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I t is well known that when an analytic surface S is referred to its 
asymptotic net (u, v) the homogeneous point coordinates xl{u, v) 
(i=l, 2, 3, 4) of a generic point on S can then be normalized, so 
that they satisfy the differential equations, 

V OCyu = = *YXu ""]"" ([%} 

where the coefficients /?, 7, p> q satisfy the conditions of integrability, 

((Pv + 2p)v = (py)u + (3yu, (yu + 2q)u = (Py)v + yPv, 

\ (Pv + Pq)v + Pvq = (qu + 7p)u + 7up. 

The conjugate net Q of 5 defined by 

Cdu2 + Ddv2 = 0, 

has equal point invariants when and only when1 

(3) (log (C/D))uv - (y(C/D))v + (p(D/C))u = 0. 

The necessary and sufficient condition that £2 should have equal 
tangential invariants is obtained from (3) by replacing /3, 7 by —j8, 
—7 respectively. If 0 has equal invariants, both point and tangential, 
then it is a Jonas net, and 5 then becomes a Jonas surface.2 For a 
Jonas net we have thus the following relations: 

(log (C/D))uv = 0, (y(C/D))u - (p(D/C))v = 0. 

By a suitable transformation of asymptotic parameters, leaving the 
asymptotic net unaltered, the above equations reduce to 

Pu = yv, C = D. 

Hence a Jonas net on a Jonas surface S may be represented by the 
equation 

(4) du2 - dv2 = 0, 

and the surface is characterized by 

Received by the editors May 5, 1943. 
1 Cf. G. Fubini-E. Cech, Geometria Proiettiva Differenziale, vol. 1, Bologna, Zani-

chelli, 1927, p. 105. 
2 Cf. Fubini-Cech, ibid. p. 106. 
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(S) Pu = 7t». 

The main object of this note is to prove the following theorem : 

THEOREM. The projection in a fixed plane of a Jonas net of a Jonas 
surface is a plane net with equal point invariants, and stands for the 
projection of the asymptotic net of another Jonas surface. 

A point P$ with the coordinates d = rx+sxu+txv+lxuv is fixed in 
space if 

(6) r = luv — Ifiy, s = — lv, t = — ZM 

where I satisfies the system of equations 

= - Ph + (0, + p)l, 

ylu + (TU + q% 
(7) 

(8) 

A point Py on the straight line PePx, is evidently given by y = X0+#. 
In virtue of (1), we find by differentiation that 

y = (1 + \r)x + ^sxu + \txv + \lxuv, 

yu = \urx + (1 + ^us)xu + \Joov + XJ#W„, 

yv = \vrx + X„s#w + (1 + \vt)xv + \vlxuvf 

yUu = (xwwr + >̂)# + xwws#w + (xwj + £)#v + xwJ#wv, 

I Jw = (Xvrr + #)# + (Xvvs + y)%u + X„„^v + Xvl;/xwv. 

In order that P„ be in a fixed plane, it is necessary and sufficiënt 
that 

[ yuu = Ayu + Byv + Cy, 

(9) yuv =A'yu + B'yv + C'y, 

[yw = A"yu + B"yv + C"y. 

Substituting (8) in (9) and reducing, we obtain 

A = 0, B = p, C = p, 

A1 = (log l)v, B' = (log l)u, C = 0y- luv/l, 

A" = 7 , £ " = 0, C" = j , 

and the conditions for the parameter X 

xww = $xv + ^x, 
Xvv = YXM + ^X, 

r\ +s\u + /Xv + fauv + 1 = 0. 
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Thus we have a plane net given by the equations 

f y uu = Pyv + py, 
(10) < yvv = yyu + qy, 

[ yUv = (log l)vyu + (log l)uyv + (py - WOy-

The curves of this net are the perspectives on the fixed plane of the 
asymptotic curves of a Jonas surface S obtained by projecting from 
the centre P$. In order to obtain the perspectives on the same fixed 
plane of the Jonas net Q, we have to use the transformation 

= u — v, v = u + v, 

so that 

(ID 

namely, 

(no 

Putting 

i y« = (yu - yv)/2, 

hv = (y* + yv)/2, 

[ yu = yü + y-v> 
]<yv = yi - y«. 

log 1 = 6, @y - luv/l = c, 

we find after a simple calculation that 

(ym = (1/4) (7 - fi + 26 u - 2dv)yü 

+ (l/4)(7 + P - 20. - 2*0?; + (1/4) (# + ? - 2c) y, 

(12) < y-. = (l/4)(7 - 0 - 20. + 2*.)y« 
+ (1/4)(T + P + 26v + 26u)y- + (1/4) (# + ? + 2*)y, 

U»- = - (1/4)0 + 7)y« + (1/4)08 - 7 ) ^ + (!/*)(# - î)y. 

which represent the perspectives of the Jonas net du2—dv2 = 0. Since 

~ 08 + y)ü = 08 - y)-, 

this net is of equal point invariants and therefore asymptotic. That is, 
it may be regarded as the perspectives of the asymptotic curves of a 
certain surface Q. The projective linear element of the surface Q is 
easily found to be 

(pdüz + ydvz)/2düdv1 
where8 

3 The projective linear element of a plane net has been defined by E. Cech. Cf. 
Fubini-Cech, Introduction à la géométrie projective différentielle des surfaces, 1931, 
chap.10. 



796 CHENKUO PA 

$ = (7 + P - 20, - 20u)/4, 7 = (7 - 0 - 20w + 20,)/4. 

The relation j3w = 7v gives, however, the similar relation 

Hence <2 is also a Jonas surface, which completes the proof. 
As a special case of the theorem we have the result: 
Any Jonas net of a Jonas surface S is perspective to the asymptotic 

net of another Jonas surface Qfrom a fixed point. Conversely, if a Jonas 
net of a Jonas surface is perspective to the asymptotic net of another sur­
face Q, then Q is also a Jonas surface. 
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