A NOTE ON MAXIMUM MODULUS AND THE ZEROS
OF AN INTEGRAL FUNCTION

S. M. SHAH

Let f(2) be an integral function of finite order p=0, let M(z, f)
= M(r) = max,|=, lf(z)] , and let n(r, f) =n(r) be the number of zeros
of f(2) in |z| =7 and on its circumference. I have discussed elsewhere!
the behaviour of g(r) =log M(r)/n(r), as r— «, and have proved that
for every canonical product function f(z)

’

(1) lim inf

where ¢(r) is any positive L function® such that

© dx
(2) f w5 (@) < A = const.

The question arises how large and how small g(r) and G(r)
=T(r, f)/n(r) can be, where T(r, f) =T(r) is the Nevanlinna charac-
teristic function for f(2). I prove in this note the following result.

THEOREM. Given p =0 and Y(x) any positive function such that

. log ¥(x)
lim sup
z=w log x

= p.
There exists an integral function F(2) of order p for which
T(r, F)
3) lim suyp————— =
r=w Y(r)n(r, F)

and an integral function f(2) of order p for which

T(r,
L YOTC )

) hrrli—-i n(r, f)

Proor. We shall first construct an integral function f(2) of order p
for which

L (i) A theorem on integral functions of integral order, Journal of the London Mathe-
matical Society, vol. 15 (1940), pp. 23-31. (ii) On integral functions of integral or zero
order, to be published. (iii) On integral functions of perfectly regular growth, Journal
of the London Mathematical Society, vol. 14 (1939), pp. 293-302.

2 For definition see G. H. Hardy, Orders of Infinity, 1924, p. 17.
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log M (r,
1) lim inf S8 MO IWO)
r=eo n(r7 f)
from which (4) will follow. Let
N, = nn"’ ,I,(x) = elptn)log =

where we may suppose without loss of generality thatn; >0. Weknow
that ] —0 as x— «. Let 7, be the upper bound of 5/ for ¢=r. Then
7,—0 monotonically as r— o, and Y (r) Setetmloe r Let ¢ =€=1, and

(4 + p) log My

R M LI R P O
‘ ™t log A\, ’ !
k=[] +1;

M = [)\:_"e"]’ g‘n = [)\:‘/k"'e" y = 1) 2) 31 s

=Tt (@) - Tped)

1 7. n

It is easily seen that f(2) and F(z) are canonical products. Further,
n(An, f)=k(ua+ « -+ +pa)~ku, and hence

_ logn(r,f) . logk+logu,
lim sup ——— = lim sup ————

r=co log r n=co log N\, -

Hence f(2) is an integral function of order p. Let now x=2\,,. Then

log f(x) = mZ_:l log {1 + C\—?)k“}

n=1 n

00 >\m ky"
+ log 2 4+ > log {1+(—> }

m+1
=21+10g2+23.
We have

w505 50" -

m+1 )\n m+1
2y < mlog {2()\,,,)’5""'-1}.

Hence for m = ms,,

log f(x) < 2m{log 2 + kum—1 log \n}
= exp {log pm—1 + 2 log log Am},
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lo
M < exp { (o +m,) 10g A\ + 10g tim—1 + 2 log log \n — log um }
n(x, f)
=< exp {(p + 7m) log N + 10g pm—1 + 2 log log N
~ (o + 20m + (4 + p) log Mm—s/log ) log \m + O(1) },

and the last expression tends to zero with 1/m. Hence

.. . ¥(r) log M(r, f)
lim inf ————— =0
r=e n(r, f)
which proves (4.1). Further
1/k

n(h 'y F) = k(@14 -+ &) ~ ko

Hence F(2) is an integral function of order p. Let now #=1\Y*. Then

28—
0 F) = kit -+ - + od) gk;n_l(w ; )

n—1

2§n—2
< exp {logk-l-log $n1+ p },

n—1

1
log M(3r, F) > ¢ log (1 + 3-)

= A exp {(% + e,,) log N\, + O()\;p/k)},
for n=mn,. Hence?

log M(3r, F) <p >
— >4 — n ) log Ny — 1 —
o, B O { g o) o8 T g S
1
— (p+ 17,,)(; log N\, — log 2> + O(l)}
= A4 exp {en log N, — log {n—1 — % log N\, + 0(1)}

= 4 exp {211,, log N\w + (4 + p) log N1

- <% + Gn—l) log N1 — 11_]: log \» + O(1) },

3 A denotes a positive constant.
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and the last expression tends to infinity with #. Hence

. log M(3r, F)
lim sup ———— =
r=w  n(r, F)Y(r)

?

and so
. T(r, F)
lim sup ———— =
r=w  Y(r)n(r, F)
Finally, I must thank Dr. T. Vijayaraghavan for helpful criticisms.
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