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APOLARITY IN THE GALOIS FIELDS
OF ORDER 27*

BY A. D. CAMPBELL

Let us consider an m-ary quadratic in the Galois fields of
order 27

(1) f(xlx Xyt v 0y xm) = Zaiixixi =0,

where
5,7=1,2,-+,m;j=i;a;=0if j# q.

If m is even, the discriminant of (1) isf

0 a2 a1z ** * Aim
a2 O Q23 * * * Qam
Qim G2m Q3m * * 0

If m is odd, the discriminant of (1) is*}

2¢11 @12 * - Qim
1 @12 202 - - Gom
3) A=z - . .
Aim  Gom * ¢ * 20mm

We note that in the expansion of (2) we shall have terms like
2019023231 - * + @1m=0 modulo 2. Hence (2), when expanded, is
of the form

0?211%40%6 ce d?n—lm + 61?3034 SR SR
+ (@12034056 * * - Gm—1m + Q13024 - - - + - - )%
Let us consider a pencil of m-ary quadratics
4) 2 (Nbi; + pai)xin; = 0,

with b;;and a;;like a;; in (1).

* Presented to the Society, December 28, 1931.
t See A. D. Campbell, The discriminant of the m-ary quadratic in the Galois
fields of order 27, Annals of Mathematics, (2), vol. 29 (1928), No. 3, pp. 395-398.
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If m is even and we apply (2) to (4), we have
(5) {()\512 + ,udm)()\bu + /wslx) T ()\bm—lm + Mdm—m) + .- }2-

If we equate to zero the square root of the coefficient of N2u™2 in
(5), we obtain the invariant

(6) b12(as40s6 * * *Gmerm+ - )+ b1s(agaass - - -+ - )+ - - -=0.
If m is odd and we apply (3) to (4), we have
2(\b1y + pa11) Moz pare - - Noim + w@im
M % : : :

>\blm + MA1m )\b2m + MA2m * ** 2(>\bmm + ,“amm)

If we equate to zero the coefficient of Au™=1in (7), we obtain the
invariant

(8 D bids =0,
where
i:j= 112;"':m;jg t:bﬂ=01f]?£z)

and where 4;; is the cofactor of a;; in a determinant like (2),
only with m odd. Thus we have

0 az3 * * * A2m Q12 @13 *** Qim
Q23 0 - asm A2y 0 ---a3m

Ay = . . , Ay =1 - . . , etc.
Aom Azm * * ° 0 Qa2m a3m * * 0

We define the polar (or tangent) hyperplane of any point

P’ (x/,xs, - - -, xs ) with respect to (1) by the equation
of .
) 2ow=0, (=12 ,m.

To find the equation of (1) in hyperplane coordinates we seek
the condition that the tangent hyperplane (9) shall be the same
as

(10) Zu;xi = 0,

and that (10) shall pass through P’. We get equations of the
form



54 A. D. CAMPBELL [February,

— pUy + 2(111901' + a12x2, + e + almxm/ = 0; T,
Zuix{ = 0.

If m is even, the determinant of the coefficients of the equations
(11), considered as equations in the unknowns p, %/, x5, - - -,
%, , vanishes identically because this determinant is then a
skew-symmetric determinant of odd order (modulo 2). The
vanishing of this determinant means that, for m even, the hyper-
plane (9) always passes through P’ even when (9) is only a polar
(and not a tangent) hyperplane with respect to (1). Therefore,
for m even, we define the equation of (1) in hyperplane coordi-
nates as having the form

(11)

2a11 @12 - OQim Uy
a1z 209 - - ¢ Gom U2
(12) %‘ . . . . = ZA,;]‘%{H,' = 0,
a1m Qom * * 2amm Um
Uy Yo *+ Un 0

where Ai;(i5#7) is defined as A for (8) and Aj;=0 if j4, but
Aii=34..

For m odd, we define the equation of (1) in hyperplane coor-
dinates as having the form

0 Qi+ Qim UL
(137 o .- Aom U
(13) . C = XA =0,
Cim Qom0 Um
Uy Uy v Uy O

where 4; is defined as for (8). We note that, for m even, there
is no term in (5) of the form aAu™"1. Even if we define apolarity
as the relation given by the invariant (6), this has no simple
geometrical meaning.

For m odd, the equations

2a11%1 + @12%s + - ¢ -+ Gim%m = 0,

14
( )amxl 4+ 2a20%9 + @23x3 + - ¢+ - + Gam%m = 0, - - -, (modulo 2)

have a common solution, since the determinant of the coeffi-



1932.] APOLARITY IN GALOIS FIELDS 55

cients vanishes (being skew-symmetric and of odd order).
Geometrically, this means that all the polar and tangent hyper-
planes of (1) pass through a common point P, for m odd.

If P(X,, Xs, - - -+, Xn) is this common solution, we have

Xl = klAu, Xz = k1A12, Ty, Xm = klAlm,
Xl = k2A12, X2 = k2A22) ) Xm k2A2m,
X1 = ksds, etc.

But Ay has the form of;, being a skew-symmetric determinant

of even order, like (2). Similarly, Aoy =032, * * +, A mm= 0ym. Also
we have
2 kad’e
X1Xs = kikod 19, X1 = = kidu;
A22

hence A% = A A = o203, so that 413 = anas. But

2
X1 = ked s = koojogy = k1A = k10l11;
therefore

2 k1 I/Olu
klau = kzauazz, and —_— =

kz 1/0[22

so that ky=c/au, and kz=c/ous, where ¢ is an arbitrary con-
stant. Finally we have
2

c
Xl = klAll = —" a1 = cayy,
11

and X,=cay. Similarly

1/0511 }

1 as

so that ki =c¢/ou and k;=c¢/a;;; therefore X; =ca;.

From the above discussion we see that the equations (14)
have the common solution

(15) P(X1, X2y - -+ y Xm) = P{{AY2, (A2)V2, -, (Amm) V2,

with 4,; defined as for (8). If we call (8) therelation of apolarity
between the point quadratic Y b;x:x;=0 and the quadratic in

2 2 2 k1
A1 = o, - =
ks
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hyperplane coordinates given by (13), we see that (8) is the con-
dition that P(X;=(4:)'?) shall lie on the apolar quadratic
Zbi,-xix,:O.

Finally we note that if we expand (3) m times, first using
the elements of the first column and their cofactors, then the
elements of the second column and their cofactors, and in like
manner to the last column, and if we then add our results and
equate A to zero (removing the odd factor m), we get (3) in the
form Y a:A:;=0, where a;;and A ; are the same as for (8). This
shows us that for (1) to be a degenerate quadratic, when m is
odd, the point P in (15) must lie on (1). There is no similar
simple geometrical description when m is even and (1) is de-
generate.
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A CLASS OF UNIVERSAL FUNCTIONS*

BY GORDON PALL

Leta, b, ¢, d be integers, a 0. The function f(x, v) defined by
the equation

(1) f(x, 5) = awy + b+ cy +d

will be called universal if f(x, y) represents all integers for in-
tegral values of x and y.

THEOREM 1. 4 necessary and sufficient condition for (1) to be
universal is that

2) b=t+1orc= 11 (mod a),
ora=6,b=+3,c= =12 (mod 6), or vice versa for b and c.}
The sufficiency is evident. For, if 6= + 1+ Ba,
f(x, — B) = + x4+ d — Bec.

* Presented to the Society, December 28, 1931.

t The writer was led to the exceptional form 6xy+3x-+2y asin the analysis
below, but through an oversight he thought it did not represent 7. The error
was, fortunately, pointed out by W. L. G, Williams before this paper went to
press.



