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ON THE APPLICATION OF THE THEORY 
OF IDEALS TO DIOPHANTINE ANALYSIS* 

BY G. E. WAHLJN 

1. Introduction. About three years agot Professor Dickson 
stated a certain conjectured theorem, and he has recently 
published a proof of it.t-

After having examined a proof of the same theorem by 
the author of this article, Professor Dickson suggested the 
investigation of a more general equation than the one which 
he had considered, and the following pages contain the results 
of this investigation. 

2. Rings. Let us consider any algebraic number field 
k(0) of degree n. Let yu y2, •. . ., yn be a fundamental 
system of integers of k(6) so that every integer of the 
field can be represented by the fundamental form 

(1) Xtf! + X2Y2 H 1- XnYn, 
in which the xu x2, . . ., xn are rational integers. 

By a ring R in k(0) we understand a set of integers 
which is closed with respect to addition, subtraction, and 
multiplication, and which contains the rational integers. Let 
Qu ^ . - v ^ b e a fundamental system of JS. As above, we 
shall call 
(2) #igi + 2̂#2 H 1" XnQn 
the fundamental form of R. Every element of R is re
presented once and only once by (2) when the xt, x2, • • •, xn 

are given rational integral values. 
Since Qi,Q2j*»',Qn are integers in k(d), they can be 

represented by (1), and we shall suppose that 
(3) Qi = run + ri2Y2 H h nnYn, (i = 1, 2, . . ., n). 

* Presented to. the Society, December 29, 1923. 
f L. E. Dickson, A new method in Diophantine analysis, this BULLETIN, 

vol. 27, No. 8 (May, 1921), p. 353. 
% L. E. Dickson, Integral solutions of x2 — my2 = zw, this BULLETIN, 

vol. 29, No. 10 (Dec, 1923), p. 464. 
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The absolute value of the determinant | nj | of the system (3) 
shall be called the index of the ring, and shall be denoted 
by z/. Since any product of integers of B belongs to B 
the product 

? ? • # • • - C > * ^ 0 , ( i = l , 2 , . . . , n ) 

can be represented by (2), and we shall write 

(4) tf .&... p.. = C*l. .sA+ C*i . .,&+ • • • + (^,. ,SnQn. 

This equation uniquely defines the rational integers Cf^ . 
Let us next consider any k integers «', a", . . ., <xk from 

B, and let 

«(0 = aifpi + «2*2 H h «w*n, 0* = 1, 2? . . ., A;). 
We may then write the product 

(5) a'.a"... «*> = 2 ^ * . . ^ • ? ? • • • «", 

where the summation extends over all terms for which 
si + 2̂ + • • • + % = A:, and 

-^>5i53. . . 5 n ZW «lé • «2i «21 ' dni 

That is, B8i8i...8n is the sum of all possible products formed 
by taking si elements from the first column, s2 from the 
second, ss from the third, etc., and so chosen that no two 
elements belong to the same row in the matrix 

«11? «21? • • • ? Ctnl 

«12? «22? . . . ? «w2 

m 
«wfc «17c? «2fc? • 

If in (5) we now replace the power-products QII « Q% • 
by their expressions as furnished by (4), we have 

(6) a'- a" ... aW = AlQl +A2Q2 H \-AnQn, 
where 

Ai =2B< (i) 
'SiS-i . . . Sn ^SiSz . . . Sn? (7) 

the summation extending over all sl9 s2,... ? sn whose sum is ft. 
The Ai, for whose computation a definite process is thus 

given, are rational integers. They will be used in the 
application whose consideration is the object of this paper. 

file:///-AnQn
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3. Ideals in R. The conductor of a ring is an ideal ƒ in 
k(0) such that the product of any integer of k(0) by ƒ 
belongs to JS.* By a ring ideal we shall understand an ideal 
in R as defined by Bachmann.t That is, an ideal J(K) of R 
is a set of integers of R such that the sum and difference 
of any two integers of the set belong to the set; the product 
of any integer of the set by any integer of R belongs to 
the set; and the greatest common divisor of/and the moduli 
thus defined is the ring R. 

Let I(R) be any ideal of R, and let fiu &}>•••> fin be a 
fundamental system of J(JF2). Since the fit belong to R, they 
can be represented by the form (2). If we write 

(8) fii = 6ft&+ 6*2^4 h hnQn, (i = 1, 2, . . . , n)> 

then the norm ofI(B) in R, which we shall denote by NR(I(R)), 

is the absolute value of the determinant | by \ 4 
If a = et fit + e2fi2-\- • • • -{-enfin is an integer in I(R), and 

if we apply (8), we have a = OiQi-\r $2̂ 2 4 • • • 4 OnQn> where 

(9) ai = buei + b2ie2+ h bnien, (i = 1, 2, . . . , n)7 

whose matrix is the conjugate of that of (8). 
In order to distinguish between ideals in R and ideals 

in jfc(0), we shall speak of them as ring ideals and field 
ideals, respectively. Principal ring ideals will be designated 
by [A], where X is an integer of R, and principal field ideals 
by {I}, where I is an integer of 7<:(0). 

To every ideal I(R) ofR there corresponds a field ideal / 
obtained by forming the product of J(22) and the unit ideal 
of &(0); and if I is any ideal of k(9) which is relatively 
prime to ƒ, the numbers of I which belong to R constitute 
a ring ideal I(R) whose corresponding field ideal is L The 
norm N(I) of 7 is equal to the norm NR(1(R)) ofI(R) in JS.§ 
The index A of R is divisible by the conductor ƒ of R. || 

* Bachmann, Zahlentheorie, p. 136. 
f Bachmann, loc. cit., p. 363. 
X Bachmann, loc. cit., chapter 2, p. 74. 
§ Bachmann, loc. cit., chapter 9, No. 2. 
|| Bachmann, chapter 4, p. 136. 
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Two ideals liB) and 1^ shall be called equivalent when 
B contains two integers ax and a2 which are relatively prime 
to ƒ, and a2I1

(R) = a±I{R) .* Equivalent ideals constitute 
a class. 

For any given ring ideal 1(R) there is an ideal JiR) such 
that the corresponding field ideal J is relatively prime to 
any given field ideal T and the product I(R).J(R) is a prin
cipal ideal in B. 

To prove this, we make use of the fact that an ideal 
AR) exists, such that fR\liR)'• T^R)) = [AJ, a principal ideal 
in lü.f Here T2 is used to denote the product of the distinct 
prime factors of T which are relatively prime to ƒ, and T% ) 

is used to denote the corresponding ring ideal. 
Let Tx be the product of the distinct prime factors of T 

which are divisors of/. Then JiR)• liR) is relatively prime 
to 1\. For, since JÎB) and T^ are ideals in B, their product 
is an ideal in B. Hence this product is prime to ƒ, and 
therefore also to Tl9 which is a factor of/. There exists 
in &(0) an ideal J2 which is relatively prime to T2, such 
that J2-I-f= {A2}4 Since l2 is divisible b y / it is an 
integer in B. I is the field ideal corresponding to the given 
ring ideal J(i2). 

Since Xx and l2 both belong to B, their sum K~\~h belongs 
to B, and since l± and l2 are both divisible by I(R\ there 
exists an ideal J™ such that iv*>.ja*> = [^+^J .§ 

That lt is divisible by I(R) is seen by its definition. More
over, A2 is divisible by I and belongs to B and hence also 
to J(i2); it is therefore divisible by I(R). Hence K~\-h is 
divisible by I(RK 

The J(R) thus defined is such that the corresponding field 
ideal J is relatively prime to T. For, since HR).J(R) = 
[Ai+AaL by multiplying both members by the unit ideal of 
7<<0), we have LJ= {l±-{-l2}. Now It 11 is relatively prime 

* Bachmann uses the restricted equivalent in which sgnN(<xi)=sgnNÇocz). 
f Bachmann, loc. cit., p. 398. 
I Bachmann, loc. cit., p. 221. 
§ Bachmann, loc. cit., p. 369. 
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to 2\ and is divisible by T2j and l2ll is relatively prime 
to T2 and is divisible by T±. Hence, if p is any prime factor 
of T and hence a factor of T± or T2? either lx or l2 is 
divisible by Ip, but not both. Hence their sum is not divisible 
by Ip, and therefore {^-f-A2}/-f is not divisible by any prime 
factor of T. It follows that J is relatively prime to T. In 
the application to Diophantine equations this theorem will 
be used with T= {A}. 

4. Decomposable Forms. If x1fi1-\-x2fi2-\- • —\-xnfin is the 
fundamental form of the ideal I(R\ then Nixtfi^ x2fi2-\ 
+ Xnfin) is a form of degree n in the n variables xu x2,..., xn, 
with rational integral coefficients. The highest common factor 
of the coefficient of this form is the norm of the ideal I(R) 

in R. Hence 
(10) NixJ^ X2fi2 + • • • + Xnfin) = NB(I^) F{XUX2, . . . , Xn\ 
where F(xly x2,..., xn) is a unit form decomposable in JR.* 

The following theorem is a modified form of one given 
by Bachmann.t The modifications are made so as to apply 
to ideals in JS? and also for the equivalence as we have 
defined it. 

If J(R) is any ideal of R and F(xu x2j.. . , xn) is a unit 
form obtained as above from an ideal I^R) of the class reci
procal to that of J{R), then there exist rational integers elf 

e2, .. ., en, such that NR(J(R)) = \ F{ex, e2, . . ., en) \ ; and, con
versely, any rational integer F(e±, e2,. . . , en) represented by 
the decomposable form F(xl9 x2,. .., xn) is in absolute value 
the norm of an ideal of the class reciprocal to that of I(R) 

provided e1j31-\-e2^2-\-- • • -\-enfin is prime to f 
Let fil7 fi2,..., fin be the fundamental system of I(R) from 

which the form F(xly x2,..., xn) is obtained, and let j w j w 
= \y]. Then y = e^i + ^AH \-enfin, and 
I N(r) I = NE(I™) • NR(JW) = tf (eiA+ e2fi2+ . •. +enfin) 

= NB(I™)\F(ei,e2,...,en)\, 
and hence 

NR(JW) = \F(el9e*, .. . ,en)\. 
* Bachmann, loc. cit., chapter 10, No. 6. 
f Bachmann, loc. cit., p. 429. 
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Conversely, if F{eu e2, . . . , en) is any rational integer 
represented by F(x±, x2, . . . , xn) corresponding to the ring 
ideal J ® , then 

NR(IW)F(&, e*,..., en) = ^ i A + ^ A + • • • +e ,A) . 
But if eiA + ^AH Venfin is prime t o / , foA+e2/#a 

+ ---+e»AJ is a principal ideal in E\ and, since it is 
divisible by I(B\ there exists in the reciprocal class an ideal 
JiR) such that 

JiB) • IiB) = feA+e*/Sa + • • • + e*AJ • 
Hence we may write 

I meJi + • • • + e*A>) | = NE {JIR)) NE {l(B)), 
whence it follows that 

Nn{J?*) =¥(&,<*,..., en). 
If eiA + e2fi2-\- • • • + e^A is not prime to .F and if J is the 

field ideal corresponding to IiB), then 

M = {eifii + e2fi2
Ji \-enfin} 

is divisible by I, and {y}/I=J1 is a field ideal which is 
not relatively prime t o / The method used above will show 
that the absolute value of F(eu e2, . . . , en) is the norm of J±. 

5. Application to Diophantine Equations. We shall now 
turn our attention to the application of the foregoing facts 
regarding rings and ring ideals to the solution in rational 
integers §1? £2, • • • , Sn] î< u^, . . . , tte—2 of the equation 

( i l ) iV r(?1^1+ %2Q2-\ h£»e») = % • ^2 • • • Mfc-2, 

where as before £t, £2, . . . , Qn is a fundamental system of 
any ring R in k{6). 

Let us suppose that we have a set of integers satis
fying (11). Since Q±, Q2, . . . , Qn is a fundamental system 
of R, y = ?i?i+?2paH h?w?w is an integer of Zc(0). 
We shall suppose it resolved into its ideal prime factors. 
There are s distinct factors. We shall denote them by 
Pu P2, • • -, Ps- Let us suppose that the first st of these are 
relatively prime to ƒ Let^jf11 be the highest power ofpt 

which is a factor of y and whose norm is a factor of %; 
P*1* the highest power of pt which is a factor of y/p*n and 

10 
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whose norm is a factor of u2 ; p[iz the highest power of px 
which is a divisor of ylp[nJr^% and whose norm is a divisor 
of w3; and so on, until finally p^k-2 is the highest power 
of p± which is a divisor of ^/p^»+^H f A*-s a n (j w h o s e 

norm is a factor of Uk-2* 
We next consider the prime ideal p2 in the same way, 

and we let p^ be the highest power of p2 which is a divisor 
of y and whose norm is a divisor of uJN{px^)', p*** the 
highest power of p2 which is a divisor of Y/pf1 and whose 
norm is a divisor of u2lN{p^*)\ and we continue in this 
way until finally p^ik-2 is the highest power of p8i which is a 
divisor of ^ /^VH-AH hV- 3

 a n (j w h o s e norm is a divisor of 

We shall now write 

Pi = tiu • PÏ' • • • ! # ' , (a = 1, 2 , . . . , fe-2). 

From the construction of the Pi, we see that Y is divisible 
by the product P±- P2 • • • Pfc—2, and that ^ is divisible by 
N(Pi). We shall therefore write 

Pi • P2 • • • P/c-2 
and 

w* = & • i^(P»). 
Let us next write Q = P/^-i • Pk where Pk is the largest 
factor of Q all of whose prime divisors are divisors of ƒ. 
We then have 

M = P i . P a - . - P * , 
where P1? P 2 , . . . , Pk-i are prime t o / , and Pk contains no 
prime factor excepting factors of/ By (11), we have then 

I N(r) I = #(Pi) • N(P2) . . . J^(Pfc) = I UL • Ma . . • Wfc-2 I 
= I ^ . ^ 2 . . . [*k-21 N{Pi) • J^(P.) • • • J ( P M ) . 

Hence 
N(Pk-i) • -Af (Pje) = I ^1 • ^2 • • • f̂c-21 • 

Let us separate each fit into two factors (i[ and ^" such 
that 

N(Pk-i) = I ^ i . ^2 • • • j4-21, 
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Since the Px, P 2 , . . . , P^-i, are all relatively prime t o / , 
to each P*, (i<k), there corresponds a ring ideal whose 
norm in the ring is equal to the norm of Pi in k(6). Let 
PjB) be the ring ideal corresponding to Pi. Let IiB) be an 
ideal from the reciprocal class. According to § 3, llB) can 
be so chosen that the corresponding field ideal Ii is rela
tively prime to {A\. We shall suppose that llB) has been 
so chosen. Let fi±\ fif,..., fi® be a fundamental system of 
IiB\ and let Fi(xu x2,..., xn) be the corresponding decom
posable form. Then, by § 4, we have 

NB(Pn = N(Pi) = | FM\ <$>,..., <£) I, 
and hence 

(12) ut = Bi. ri . tf FM\ ef, . . . , £), 
( i = 1,2, . . . ,&—2), 

where ^ is 1 o r — 1 . Since I{R) and P\B) belong to reci
procal classes, llB) • PJB) = [a(% Hence, since [a(*}] is divi
sible by IiB\ we have 

yd) AV oW I AD a(D I i_ AD Q\ 

— ei Pi + e2 A2 H \-en P>, n 
= aiiQi + a2iQ2-\ \-aniQn, (i = 1, 2, . . . , ifc—1). 

Since P& contains no prime factors except such as are factors 
of/ let us suppose that J is the smallest field ideal (i. e., 
the field ideal containing the fewest prime factors) whose 
product with Pu is divisible b y / and let .Mi be the smallest 
rational integer which is divisible by J. Let M2 = NÇT), 
where I = I±-12 • > • I^-i. 

The ideal I is relatively prime to the principal ideal {A}» 
Hence, since A is a rational integer, M2 and A are relatively 
prime. Since M2 is divisible by 7, we can choose 1'u such 
that / • In = {M2}, and lu is then relatively prime to 4, and 
hence also to / which is a divisor of 4. 

Since {y} = Pt • P2 • • • P&, Pu belongs to the class reci
procal to that of PL • P2 • • • P/e-i. But 1 belongs to the 
class reciprocal to that of Pi • P2 • • • P/c-i. Hence Pu and ƒ 
belong to the same class, and Pu and lu belong to reci
procal classes. Therefore Pulu = {«(fc)}. 

10* 
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Let us now write a = a' • a" . . . «cfc-D. «(fc). jflt Since 
«(/c)ilfi is divisible by «72% it is divisible by ƒ, and hence 
â is an integer in R. In fact, â(fc). M± belongs to R, and 
we may therefore write 

Moreover 
{â} = p±.p2... PK-I^I, •.. ih.M1 = { r i f ^ } , 

and hence â and yJtfiJtfi differ only by a factor which is 
a unit in 10). Then let us write « = Ey-M1-M2. But 
since â^Jlfi is divisible by ƒ, E-â^-Mi is also divisible 
by ƒ, and hence belongs to i?. Then, if we put Eâ<® = a(fc), 
we may write 

MxEafto = ifi«(fc) = aifcpi + a2fc?2 H h «**#*; 
and since {«(/c)} = {a(fc)}, we have P/A = {«(7{;)}, and 

a = a'.a". • . a<®Mx = y-M1.M9. 

We therefore have 

M,M2r = MMSiQi + Ç2Q2 + • • • + ?npn) 

= j[ X(ai iÇi + CfaiQ2 + h «n#w)> 
i— I 

and using the notations of § 2, we have 

as) ^=s rk> w=i,2,...,n). 
Here the Ai are polynomials in the aji, (j — 1,2, . . . , w; 
a = 1, 2, . . . , &), which upon application of (9) to the ele
ments standing in the first k—2 rows of the matrix of § 2 
as they occur in the At, gives an expression for the & in 
terms of the parameters ef which occur in the expressions 
for ui, and the elements of the last two rows of the matrix 
which are implicitely involved in the m in the factors JUJ 
and ii". 

We have thus by means of (12) and (13) obtained a general 
form for the solution of (11). We shall next see that all 
such expressions, when the parameters are given rational 
integral values, constitute a solution of (11). 

Substituting for ?1? ? 2 , . . . , £w; uly n2,. . . , uu-2 their values 
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as given by (12) and (13) in (11), we have the equation 

W-M ~~ l=Yif*m Fi^> *%' * • *? ̂  )• 
Since 
M2 = I- Ik, N(Ii) = NB{IÏB)), I ti -i*'2- • • ^ _ 2 1 = NE(F^I\ 

and Pfc-i-iifc5i = [a(fc"" l )], a principal ideal in R, we can 
write (14) in the form 

(15) i^Uigi + A2Q2 H h Angn) 
k — 2 

But 

NMR)Mef, <$,..., $) = N{M+ • • • + «M) 
= M^liQl + U2iQ2 + • * ' + OniQn)* 

Also 

NE{I^I) • I Mi • ^2 • • • /4-21 = NB{É^I)NB{P^I) 

= «fe—ii^(aifc —iÇi + 02fc-iÇ2+ • * ' +flnfc-lÇn). 

Let us suppose that the signs of ^i , ^ . . . , jnk-2 have been 
so chosen that the sign of their product is the same as the 
sign of Nia®-1*) and hence €k-i = + 1 . If we now put 
€ = €l.e2 . . . €k_2, we may write (15) in the form 

(16) NiAtf! + A2Q2 H h AnQn) 
k— I 

= eMiM^"1^! • (12 • • • [*k-2Y\N(aUQl H 1" aniQn)< 
* = i 

Since M2 = I-Ik = N{I)9 we have 

M? = N(I)N(Ik) = M2N(Ik), 

and hence i f ? - 1 = N(Ik). Also | tf. ^ . . . ^ . 2 1 = A T O , 
and therefore 

(17) ifiM?-11 ^ • ̂  . . . ró-21 = MllN(Ik.Pk) = iVjilf^^} 

For, since M±a^ is divisible by ƒ, it belongs to R. As 
above, we shall now affix signs to the p" so that the sign 
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of their product is the same as the sign of N(aW). Then 
we have 

Ml1 - M2 ~Vi' • P-l • • • /4'-2 = N(aijtQi + «2fc?2H h teÇn)• 

We may now write (16) in the form 
k 

NiAtQx + A2Q2 + h AnQn) =
 € Y\ N(anQi + a2^2 H 

which, by § 1, is seen to be an identity if e = + 1 . 
Hence, with the signs of the \i\ and /4' properly chosen, 

and €i so chosen that their product is -f 1, all numbers 
obtained by (12) and (13) are solutions of (11). We ob
serve, however, that the expressions for §1? £2? • • • , '§n are 
fractional in form. Hence we must next determine under 
what conditions they are integral, that is, we must determine 
what conditions must be imposed on the p\ and p" in order 
that the solutions shall be integral, or in other words, 
that y shall belong to R. 

From the development, it follows that, for 

Y M1M2 

M1-M2-y is an integer in R and 

{Y] ~ 1 MJ£2 ( ~ Fl'F*' ' 'Fk 

is a principal ideal of the field. Since the product of any 
integer of the field by A is an integer of R, we know that 

A±AQi +A2AQ% -\ h AnAQn 
MXM2 

is an integer of R. Hence it is equal to C\̂ i -f- C2Q2 -\ 
+ CnQn, where Cu C2,.. . , Cn are rational integers. But the 
representation by the fundamental system is unique; hence 

AjA = r 

MXM2
 i% 

Since M2 is relatively prime to A, this says that Ai is 
divisible by M2\ hence (13) will not give fractions with 
factors of M2 in the denominator. 
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We have defined J as the smallest ideal whose product 
with Pu is divisible by ƒ, and M± as the smallest rational 
integer divisible by J. Let Mi = Mi-M", where Mi is the 
smallest factor of Mi such that MiPkIk = {y™}, when r

(k) 

is an integer of B. If we then choose a^ in Pk'Ik = {<*>{k)} 
such that Micc(k) = M[fyik\ which is always possible since 

Mi'{r®>) = MiPnh = M[MÏ{a<®}} 

we see that the am, (fou, . . . , ann are all multiples of M" 
since yik) belongs to P. We thus see that the Ai are all 
divisible by M" and only factors of Mi can occur in the 
denominators of the numbers furnished by (13). 

In the first part of this article, we have seen that all 
integral solutions of (11) can be expressed by (12) and (13). 
In the proof as given, for i < k the 

ei fii +e2 fi2 + h enfin = anQi + a2iQ2 i h aniQn 

were all relatively prime to ƒ. Hence the product 
s—i 

I I = J"!(auQi + atiQz H h OniQn) 

is also relatively prime to ƒ. The integer \\ belongs to P. 
Hence if 

k 

(a!kQi+a2kQ2-\ YdnkQn) 11 ^ ^ ( ^ 1 + ^ 2 + . . . + OniQn) 

should have all its coefficients, when it is written as a linear 
function of QU Q2, . • • ? Qn, divisible by some factor Jfî8) of 
Mi=M[s)-Mi4) it would follow that 

MfW' Ml ' n 

would be an integer of P. 
Hence the product of 

aikQl+a2kQ2-\~ • • • -\-OnkQn Mi4) 

M{-Mi' 

by IL o r by a n y integer divisible by / , would be an integer 
of B. But H belongs to B, and the principal ideal [\\] 

file://-/-OnkQn
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is relatively prime to ƒ. Hence there exists an integer C 
in R and an integer D in ƒ such that C -\\-\- D = 1.* 

Since C\\ belongs to R, the products of 

M{-Ml' x 

by CY[ and by D, and hence also the sum of these products, 
belong to B. Therefore 

is an integer in R. But {a(fe)} = P / ^ , and 
Ml-M"Pulk = {aifc?i+a2fcÇ2+ • • • +«nfc?n}. 

Hence 

Mi PkIk = \ MUM' Mx y 
where the integer determining the principal ideal belongs 
to R. But we have assumed that Ml is the smallest factor 
of M1 such that when M{PkIk = {y{k)} the rik) belongs to R\ 
hence M^ = Ml, i. e., i ¥ f = 1. 

Therefore Ml will always occur as a denominator in the 
numbers furnished by (13), and integral solutions are possible 
only when MI = 1. Consequently, in order to have integral 
solutions, aW must be an integer of JB. 

We have seen that auc, a2u, - - - , ank are all divisible by 
Mi'. Hence if we put aiklM" = dk we shall have 

r(k) = CikQi+c2kQ2-] \-cnkQn. 
The matrix obtained from m in § 2 by replacing the one by 
the du, (i = 1, 2, . . . , n), shall be denoted by m\ 

From the theory of the correspondence between ideals 
and decomposable forms, we know that to a class of ideals 
corresponds a class of forms. Any form of the class can 
be obtained by proper choice of the base of the ideal, from 
any ideal of the corresponding class of ideals by the method 
of § 4. Moreover, the numbers represented by any form 
of the class can be represented by every form of the class. 

Let y be any integer of R. Suppose that the principal 
field ideal {Y} is separated into the product T-Pk of two field 

* Bachmann, loc. cit., p. 367. 
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ideals such that T is relatively prime to ƒ, and that Pu con
tains no prime factors except such as are divisors of/. Let 
T(R) be the ring ideal corresponding to T. From the recip
rocal class in B, select an ideal I(R) whose corresponding 
field ideal I is relatively prime to {4}. Let N(I) = M%. 
Then Jf2 is relatively prime to A, and hence also to ƒ, which 
is a divisor of 4. Therefore Ik = {M2}/I is relatively prime 
to ƒ, and the corresponding ring ideal liR) belongs to the 
class reciprocal to that of I^R\ 

Since IiR) and T^R) belong to reciprocal classes in B, we 
have ImTm = [a]. Multiplying both members of this 
equation by the unit ideal of Ufi), we have 1-T = {a}. 
It is easily seen that Ik and Pu belong to reciprocal classes. 
Hence IwPk= {y{k)}> We shall next see that the integer 
y(k) belongs to B. 

We have T-Pu = {y\ and y was chosen an integer of B. 
Since M2 is a rational integer, M2y belongs to B. Since J(jB) 

was chosen from the class reciprocal to that of T{R) in B, a 
belongs to B and is relatively prime to ƒ. We may write 

and hence we may write yik) = M2yla% Therefore y(k)-a 
belongs to B\ and, if a is any integer of [a\ yW-a belongs 
to B. Also if b is any integer of ƒ, y^-b belongs to B and 
therefore y{k\a + b) belongs to B. But since [a] is relatively 
prime to f, a and b may be so chosen that a + b = 1. Hence 
^(fc) belongs to B. 

We may now sum up the result of the investigation as 
follows. Let Ufi) be any algebraic number field of degree n, 
and Qi, Q2, . . . , Qn a fundamental system of a ring B whose 
conductor is ƒ and index 4. Select any integer y from B 
and separate the principal ideal {y} into two factors T-Pk, 
where T is relatively prime to the conductor ƒ, and where 
Pk contains no prime factors except divisors of ƒ. Let T(R) 

be the ring ideal corresponding to T, and J(12) an ideal from 
the reciprocal class in B whose corresponding field ideal I is 
relatively prime to {i}. Let A[2 = N(I), and Ik = M2/I. 
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Then 
Ik'Pk = {r{k)} = {CikQi + C<ucQ2 -\ h CnkQn}, 

since, as we have seen above, y^k) belongs to R. 
Select k—2 rational integers p", i*%, . . . , jt4'-2, such that 

their product has the same sign as N(y(k)), and an absolute 
value equal to N(Pk)> 

Next select k—1 ideals Iu J2? • • •? Ik-i whose product 
is I As before, let IiB) be the ring ideal corresponding 
to 1{. Let Fi(xu a%, . . ., Xn), 0 = 1 ,2 , . . . , k—2), be the 
decomposable forms corresponding to the ideals IiR\ (i= 1, 
2, . . . , k—2). Choose an ideal Pk^-i from the class reci
procal to that of Ik^i and let 

P f c ^ l - I f c - l = [ « ( / ' _ 1 ) ] = [auc-iQi-\- a2k-lQ2-\ h Onk-lQn]-

Next select k—2 rational integers (H, (<4, . . . , /4-2 whose 
product has the sign of i^(«(fc_1)) and the absolute value 
N(Pu-,i). Then for rational integral ef\ (i = 1, 2, . . . ,&—2; 
i = l, 2 , . . . , w), and ^ = + 1 or — 1 , such that €1-€2... €k-2 

= + 1 the numbers 

constitute a solution of the equation 

-ZVfëiÇi + ?2̂ 2 + • * * + £n?J = Wi-Wa * * * W/c-2. 
The A* are computed as in § 2 from the matrix 

••ent'i.fii'Fiié?^' <%), a- = 1,2,..., 

(« = 1,2, 

k- -2), 

m 

an, 
$12, 

$21? 

$22, 

Ctnl 

Ctlk—h U2k-l, • • • ? ttnk—1 

Cik) CVk, • • • ? CM/c 

when the o# in the first k—2 rows of the matrix are ob
tained from the ef by means of k—2 sets of equations such 
as (9), one set for each of the ideals It , (i = 1, 2 , . . . , ft—2). 

By the same method, all solutions of the given Diophan-
tine equation may be obtained. 

T H E U N I V E R S I T Y OF I L L I N O I S 


