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The possibility of setting pk = 0, k>0, for large values of t 
will depend on whether </>(/) admits an asymptotic expansion 
along the positive real axis. The region of definition of 4>{t) as 
well as the possibility of its expansion by the transformation 
(11) may be inferred from general theorems in the theory of di­
vergent series*. With due regard to the distribution of the 
singularities of f(p), (6) and (11) may be used when f(p) is ex­
panded in a two-way Laurent series. 
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The writer has established the existencej of the real, non-
degenerate, completely symmetric, self-dual, elliptic curves of 
order Ak + 2, and has indicated an extremely simple plan of 
sketching the loci approximately. In pursuing the program 
there indicated, we now establish the existence of completely 
symmetric rational self-dual curves of order 2& + 1, and indicate 
the corresponding easy mode of sketching them approximately. 
These loci also are invariant under 4& + 2 collineations and 4&+2 
correlations of which 2& + 1 are polarities by real rectangular 
hyperbolas and one a polarity by an imaginary circle. More­
over, the (2& + 1)2 foci have an interesting distribution and 
admit rather easy determination. In conclusion, the equations 
in Cartesian coordinates of the curves of the lowest three 
orders, 5, 7, and 9, are listed, together with a sketch of the 
9-ic depicting all singular elements, real foci, and real auto-
polarizing conies. In a subsequent paper the elliptic and rational 
self-dual completely symmetric curves of orders 4k, 2& + 1, and 
4tk, 4& + 2, respectively, are to be exhibited, therewith terminat­
ing the present discussion. 

* See, for example, Borel et Bouligand, Leçons sur les Séries Divergents, 
Gauthier-Villars, 1928, Chapter 4. 

t Presented to the Society under a slightly different title, December 2,1933. 
t This Bulletin, vol. 39 (1933), pp. 809-813 
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PI ticker's formulas show that the self-dual, rational curve of 
order 2& + 1 has 2k — 1 cusps. In the present treatment, as in 
the elliptic case, we let these 2&—1 cusps be distributed at 
equal intervals about the unit circle. Moreover, let the cuspidal 
tangents be concurrent at the center of the circle, namely at 
the point (0, 0, 1) of a homogeneous rectangular coordinate sys­
tem. Let these cuspidal tangents be axes of symmetry, and 
assume the locus to be invariant under rotations about (0, 0, 1) 
through angles of 2irtn/(2k — 1), (m = l, 2, • • • , 2k — 2). As an 
immediate consequence of this last assumption, we see that 
the (k —1)(2& — 1) nodes must lie by (k — l) 's on each of these 
2& —1 cuspidal tangents. 

The most general equation of order 2& + 1 in homogeneous 
rectangular coordinates is of the form 

Af2k+i(x, y) + Bf2k(x, y)z + Cf2k-i(%, y)z2 

+ • • • + Kfi(x, y)z2k + Lz2k+l = 0. 

The various ƒ»(#, y) are homogeneous polynomial functions 
of degree i in x> y, which must individually be absolutely in­
variant under the rotations about the origin through angles of 
2Trrn/(2k — l). Since fi(x,y)=Q represents i straight lines 
through the origin it is clearly impossible for a set of i straight 
lines to be invariant under rotations of 2ir/(2k — 1) if i < (2k —• 1), 
unless they are the isotropic lines (x2+y2)h = 0. Hence 

ƒ•«(*, y) = (*2 + r 0 9 , ( ? = l, 2 , . . . , * ) ; 

/ 2 g _iO, y) = 0, (q = 1, 2, • • • , k - 1). 

Accordingly, if y = 0 is a cuspidal tangent, and consequently an 
axis of symmetry, the equation of the locus in polar coordin­
ates must be 

Ap2k+i c o s (2£ _ i)0 + Bp*k + Cp™-1 cos (2k - 1)6 

+ Dp™~2 + Ep2k~* + • • • + Hp2 + L = 0. 

When 0 = 0, the roots of 

ApM+i + Bp2k + Cp2k-X + Dp2k~2 + • • • + Hp2 + L = 0 

must include a triple root for p = 1, the cusp, and double roots 
for ai, a2, as, • • • , ak-u the nodes. We next observe that for 
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just one essential set of real values of A, B, * * - , H, L, the 
equation can have such roots. Assume 

Ap*»1 + Bp™ + • • • + Hp2 + L 

s A(p - 1)3(P - aiy(p - a2y • • • (p - ak^)K 

We here require the a's to be distinct, none vanishing or equal 
to unity, in order that the singularities may all be simple. Since 
the coefficients of p, pz, pB, - - - , p2h~z are zero, one has neces­
sarily £ r ( l f li li au ai, a>2, • • • , a*-i)=0, where 2 r ( l , 1 .1 , 
ai, • • • , a*_i) represents the sum of the products of the roots r 
at a time, (r = 4, 6, 8, • • • , 2k), there being k — 1 such equations. 
Now let these various #» be replaced by their reciprocals and 
the resultant equations cleared of fractions ; this will not impair 
the solutions since by hypothesis a»-5^0. One then obtains the 
set of equations 

Y, (1, 1, 1, a{, a / , a / , a / , • ' ' , 0*-i, a*-i) = 0, 
r ' 

(r' = l, 3, 5, • • • , 2& — 3), (a' = l / a ) . These equations may now 
be replaced by the simpler ones* 

12 (1> 1> 1> 0i*> 0i*> a28, <i28, • • • , a*Li, öjbLx) = 0, 
i 

(5 = 1, 3, 5, • • • , 2& —3), that is, 

3 + 2ai + la% + • • • + 2a'*-i = 0, 

3 + 2a;3 + 2af
8 + • • • + 2cil_x = 0, 

3 + 2a[* + 2a8
5 + • • • + 2aZi = 0, 

3 + 2^;2fc-3 + 2a*k-3 + • • • + 2a;2_\-3 = 0, 

a>i + a2 + at + - • • + ak-i = — 3/2, 

*' + *? + *?+ •- + C i = -3/2, 
** +*? + *?+ '- + C 1 = -3/2, 

'2&-~3 , '2/C-3 , '2fc~3 , , '2fc-3 2 / o + 

* Cajori, Theory of Equations, p. 85, application of Newton's formulas, 
t Thus, for£=4,a ' =-.679523- • - ,al =-1.062793- • -, a3' = .242317- • •. 



I934-] RATIONAL PLANE CURVES 347 

Regard these k — l equations as representing k — 1 hypersur-
faces in (k — l)-space, and consider the distances from the 
origin, (0, 0, 0, • • • , 0), to the intersections of the line 
a{ —al—ai^'-' — au-l with them; these distances are pro­
portional to [ - 3 / 2 ( ( f e - l ) ) ] ^ , 0 = 1, 3, 5, • • • , 2 É - 3 ) . We 
observe that these distances are of increasing order of magni­
tude. Now consider the distances from the origin to the inter­
sections of these hypersurfaces with an axis of coordinates, 
say, #2 = 0, a% = 0, • • -, ak~i = 0. These distances are, respectively, 
[-3/2J1 '* , 0 = 1, 3, 5, • • • , 2Jfe — 3). Note that these distances 
are of decreasing order of magnitude. Hence from considera­
tions of continuity one observes the existence of a common solu­
tion of these equations, no value of a» being zero. On account 
of the perfect symmetry of the a's there are (k — 1) ! solutions 
arising by permuting the a's in all possible ways. We next prove 
the uniqueness of this fundamental solution. Assume two dis­
tinct fundamental solutions ; then there would be two different 
sets of values of A, B, C, • • • , L, in the equation of the locus, 
that is, letting A and A ' = 1, 

# s p2*+i cos (2k - 1)0 + BP
2k + Cp™-1 cos (2k - 1)0 

+ Dp2k~* + • • • + Hp* + L = 0, 
and 

$ ' == p2*+i cos (2k - 1)6 + B'p2k + Cp2k~l cos (2k - 1)6 

+ D'p*k~* + • • • + H'p* + V = 0. 

If we set 0 = 0, the form $ — $ ' must not contain any odd powers * 
of p except 2fe + l and 2k — 1. Factoring, we obtain $ —$ ' in the 
form 

(p - l)3[(p2*~2 + £p2*-4 + Cp™-« + • • • + #p 2 + L) 

- (p2*-2 + B'p™~* + C'p2k~« + • • • + # 'p 2 + £ ' ) ] . 

The condition that the specified odd powers of p vanish yields 
B=B', C=C', • • • , L=L'. Hence it follows that there exists 
only one essentially distinct set of values of A, B, C, • • • , L. 
Accordingly, the locus <ï> = 0 is unique. Hence if the points of 
inflexion and the cuspidal tangents, and also the cusps and 
the inflexional tangents, are pole-and-polar with respect to any 
conic section, this conic section will autopolarize the entire locus 
$ = 0. Let us observe that the points at infinity on the lines 
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0 = (4m + 2£-l)7r/(4Jfe-2), (m = 0, 1, 2, • • • , 2k-2), are points 
of inflexion. In particular, consider the inflexion at infinity on 
the ;y-axis, that is, for m=0. The inflexional tangent at this 
point, (0, 1, 0), is (2k — l)x±Bz = 0, (+ sign before B if k is even, 
— sign if k is odd). We observe, then, that the polarity 
u:v:w = (2k — l)x: (2k — l)y: ±B interchanges the inflexional 
and cuspidal elements at (0, 1, 0) and (1, 0, 1). By symmetry, 
all inflexional and cuspidal elements are pole-and-polar with 
respect to the same conic, namely, (2k — l)[x2+y2]±Bz2 = 0. 
But since y occurs only with even powers in the equation $ = 0, 
the locus 4> = 0 is also invariant under polarization with respect 
to the rectangular hyperbola (2k — l)(x2—y2) ±Bz2 = 0, and 
hence, by symmetry, also with respect to the rectangular 
hyperbolas symmetrically placed with reference to the other 
cuspidal tangents, namely, 2& —1 hyperbolas in all. Combining 
one of these polarities with a reflexion about each of the 2& — 1 
cuspidal tangents (axes of symmetry) yields 2& —2 correla­
tions, which are not polarities, and the polarity with respect to 
the imaginary circle. The products of any correlation by all the 
correlations are the 2(2£ — 1) collineations. They may be repre­
sented explicitly as follows. 

COLLINEATIONS 

x = x cos 2wm/(2k — 1) + y sin 2Ttn/(2k — 1), 

y = x sin 2irm/(2k — 1) ± y cos 2iwi/(2k •— 1), 

z = z, (m = 0, 1, 2, • • • , 2k — 2). 

CORRELATIONS (POLARITIES) 

u = (2k - l)x, v = (2k - l)y, w = ± Bz, 

u = (2k - l)[x cos (2wm/(2k - 1)) - y sin (2irm/(2k - 1))], 

v = (2k - 1 ) [ - x sm(2wm/(2k - 1)) - y cos (2wm/(2k — 1))], 

w = ± Bz, (m = 0, 1, 2, • • • , 2k - 2). 

CORRELATIONS ( N O T POLARITIES) 

u = (2k — l)[x cos (27rm/(2k - 1)) + y sin (2wm/(2k - 1))], 

v — (2k — 1)[— x sin (2wm/(2k - 1)) + y cos (2ivm/(2k - 1))], 

w = ± Bz, (m = 1, 2, 3, • • • , 2k - 2). 

[Throughout, + attaches to B if k is even, — if k is odd.] 
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The form of the locus is apparent from the following consid­
erations. Since there are as many inflexions (all at infinity) as 
there are cusps, each arm of each cusp can cut an arm of an­
other cusp no more than once. Each of the 2& — 1 arms extending 
from cusp to cusp can intersect 2& —2 others only in 2k — 4 
points in addition to the two cusps; that is, in (2k — l)(k — 2) 
nodes, which, by symmetry, must be distributed equally on the 
2k — 1 cuspidal tangents; hence k — 2 nodes are on each cuspidal 
tangent, whereas there should be k — 1. Therefore one node on 
each cuspidal tangent must be an acnode, and must lie within 
the unit circle; otherwise the circle passing through them would 
cut the locus in Sk — 4 points, whereas there can be at most 
2(2&+l) intersections of a (2& + l)-ic with a circle. For the same 
reason no acnodes may lie outside the unit circle, hence all 
nodes outside the unit circle are crunodes. This maximum num­
ber fe — 2 is possible only if each arm joining two cusps cuts both 
arms of all the other cusps; that is, the arms of adjacent cusps 
unite at an inflexion at infinity. Accordingly we may make the 
following statement. 

The completely symmetric self-dual rational curve of order 2k + 1 , 
possessing, accordingly, 2k —\ cusps and (2k — \)()i — \) nodes, of 
which 2k —\ are acnodes, may be sketched very approximately by 
drawing the 2k —\ secant lines through consecutive pairs of2k — \ 
points equally distributed on the circumference of the unit circle, 
omitting the chords within the circle. The 2k—1 corners may then 
be tapered to resemble cusps. The 2k — 1 acnodes may be placed 
within the circle midway between consecutive cusps. 

Since these loci are of order 2£ + 1 and have (2k — l)-fold rota­
tional symmetry, they all pass through the circular points a t 
infinity. Moreover, the (2& + 1)2 foci are distributed as follows. 
There are one real and 2k distinct imaginary foci on each cuspi­
dal tangent, namely, 
X\y\z = ir\e2nnri/(2k+l) _L_ g 2 m ' i r i / ( 2 H D ] ; y [g2 mirt/ (2*+l) 

___ ^ 2 m ' T i / ( 2 * + l ) l ; 2 f . 

There are also two real and two imaginary foci coincident at the 
origin, (0, 0, 1). The other imaginary foci occur in coincident 
pairs at the points 

xiyiz = re2mri^2k+1^> i-\-ire2mTi^2Jc+1^ l2 

(m, ra' = 0, 1, 2, • • • , 2k). The foci are obtained by assuming 
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the line through (1 :i:0) and (r:0:1) to be tangent to the locus, 
and then requiring the pole of this tangent with respect to a 
polarizing conic to lie on the locus; that is, one requires the co­
ordinates (±Bi: — [ + •#!: —ir[2k — l]) to satisfy the equation 
$ = 0. The actual calculation is somewhat tedious although it 
is confined to terms of degrees 2fe + l and 2k, The equations of 
the curves arising for k = l, 2, and 3 are listed with a brief dis­
cussion and sketch of that of degree 9, arising for k = 3: 

n = 5 (k = 1) 

(9x2 + 9y2 - 5 ) 0 3 - 3xy2) - 15(>2 + y2)(x2 + y2 - 1) - 4 = 0. 

n = 7 (k = 2) 

(25*2 + 25y2 - 105)O5 - 10x*y2 + 5xy*) 

- 105(*2 + y>)8 - 38502 + rO2 + 420(x2 + y2) = 144. 

^ = 9 (& = 3) [homogeneous rectangular coordinates] 

4 9 0 9 - 20x7y2 + 14x 5 / + 28x*yQ - 7xy*) - 315(x2 + ^2)4s 

- 45(#7 - 21x*y2 + 35x*y* - 7xy«)z2 + 2415(x2 + y*)*z* 

- 5544(x2 + y2)V + 5040(x2 + y2)z7 - 1600s9 = 0. 

On the cuspidal tangent y = 0 occur a cusp at (1:0:1), an acnode 
at (- .9404917 • • • :0:1) , and crunodes at (-1.47162 • • • :0:1) 
and (4.12682 • • • :0:1) . The equations of the tangents at these 
nodes are as follows : 

± 3.7403/ = x - 4 . 1 2 8 0 , 
± 0.106fy = x + 0.941s, 
± 1.257J = x + 1.419s; 

the coefficients are correct only to the third decimals as indi­
cated. A point of inflexion occurs at (0:1:0), the inflexional tan­
gent [asymptote] at which is 49x+45s = 0. The two proper bi-
tangents and one isolated bitangent which are perpendicular to 
the cuspidal tangent y = 0 are, respectively, 

(72.10938 • • • )x-4.5z = 0, 
(202.21418 . - • ) * - 5s = 0, 
(46.104933 • • • ) * - 5s = 0. 

The coefficients again are correct tu nie indicated places of 
decimals. The six other singular elements of each of these kinds 
are readily found by rotating thest through angles 2irm/7} 
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(m — lf 2, 3, * • • , 6). Although the point and line singularities 
are all distinct, certain of the foci coincide. One observes that 
there are one real and six distinct imaginary foci on each cus­
pidal tangent, namely at 

XlylZ = ir[e2rk'i/7 _^_ e2rk'i/7]:r[e2irki/7 __ e2wk'i/7j • _|_ 2%y 

N: Autopolar locus of order 9. -A: Acnode. F: Real focus. 
H: One of 7 autopolarizing rectangular hyperbolas; the others are symmetri­

cally placed. 
TT: Proper bitangent. T'T': Isolated bitangent. 

besides two real and two imaginary coincident foci at the origin, 
(0:0:1) . The other imaginary foci occur in coincident pairs at 
the points, 

x:y:z = re**hif7:± irëÀ'tr-ki'7:+ 2, (*, *' = 0, 1, 2, • • • , 6), 

where r = (45/49)(9/5)1 '7. 
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The 14 collineations and 14 correlations under which the 
curve is invariant may be written explicitly as follows : 

COLLINEATIONS 

x:y:z = x cos {2irk/1)d + y sin (2wk/7)d:x sin (2wk/7)6 

+ y cos (2wk/7)d:z. 

CORRELATIONS (POLARITIES) 

u = 49x u = 49[x cos (2Tk/7)6 - y sin (2TT*/7)^], 

v == 493;, v = 49 [ - x sin (2wk/7)6 - y cos (2*rJfe/7)0], 

w = 45s;, w = 45s;, (* = 0, 1, 2, • • • , 6). 

CORRELATIONS ( N O T POLARITIES) 

u = 49 [x cos (2wk/7)6 + y sin (2ir*/7)ö], 

» = 49 [ - » sin (2TT&/7)0 + y cos (2ir*/7)0], 

w = 450, (* = 1, 2, • • • , 6). 

The form of the curve is very approximately realized by draw­
ing secant lines through consecutive points of the seven points 
equally distributed about the unit circle. The figure depicts all 
the singular elements and real autopolarizing conies. 

T H E UNIVERSITY OF CALIFORNIA 


