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ON SOME GAP THEOREMS FOR EULER’'S METHOD
OF SUMMATION OF SERIES

BY YOSHITOMO OKADA

Hardy and Littlewood* have proved the following theorem:

For a given series Dy ,an,, (@n,5%0), let 0 be a fixed constant

such that
Mht1

20>1, (k=1’27"')~
7y

If this series be summable by Abel’s method of summation to the
sum s, then this series is convergent and its sum s s.

Obreschkofft obtained also a similar result for Cesiro’s
method. We shall now study these results for Euler’s method.
We shall begin with the following theorem:

TuEOREM 1.} LetE:;Oa,, be a given series summable by Euler’s
method, that is, if s0=0, s,=ao+a1+ - -+ +@n, B=1),
o1 n(n — 1)
(1) lim — so+nsl+——~2—'—s2+---+sn}=s

n—w 2™

exists; and for two givem imcreasing sequences {nk }, {n H },
(nr<ny), of integers and for o given number o, (1 = <2), let

a,,=0,fornk<v<nk', (k=1,2))7
a, = O(a™).

If 9 /mez=(A4+9)/A—9n), (k=1,2, - ), for a positive number
1 such that

A+nlogl+n+A—nlog(l—9) —2loga>0,
then o
(3) lim Y a =s.

k—o y—0

(2)

* Hardy and Littlewood, Proceedings of the London Mathematical Society,
(2), vol. 25 (1926).

t Obreschkoff, Téhoku Mathematical Journal, vol. 32 (1930).

1 If, in this theorem, (1) holds uniformly and O of (2) is independent of 3
when each a, is a function of z, then (3) also holds uniformly.
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ProoF. To prove this, we can consider that all #y —#;—1 are
even. Then putting

7
ny — ny — 1

ngy+ ——+1=m
2
we have
am—l = am__2 == e e . = ank+l = O,
am=am+1="'=an;,—1=0-

Hence, if we put

1 n(n — 1)
Sn =E;{So+nsl+~TsZ+-~-+sn},

then we have

Som — Sm = —— so+2ms1+-—————————32+...+52m}
22m 2!

2m(2m — 1)

1
——-{sm+2msm+ Y

Som 3m+"'+sm}

1
=W{—(do+'.‘+an,,)—2m(al+...+ank)

2m(2m — 1)
—_—— (a2 + CEECEEY + ank) — & e
2!
2m(2m — 1) - - - 2m — np + 1)
’ﬂk! "
2m(2m — 1) - - - 2m — n{)
(i + D)1 S

+ (dn,, + -+ a2m—1)} .

Since from (2) we can find a positive constant M such that
|a,,| <MeMose (n=0,1,2,---), we get

g2mloga 2m(2m—1) - - - Cm—np 41
lsz'm_SmI < 2M (ﬂk‘l"l)z ( ) ( k )
22m ny!
g2mloge 2mT (2m)

< 4M

2m T(m 4+ NT(m — \)
where A =m —n;.
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Let us now put

fom) = g2mloga 2mX (2m) }
22m T'(m — NT(m + N)
or
fom) = g2mloga 2mI (2m)

2m T(m(l — 8))T(m(1 + 8))
where A=md, (0<8=m;—nr+1)/(ni+n;+1)<1). Then

log f(m) = 2m log a — 2m log 2 + log (2m)
+ (2m — %) log (2m) — 2m + O(1)
— {m(1 —8) — 3} log (1 — O)m) + (1 — &)m +0(1)
— {m(1+8) — $} log (1 + &)m) + (1 + &)m + 0(1)
= — m¢(8) + 3 log m + O(1),
where
#(5)

For a fixed number 7o, (1>%020), such that ¢(7¢) =0, any
number % such that-1>7 >, gives ¢(n) >0. When 7 is so fixed,
it follows from (1) that

]

A+8log(14+8)+(1—208)log(l—208) —2loga.

lim s, = lim som = s for 1>6>19.
On the other hand, from %y /nr= (14+7)/(1—n) we have

_ > .
w1

Consequently 1> 6 >7 since
6 = (nk’ — n + 1)/(”1: +7’Lk+1)-

Therefore

lim s,, = lim s» = s.

koo m— o

Thus our theorem is completely proved.
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REMARK. From Theorem I and Knopp’s* theorem follows
immediately Ostrowski’s theorem:¥}

Let f(2) =Z:’=oa,,z” be a power series whose radius of conver-
gence is 1. If
a =0 for n,<v<mni,

and

’

ng
—>1+40, (k=1;2"")’
Ny

0 being a positive constant, then the partial sums s.i, of this series
converge uniformly in a full neighbourhood of every regular point
of the function of (2) on the unit circle.

THEOREM 2. Let Y _a, be a given series summable by Euler's
method to the sum s, and for two given increasing sequences {nk },
{nd }, (m<ni), of positive integers and for p= —1 let

=0 for mp<v<mnl, (k=1,2,---),
a, = O(n?),

ny 3 12 flog ni\ 1/2
e ) ()
Ny 2 o

holds for any given number ¢ greater than 2, and for all sufficiently
great integers k, then we have

If

K3
lim Za, = s,

k=0 40

ProoF. From the assumption we can take ¢’ and g such that

ny — ng 3 12 /log np\ 12 ,
— 2 ?+P+q " , ("> 2,¢>0).

Nk ]

Therefore

* Knopp, Mathematische Zeitschrift, vol. 15 (1922).
t Zygmund (Journal of the London Mathematical Society, vol. 6 (1931))
proved Ostrowski’s theorem similarly for the Borel method of summation.
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ni — m 3 )”2(log nk>1/2
—_— > —
n,{+nk_c(2+p+q Ny,
3 1/2 10g i 1/2
(G O3F) )
2 Ny
3 12 /log mi\ /2
> <—+p+q> (—g—~k>
2 Ny

for all sufficiently great integers k. Hence from

Tl A m+1T nl +m

we get

s?%( +p+q> loim (m _mAmtl +2"k+1>-

Consequently, from

(14+8)log(1+8) 4+ (1 —38log(1—28) >8,

we have
log m
(1+6)10g(1+6)+(1—6)10g(1—6)>< +P+q>—7;ﬂ

whence as in the proof of Theorem I we obtain
(2m)» T(2m)
22m T(m(1 — 8))T'(m(1 + 8))

3 log m
< M’ exp [m {(-2—+P> — — (14 8)log(1+9)

Isz',,,—sml < Mm

— (= a)log (1= )} + 0]
- 0' (m - w) ’
M, M’ being constants. Therefore

lim s,, = lim s, = s.
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