2 dt+>\x1+ )‘+1P L2

a11=0, a1z=—N\, @ =0¢/\, a2 =N\ /N+Y.
The inequalities (17), (19) now take the form

ceen G oo ()
PR\ ), U »
/
+H(§2)) )
1 pt( W Mo\
vzcen (5 f {-5-0-(G+Y)

¢ 2)1/2} )
—— dr ).
+ (x ) "
Taking A =c¢, Butlewski obtains

o sscon(3 {or (e () )

and we can add the inequality

o sacan(d e (4 (-9 )

We shall now generalize Levinson’s Theorem III for the equation
(20).

We can suppose x>0, x' <0, otherwise we should have an infinite
number of values t=t¢;, ¢=1, 2, - - - ; };— 0, with

com(3 ! -(er(-9) 1)

Consider the intervals # £t <n+1. Wehave

(23)

(29

@7 | )

w(n + 1) — 2(n) = f " s

and denoting by %,/ the maximum of x’(¢) in (n, n+1),
x(n) g - xr:y xn’ = x/(tn)v n ..S_ tn é n + 1.
We have
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x@g—%:=f"w@a=_jm@x+¢w@
¢ tn

n

n+1
|20 5 a0 + 5n) [ | 8]+ ¥ ouast)

n+1
xw{r+f |¢wwﬂ¢m%.
l‘”max is the maximum of |¢| innst=<n+1.
We obtain
1 ¢ ¢ 2\ 1/2
J— —_— — 1,2 — T
con (5[ A-v-(n+(T-)) }o)

1 n+1
1+;Qﬂﬂm+f MMO

The result is the following theorem.

(28) =x(n) 2

THEOREM. There exist infinite values of t=tt;, t;— «, for which we
have (27) if the following conditions are satisfied :

1. a(t) is of order O(2).

2. lnﬁl s bounded.
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