ON THE LOGARITHMIC MEANS OF REARRANGED
PARTIAL SUMS OF A FOURIER SERIES

OTTO SZASZ
Let () be a real, even and Lebesgue integrable function; let
1) ~ (1/2)ao + 2 au cos #l.
n=1
We write
So = (1/2)‘10; Sn = (1/2)00 F+ a4+ 4 an n=1,

and denote by s¢f, s, - - -, s.f the values of Isol, |s1|, cee, |s,.l
rearranged in decreasing order. In 1935 Hardy and Littlewood [2]
proved the following remarkable theorem:

THEOREM 1. If

1\—!
M 10) = o105 )
for small positive 0, then
n sv*
2 = o(l .
(2) ? o1 o(log n)

Hardy and Littlewood gave two applications of this theorem by
proving:

TrEOREM 2. If (1) holds, then

(3) > s,

for every positive q.
THEOREM 3. If (1) holds and if
(4) a, > — An~¢

7 = o(n)

for a positive A and &, then s,—0.

They have also proved [1, Theorem 9] that in Theorem 3 the
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assumption (1) can be replaced by

0 0

; Fo = Lo o( ),
(5) @ =] 110 og (U9
but the proof requires a very difficult Tauberian theorem. Thus the
question arose whether Theorem 1 remains true when (1) is re-
placed by (5).

In partial answer to this question we shall prove the following
result.

TuaEOREM 1. If (5) holds and if for small positive 0

(6) | 7(6) I < 6, ¢ a positive constant,
then (2) holds.

Note that condition (6) permits f(f) to become as large as any
power of 1/60 near 6§ =0.

For the proof of Theorem I we follow the device of Hardy and
Littlewood. We suppose that lsml =sy,0=m=mn, so that v, vy, - - -
v, is a permutation of 0, 1, - - - , . We then have

*

" Sm 2 ™ f(0)

S, = == | —4(0)ds,
;m—!—l 1rf0 25in9/2g()

’

where

g(6) = i Sg:;—? sin (m + 1/2)9.

0 Um

We choose 8 so that (6) holds for 0 <0 <8, and write

1 1/n 8 T f(g)
S = ?(fo + 1/n+>fa >sin o2 ¥

Ell+]2+f3, 5<1<n
We first estimate I;:

nl éfoun | 70) | lg(o)‘deéfl,nlf(ﬁ)l<i —m——t—l/—2>d0

0 m+ 1
(7) 0 0 Um -+

so+r1n( 2 —i)fowlf«» |

v=0

hence, by (5)

I, = o(1) as 7 — oo,
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Next
" Sg0 Swm |
I3 = m |,
75| zo: U + 1]
where
= —1— " SO sin (m + 1/2)0d6
Im mJs sin6/2 )

To any given €>0 we can choose, by the Riemann-Lebesgue theo-
rem, mo(€) so that Ijml <e for m=m,y. Then

: ) mo 1 "1
(8) |13‘<;—sin6/2ﬁ If(o)‘de‘;vm+1+e§vm+l

mo + 1 ™

mj; | 76) | d6 + € log (n + 1),

hence I3 =0 (log #), as n— .
Theorem I is now reduced to showing that I,=0 (log #z). We have
from Young’s inequality [2, p. 319]

uy = lu logt u 4 le@D/1

for >0, >0, and all real ». Here log tu =max (0, log #). We take
u=|f(0)/sin 0/2[,v=|g(0),,l=2;then

2 8 6 0 1 8
| 1. | <——f _f() ’1og+ _f() [de + = | elewirzgg
7w J 1y/alsin 6/2 sin 6/2

™ 1/n
=K+ L, say.
Now from (6)

+ 1O \ <log m—1 < (c+ 1) log1
sin 6/2 8 0
hence )
K=20+0) | |70)]6 log %dﬁ.
1/n

Integration by parts yields

5
© K<206+1) [F(a)a-l log % + F(0)0—2{ log% + 1}d0],
1/n X
and (5) gives K =0 (log n).
Finally, to estimate L, we use the following two lemmas (cf.
Hardy and Littlewood [2]):
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LemMma A. If

$(6) = 2o e, () = 20 cife™,

where c; are the numbers |c,| rearranged so that cf Zct,zcf =tz

<« then

f eble®ldp < 2f b7 1dp, for every b > 0.

-7

LemMma B. IZZ‘COS v@/(v-}—l)l <log (1/10])—{—0 for all 6 and n, and
a constant ¢>0.

Now, if we put

Sgn Sm
Im + 1 = Pm,
we have
g0) = Iy (®), [g®) ] =[],
where

n

v(B) = D pmeim

0

is a polynomial of degree » whose coefficients have (in some order)

the absolute values 1, 1/2, - - -, 1/(n+1). Hence, in the notation of
the above lemma.

At (0) =14 ei9/2 + ¢i0/3 + ¢ 2i0/4 + . . . |

the last term having modulus 1/(#z+1) and an argument depending
on the parity of #. The imaginary part of y+(8) is bounded in #z and
0, and the modulus of the real part is less than log (I/IBI)—I—C, ca

positive constant, due to Lemma B; hence l'y’r(é))l <log (1/| 0|)+c.
We now obtain

(10) L <——1—f1re‘7<0)”2d0< fre\v“(o)l/zdg <fr6-1’2d0 + ¢
™ Jo 0 0

the theorem now follows from (7), (8), (9), and (10).

THEOREM I1. To a given 6 >0 denote by v(8, n) the number of values
m for which m <mn, ]sm| >6; then log v=o0 (log n) as n— .
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We have

*
Sm

m -+ 1
8 being fixed our theorem follows [2, Theorem 3].

TueOREM I11. If (5) holds then s, =o (log log n).

slogv < Y, = o(log n), from (2);
0

The proof is straightforward, using

1 7 f(8) sin (n + 1/2)6
Su = ———f de.
™ 0 sin 0/2
We have
T 9 3 1 2 6 1/n ) T
| 5a <f /@[ sin e + 172 d0=f + +f
0 6 0 1/n 5
=4, + A2+ 4s,
where we choose 6 = 6(¢) so that
ed
F(6) < for0 < 6 <.
© log 1/6 o

Now 41 <(rn+1/2)F(1/n) =0(1) as n— = ;

8 s
+ F(6)-6—%d6

1/n 1/n

&
Ay < f | 7(6) | 6-1d6 = F(o)-e-—l]
1/n

< ‘ -!-ef‘s @ = -}-eloglogi] o
10g 1/5 yn 0 10g 1/0 10g 1/5 6 s
< ¢/log 1/5 + € log log =.
Hence for fixed e and 6
lim sup——Af——— < ¢
nsw log log n

but e is arbitrarily small, thus 4, =0 (log log #). Finally

45 < 6‘1f7r | 76) | d6 = o(log log n);
0

this proves Theorem III.

THEOREM IV. Denote by ¢(x) a function satisfying the conditions
¢(0)=0, ¢(x) T, as xT; ¢(x) <exp () for all x>0; ¢ a positive
constant. Under the assumptions of Theorem 1, Z’{(b(lsml Y=o0(n). We
may say the sequence { sn} s strongly summable relative to ¢ (x).
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We write for a given § >0
Seé(lsl)= X + % =Bi+ By
1 loml<8  lomiZ8
then B; <n¢(8). By Theorems II and III we may write
| s,,] = ¢, log log n, logv = 7, log », where ¢, — 0, 7, — 0.
Now
B < vg(ea log log 1) < nm-exp {(log n)cn} = o(n),

hence

1 n
lim sup— X ¢(| sn|) < 6(5),

n—w n 1
letting 6—0 our theorem follows.
THEOREM V. The assumptions (4), (5), and (6) imply s,—O0.

This follows from Theorem II; see the proof of Theorem 5 in [2].
Final remark. In the more general case, when

f(8) ~ (1/2)ao + i (@, cos n8 + b, sin nf),

and when the point under consideration is 6, we use the familiar
reduction. We have

(1/2) {86 + 6) + f(0o — 0)} ~ (1/2)ax0 + 2 u cos 78,
1
where
on = Gy COs 10y + b, sin 76, n=1.

Suppose there is an s, for which

]
[ L0+ g0 = 0 = 26 ar = o

as § — 0,

0
log 1 /0)’
and
| 760 + 6) + f(60 — 6) — 25| < 2| 6-<| for small |6].
Then application of Theorem I yields:

n 1
Zv-|—1

0

sv*(eﬂ) = O(IOg n):
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where s5(6p),7=0, 1, - - -, n, is the sequence ls,,(t%) —sl in decreasing
order.
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UN1VERSITY OF CINCINNATI

THE BASIC ANALOGUE OF KUMMER’S THEOREM!
J. A. DAUM

1. Introduction. About one hundred years ago, E. E. Kummer?
proved the formula
a, b; —1 T+ a— 0T + a/2)
| ]-

(1) 14+a—15 _F(1+a)r(1+d/2'—b)

which has since been known as Kummer’s theorem. This appears to
be the simplest relation involving a hypergeometric function with
argument (—1).

All the relations in the theory of hypergeometric series ,F, which
have analogues in the theory of basic series® are those in which the
argument is (4 1). Apparently, there has been no successful attempt
to establish the basic analogue of any formula involving a function
+Fs(—1). Since Kummer’s theorem is fundamental in the proofs of
numerous relations between hypergeometric functions of argument
(—1), it seemed desirable that an attempt be made to prove the basic
analogue of Kummer’s theorem and to investigate the possibility of
obtaining new relations in basic series with arguments corresponding
to the argument (—1) in the classical case.

In this paper, the basic analogue of Kummer’s theorem is obtained
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