A NOTE ON HYPERGEODESICS AND CANONICAL LINES
M. L. MAcQUEEN

In this note we introduce two families of hypergeodesics on a non-
ruled surface in ordinary projective space. Consideration of the prop-
erties of these hypergeodesics leads to certain geometrical construc-
tions which yield canonical lines of the first kind from a given
canonical line of the second kind.

We shall assume that the differential equations of a non-ruled sur-
face S are written in the Fubini canonical form?

(1) %uw = 2% + 0uu + Bxo,  %oo = g% + Y%u + 0,2, (8 = log By).

We select an ordinary point P, of the surface S as one vertex of the
usual local tetrahedron of reference. When a curve C» through the
point P, is regarded as being imbedded in the one-parameter family
of curves represented on S by the equation

2) dv — NMu, v)du = 0,

the osculating plane at the point P, of the curve C) has the local
equation

3) Az — x3) + N+ B8 — 0N+ 0N — N)ay = 0,

in which we have placed N =N,+N\,.

It will be recalled that two lines li(a, b), lz(a, b) are reciprocal lines?
at a point P, of a surface if the line li(a, b) joins the point P, and
the point y defined by placing

= — 0%y — bxy + Xy
and the line k(a, b) joins the points p, o defined by
p = %, — bu, ¢ = %, — ax,

where a, b are functions of %, v. As the point P, varies over the surface
S, the lines li(a, b), l2(a, b) generate two reciprocal congruences I'y, T,
respectively.

The two reciprocal lines li(a, b), ls(a, b) are canonical lines 4 (%),
l:(k) of the first and second kind respectively in case

a=_k‘l/y b=_k¢y
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where k is a constant and ¢, ¢ are defined by
¢ = (log v, ¥ = (log B%)o.

Canonical lines of the first kind lie in the canonical plane whose local
equation is

4) dxy — Yuz = 0.

The equation of the plane (e, b) which is the harmonic conjugate
of the tangent plane of the surface at the point P, with respect to the

two focal planes of a general line k(a, b) of the congruence I'; is given
by

(5) x1+ bxy + aws + [2—1(01; + b,) + db]x4 = 0.

For a general canonical line %2(k), the local coordinates &, + - -, & of
the plane 7 (k) are given by

6) &=1, &= —kd, &= — kY, £i= — 3k0u/2 + k¢
The equations, in plane coordinates, of the two asymptotic osculat-
ing quadrics Qu, Q, of a curve C, are respectively
2\ (ks — £a6) — 262(8k1 — Mo + N'E) — Chi = 0,
2eaks — £16) — 2MEa(MNE + £2 — M) — Db1 = 0,
where we have placed
C =8N =B+ (6 — 0N — (20 — 6.)2] = (By + )N,
D=qy[=N — N+ @ — 0,)N — (26 — 0.)N] — (By + 6u0).

Let us now suppose that, at each point P, of the curve C, the
asymptotic osculating quadric Q, of C, is tangent to the plane 7 (k).
Then we find that the function \ satisfies the differential equation

(8) )\, = A1 + B1)\ + C1)\2 + D1)\8,
where the coefficients 41, By, Ci, D, are given by

Ay = — B, B, =6,— (14 2k)¢,
© 1 B 1 (1 + 2k)¢

in which, for the present, we assume k3 —1/3, so that the canonical
line Jy(k) is not the second axis as of Cech.

Similarly, the asymptotic osculating quadric Q, of C, is tangent to
the plane 7 (k) if, and only if,

(10 N = Ay + Bo\ + CaA? + Do)\,
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where the coefficients A4,, Be, Ce, D are given by

a1 Ay = — (1/v)[By + (1 + 3k)0us], Bz = 0. — 2(1 + k)¢,
Cy = (1 -+ Zk)\l/ — 0y, D, = v,

in which £ —1/3. Thus we reach the following conclusion:

At each point P, of a curve Cy, each of the asymptotic osculating
quadrics Q. and Q, of Cx is tangent to the plane w(k) which is the har-
monic conjugate of the tangent plane of the surface at the point P, with
respect to the two focal planes of any canonical line ly(k), except the sec-
ond axis as of Cech, if, and only if, Cxis an integral curve (hypergeodesic)
of the respective differential equations (8), (10).

By means of equation (3), together with equation (8), we find that
the osculating plane at a point P, of a hypergeodesic of the family (8)
has the local equation

28(\wy — %®3)
+ [= (1 4 2k)Bo + 2(1 + BBYN + (1 + 3E)0uoN2]s = 0.
The envelope of the osculating planes at the point P. of all the hyper-

geodesics of the family (8) is found from equation (12) to be the non-
degenerate quadric cone whose equation is

(13)  Blaa+ (1 + Bxa]2 + (1 + 3804, [225 + (1 + 2E)pxa]as = 0.

Similarly, the envelope of the osculating planes at the point P, of
the hypergeodesics (10) is the quadric cone

(14)  y[xs+ (1 + B)oxa]2 + (1 4+ 38)0,.[2%0 + (1 + 2k)Yxs]as = 0.

The vertex of each of the cones (13), (14) is, of course, the point P..
Furthermore, the cone (13) is tangent to the tangent plane of the sur-
face at the point P, along the asymptotic v-tangent at P, while the
cone (14) has the asymptotic #-tangent of S at P, for its line of con-
tact with the tangent plane. The polar plane of any point on the
u-tangent with respect to the cone (13) intersects this cone, besides
in the v-tangent at P,, also in a generator which is the line /(a, b)
with @ and b defined by the formulas

(15) a=1+EY, b=271+ 28

We may also regard this line as being determined by the planes whose
equations are

(16) x2 + (1 4 k)}Yxs = 0, xs + 271(1 4 2k)¢pxs = 0.

Similarly, the polar plane of any point on the v-tangent with re-

(12)
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spect to the cone (14) intersects this cone in the #-tangent at P, and
in the line /i(a, b) for which

(17 o=2"11+4 2k, b=+ ke

This line may also be regarded as determined by the planes

(18) ®s+ 271 4 2k)Was =0, x5+ (14 k)pay = 0.

The locus of the line (16) for all canonical lines l2(k) is found by
eliminating k from equations (16) to be the plane

(19) oxy — Yz + 27 ¢Yxs = 0.
Similarly, the locus of the line (18) is the plane
(20) ¢xs — Yxs — 27¢Yay = 0.

Thus we find that the tangent plane of the surface at the point P, and
the canonical plane (4) separaie the planes defined by equations (19), (20)
harmonically.

We now describe simple geometrical constructions which yield ca-
nonical lines of the first kind from a given canonical line J3(k) of the
second kind, except the second axis as of Cech. In the first place, the
plane determined by the two lines (16), (18) has the equation

(21) ¢y + Yas + 2713 + 4k)¢yas = O,

and is found to intersect the canonical plane (4) in the canonical line
L(ky) for which

(22) By = — 471(3 + 4k).

The polar plane of any point on the u-tangent at P, with respect
to the cone (13) intersects the polar plane of any point on the 2-tan-
gent at P, with respect to the cone (14) in the canonical line J1(k2) for
which

(23) By = — (14 ).

Furthermore, the plane which is tangent to the cone (13) along the
line (16) intersects the plane which is tangent to the cone (14) along
the line (18) in the canonical line /;(ks) for which

(24) By = — 2-1(1 + 2F).

We remark that if the line /o(k) is the second edge e: of Green, for
which 2= —1/4, then the three canonical lines /,(%1), li(ks), and l1(ks)
obtained by the preceding constructions are respectively the first di-



404 M. L. MacQUEEN

rectrix dy of Wilczynski, the first canonical line for which k= —3/4,
and the first edge e; of Green.

It may be seen from the formulas (22), (23), and (24) that a given
canonical line J;(k) will yield in turn each of the canonical lines /,(%,),
li(ks), and li(ks) for its reciprocal if, and only if, the given canonical
line /2(k) is the second canonical line for which k= —3/8, the second
directrix dz of Wilczynski, and the second edge e: of Green.

Finally, if the given canonical line J2(k) is the second axis a2 of
Cech for which k= —1/3, the asymptotic osculating quadric Q. of C\
1s tangent to the plane w(—1/3) if, and only if,

so that the curve C\ is a union curve of the congruence TI'y of lines
li(a, b) for which

a = 2/3, b = ¢/6.

Similarly, the asymptotic osculating quadric Q, of C is tangent to
the plane v(—1/3) if, and only if,

(26) N = — B+ (6. — 46/ + /3 — 0)N + YN,

in which case C) is a union curve of the congruence I'; of lines /i(a, b)
for which

e =y/6, b= 2¢/3.

The plane determined by the two lines thus defined at the point P,
intersects the canonical plane in the canonical line /;(k) for which
k= —5/12, namely, the first axis of Bompiani.

We conclude with the statement that if at the point P, both of the
asymptotic osculating quadrics Q. and Q, of C, are tangent to the
plane m(—1/3), then ¢4yYA =0, so that the curve C, is tangent at P,
to the second canonical tangent #..
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