
NOTE ON AN INTEGRAL OF BIERENS DE HAAN 

THOMAS J A M E S H I G G I N S 

In connection with certain potential problems, the author has re­
cently had occasion to evaluate integrals of the form 

sin <7o#-sin #i#-sin q2x • • • sin qnx dx. 
o xn+l 

In Table 371 of Bierens de Haan's Nouvelles Tables d'Intégrales 
Définies a rule is given for evaluation of this integral. An attempt to 
use it led to finding that it was incorrect. 

This integral was originally considered by de Haan in a paper pub­
lished in Dutch in the rather inaccessible Archief, Wiskundig Genoot­
schap onder de Zinspreuk, part 1, 1856-1859, pp. 288-315. Reference 
to this article revealed that while de Haan did not give a specific rule 
for the above integral, he did discuss it in general. Evidently, in the 
compilation of these tables in French a garbled version of this dis­
cussion was inserted. As integrals of this form occur in several po­
tential problems of current interest,1 it is thought worthwhile to point 
out this error in these universally used tables and to give the following 
rule, ascertained partly from de Haan's discussion and partly from 
direct inspection of a number of specific cases given in the same ar­
ticle. The correct formula is: 

1 C ^ nV ki 2 2 1/2 1 
/ = — - Z ( - 1) T, arc tan - - L, log (*, + p)' , 

n\2n /.i L p J 

where 
(a) kj is any one of the 2n possible sums obtainable from 

(q0±qi±q2± • • • ±qn) by selection of the + and — signs; 
(b) Tj is the number of negative signs in kj', 
(c) Tj is the sum of the 1st, 3rd, 5th, • • • terms of 

n n—l 2z,n~"2 n 3z,w — 3 

Kj ~T" ^n,n~lp^j {~"n,n—2p & j ' ^ntn—ZP Kj 
4 n—4 5 n—5 6 n—6 n 

\ {-"n%n—±P Rj "I ^n,n—hp &j ^n,n—§P & j ' ' ' P \ 

1 The author encountered these integrals in seeking to determine the vector po­
tential of two parallel, infinitely long, tubular rectangular conductors carrying cur­
rents in opposite directions. In general, they arise in two dimensional problems, where 
it is necessary to obtain a potential satisfying Poisson's equation over certain rectan­
gular areas and Laplace's equation over the remainder of space. 
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(d) Lj' is the sum of the remaining terms. 
As an illustration we evaluate the integral 

Now 

and from 

we have 

~T~sir 

o x6 

-px 

sin2 ax-sin bx dx. 
„a 

0 

h = a + a + b = la + 6; ( - l)'i = 

k2 = a + a - b = 2a - b; ( - l)r2 = 

ks = a - a + b = b; (— i)rj = 

k* = a — a — b = — b; ( — l)r* = 

2 2 

*ƒ + C2,lpkj — p , 

T 2 2 

Hence 

1 /"4 , ^ T , , * 2x */ 1 '~4 r ,f 2 2 
7 s = ~^77 Z^ ( - !) (*ƒ - P ) arc tan 

222! y„i L 

This confirms the integral #2, Table 370. 
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