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1. IN the winter semester of 1890-91, when he lectured on
algebra for the last time, Kronecker developed a theory of the
algebraic equation with numerical coefficients to which he
attached a great deal of importance but which unhappily
he did not live to publish. Professor Hensel, of Marburg,
Kronecker’s literary legatee and editor of his works, possesses
notes of these lectures which he kindly placed in my hands
last summer with the very generous permission to make any
use of them I might wish. In reading these notes, I came
upon the theory to which I have referred, and it seemed to me
so characteristic of Kronecker and so full of interest for the
algebraist that I have chosen it for the subject of this address.

All who have read Kronecker’s later writings are familiar
with his contention that the theory of the algebraic equation
in its final form must be based solely on the rational integer,
algebraic numbers being excluded and only such relations
and operations being admitted as can be expressed in finite
terms by means of rational numbers and therefore ultimately
by means of integers. These lectures of 1890-91 are chiefly
concerned with the development of such a theory, and in
particular with the proof of two theorems which therein take
the place of the fundamental theorem of algebra as commonly
stated.

The first of these theorems relates to equations whose
coefficients are rational functions of one or more variables
and is characterised by Kronecker as the fundamental theorem
of algebra in the algebraic sense. It is:

For every given algebraic equation

Fa)=a"—ca" 14 -+ (— D%, =0

there exists a congruence of the form

F@)=@—a)@—a) --- (@—ax)  (moddfi—eig—o0),
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where the x;’s are variables, the fis are the elementary symmetric
Sfunctions of the xi's, ¢ belongs to the domain of rationality of the
coefficients c;, and g is a rational, integral, but in general non-
symmetric function of the x;'s whose form depends on the alge-
braic character of F(x), and is such that the modular system whose
elements are the f; — c; and g — ¢ 1s prime.

Here, as always in Kronecker’s algebraic writings, “exists”
means “can be actually found by a limited number of ra-
tional operations.” I shall not attempt to sketch the proof
of this theorem since that would necessitate giving an account
of a large part of Kronecker’s arithmetical theory of algebraic
functions. Moreover the theorem is fully discussed in the paper
entitled “Ein Fundamentalsatz der allgemeinen Arithmetik”
(Journal fiir die reine und angewandte Mathematik, volume 100).
I have stated it mainly to give some indication of the method—
the use of indeterminates, such as the z;’s, and modular sys-
tems—by which Kronecker makes the introduction of the
algebraic numbers unnecessary when the isolating of conjugate
numbers is not required. That it is unnecessary in the latter
case also Kronecker shows in his paper “Ueber den Zahl-
begrift”’ (Journal fiir die reine und angewandte Mathematik,
volume 101) and in the demonstration which follows.

Kronecker’s second theorem, “the fundamental theorem of
algebra in the arithmetical sense,” relates to equations with
rational numerical coefficients. It is:

Every rational integral function f(x) of the mth degree with
rational numerical coefficients can, by a variation of the coeffictents
which is definite in character but as small as one may please, be
reduced to a product of v linear and (n — v)[2 quadratic factors,
all with rational coeffictents, v being an integer determined by the
coefficients of f(x).

As hardly need be said, to establish this theorem in a manner
meeting the requirements of the theory of which it forms a
part, one must, without going beyond the domain of the
rational numbers and therefore without at any point assuming
the existence of linear factors of f(x) or of roots of f(z) = 0,
derive a general method by which in the case of any given
function the requisite variation of the coefficients may be
obtained directly from the coefficients themselves. I shall
give Kronecker’s proof modified in certain particulars for
convenience of exposition.

2. Since it is evidently only necessary to prove the theorem
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for the case in which f(z) has no multiple factors or linear
factors with rational coefficients, we shall suppose f(x) to be
without such factors. Then f(z) = 0 has no rational roots,
and therefore, from Kronecker’s standpoint, no roots. But it
may be the case that, § representing a positive number taken
as small as we please, there exist one or more a-intervals
(@', «’") such that

f@) f() <0 and |[f(x) | < & for 2’ < = < 2.

Any such interval we shall call a zero interval of f(z), or, when
convenient, a “root” of f(x) = 0.

Every interval (a, b) such that f(a) f(b) < 0 contains at least
one zero interval of f(x).

Forif e < 2 < 2 + h < b, and g denote any number greater
than all the values of | f”(2)/r!| (r = 1,2, ---,n) in (a,b), we
shall have | f(x + k) — f(x) | < S when h < §/| g+ 8|. Find
an integer » such that (b — a)/v < 8/(g + 9), and divide (a, b)
into » equal sub-intervals. Among these, since f(a) f(b) < 0,
there will be at least one, (a,, b,), such that f(a,) f(b,) < 0.
Moreover if « denote any number in (a,, b,), both | f(z) —
f(a,) | < & and |f(b,) — f(=) | < 8, and either f(a,) f(z) < O
or f(z) f(b,) < 0, and therefore | f(x) | < 8. Hence (a,,b,) is
a zero interval of f(x).

If throughout an interval (a, b), | f'(x) | > ¢, where ¢ denotes
some positive number, and if £ denote any number in (a, b), then

sgn f'(§) = sgn[f(b) — f(a)).

That the sign of f’(x) is constant in (a, b) follows from the
preceding theorem. And if ¢ < 2 < a2+ k< b, and g have
the same meaning as above, then since f(z + k) — f(z) =
hlf'(x) + hf”(x)/2! + - - -], we shall have sgn[f(z + &) — f(x)]
= sgnf’(z) when | hf"(x)/2!+ ---| <|f'(z) | and therefore
when & < ¢/(c + g). Hence, if (a, b) be divided into intervals
(xs, 24y1) of the magnitude ¢/(c + ¢) or less, we shall have
sgn[f(xi1) — f(xs)] = sgn f'(£) for every value of ¢ and there-
fore sgn[f(b) — f(a)] = sgnf'(§).

From this theorem it immediately follows that if | f'(z) | > ¢
throughout (a, b), (a, b) will contain a sub-interval (z’, z'")
in which | f(z) | < & only when f(a) f(b) < 0, and then but one
such sub-interval. It also follows that:

Between two consecutive zero intervals of f(x), (21, 1"") and
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(@, 2"), in both of which |f'(x)| > c, there is a zero interval of
f'@).

Forsgnf'(z:") = sgn[f(2:") — f(2')] = sgn f(21") = sgn f(a)
= — sgn[f(z"") — f(@")] = — sgnf’(z).

It is therefore evident that we shall be able to isolate the
zero intervals of f(z) if we can determine the size of an interval
in which there cannot be both a zero interval of f(x) and one
of f’(x). As will be shown, this can be found from the identity
D = P(x) f(z) + Q(x) f'(x) connecting f(x), f'(x), and the
discriminant D of f(x). We therefore proceed to establish
this identity by a method which does not assume the existence
of linear factors of an integral function.

3. The necessary and sufficient condition that the functions

F(x) = ﬁ (x—a;) =am+ TZZ (— Drfam—r
and - -

6@ =Il@— ) = &+ 3 (= Vg

have a common factor is the vanishing of the rational integral
function of the coefficients f,, g,, defined by

Res (F, Q) = I} (@ — ) = QG(%')

= (= )™ L F@w) = R(fr 90)-

The roots of the equation F(z) G(x) = 0being a1, «*+, Tm,

Y1, * s Yns and the expressions for R(fr, g») in terms of these

roots being HG(x,), (— 1)"‘”H F(yi), we have, by the inter-
polation formula of Lagrange,

i=1

R(f: g») = G(@) Zx ~ i G F @)

+ (= DR 3 ny‘k)G ()

Evidently the coefficient of G(z) in this identity can be reduced
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to the form =7 [ao(x:)a™ 14 -+« 4+ ama(x)]/F'(x;), where
aog(xs), + -+ +, am—1(2;) are integral functions of the f;, g, and of
i, of degree not higher than m — 1 in ;. But, by Euler’s
formulas, =7 ,x/F'(x;) = 1 or 0 according as A\=m — 1 or
< m — 1. Therefore the coefficient of G(z) is a polynomial
o(x), of degree m — 1 at most, with coefficients which are inte-
gral functions of the f,, g.. The coefficient of F(x) is reducible
to a polynomial ¥/(z) of like character of degree n—1 at most.
Therefore

® R(fr, 1) = 0(@) G(2) + ¥(2) F(2),

where ¢(z) and Y (x) have the character just indicated.
Let

Fi(x) = a™ + 21 (— Dream

and
Gi(x) = a" + ; (— Vrdarr

be functions with any given rational coefficients and which
therefore are in general not resolvable into linear factors.
We are to prove that the vanishing of R(e,, d,) is the necessary
and sufficient condition that F;(x) and Gi(x) have a common
factor.

If in (1) we set f, = ¢, g- = d,, we obtain an identity of the
form

@ R(er, dr) = @1(@)G1(2) + ¥a(@) Fi(2),

from which it immediately follows that, if Fi(x) and Gi(z)
have a common factor, R(c,, d,) must be 0. And we can show
as follows that if Fi(z) and Gi(x) have no common factor,
R(e,, d,) cannot be 0.

For if Fi(x) and G;(x) have no common factor, we can by
means of the euclidean algorithm derive an identity of the
form 1 = Pi(x)Fi(z) + @i(x)Gi(x), where Py(x) and @i(x) are
integral functions of . This identity may be written

1 = F(2)Py(2) + G(@)Qu(@) + (F1(2) — F(2)) Pi(=) +

(Gi(x) — G(2))Qi(2),
from which it follows that

1= F@)Pi(x) + G@)Qi(z) (modd fr — ¢, g- — d,).
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Setting = xy, @z, « - -, Zm, successively, and taking the product
of the resulting congruences, we have

1= IG()(x:) = R(fr, 9r)-T(fy) (modd f, — ¢r, 9r — do),

where I'(f,) is an integral function of the f,’s. Therefore
finally, setting f, = ¢, g = dr, we have

1= R(cr, dr)°r(07)7

from which it follows, since I'(c,) cannot be infinite, that
R(er, d,) is not 0.

In the following discussion, by the resultant of two func-
tions of the form f(x) = ¢e2™ — cla™*+ --- 4+ (— 1)™cn and
g(x) = dpx® — dget + --- 4+ (— 1)*d,, we shall mean the
number R = ¢"dy™R[er/co, d:/do], and by the discriminant of
f(x) we shall mean D = Res(f, f')/co. Evidently R and D are
integral when the given coefficients are integral.

4. Let f(z) = 23 ,aa™ " and p(z) = Z7_,ba™ " be two poly-
nomials with integral coefficients and having no common
factor, whose resultant R is therefore an integer different
from 0. By means of theidentity R = P(a)f(x) + Q(z)¢(x) we
can determine an integer s such that no interval of the magni-
tude 1/s will contain zero intervals of both f(z) and ¢(z).

For if @, 2 denote any two values of z, we have identically

M =PI o) 4 P + Qe

Since laox"|>[a1m”‘1+ | for |2 > ([ ao| + ay)/ | a0,
where a, denotes the greatest of the numbers | a; |, and simi-
larly | ba™ | > | bia™ 1+ -« | for | x| > (| bo| + by) /| bo |, all
the zero intervals of f(x) and () lie in the interval (— ¢, ¢),
where ¢ denotes the first integer greater than both the num-
bers (l Qo l + aa)/ l aol and (‘ bo l + ba)/l bo l

Let K denote the greatest of the three numbers derived from

Pt I=ID _ 4o ), P@), md QW

by replacing the coefficients by their absolute values, = by
¢, and ¢ by 1. Then any integer s such that
) K< (s—1)|R]|

will meet the requirement stated above. For if ¢ satisfy (2),
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and if also —c < 2, m < cand |1 — 2 | < 1, it will follow
from (1), by dividing throughout by (s — 1) | R|, that

o< la—al+ [ f@) | + e |
and therefore, if | 2 — 22 | < 1/s, that
® [fe) | + loa) | > 75—

But since @3, @ are independent variables subject only to
the conditions —c¢<a, @ <c and | — | <1fs it
follows from (3) that no interval of the magnitude 1/s can
contain zero intervals of both f(2) and ¢(x). On the contrary,
if it contains a zero interval of one of the functions, the other
will remain numerically greater than 1/s(s — 1) throughout
the interval.

We are now in a position to isolate and count the zero
intervals of any polynomial f(x). For if in the preceding
discussion we suppose ¢(x) = f'(x) and, having determined
s, divide the interval (— ¢, ¢) into equal sub-intervals of the
magnitude 1/s it follows from § 2 that those only of these sub-
intervals contain zero intervals of f(x) at whose extremities
f() has opposite signs, and that each such sub-interval contains
one and but one zero interval of f(x). Hence the number of
such sub-intervals is the number of the zero intervals of f(x).
And since sgn f(— ¢) = sgn f(c¢) or sgn f(— ¢) = — sgn f(c)
according as n, the degree of f(), is even or odd, the number »
of the zero intervals of f(x) is even (or 0) or odd according as n
is even or odd.

5. We are now equipped for proving that part of Kronecker’s
theorem which relates to the linear factors. For to the condi-
tions used in determining s in § 4 let us add, for the case in
which ¢(x) = f'(x) and therefore R = D = Disc f(z), the
following:

w <(@—=1|D|, for|z| <cand|o| L1

Then, for 2y, 23 such that —¢c < ay, m<cand |m— x| < 1,
we have

(1) [ (@) — fe) | < (s — 1) | D || 2 — 2.

Divide ( — ¢, ¢) into equal intervals of the magnitude 1/s, and
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of these intervals let (2/, ") be any one such that f(z’) f(z'")
< 0. Then, r denoting an integer which may be taken as
great as we please, divide (2, ") into r | D | equal sub-intervals.
Of these sub-intervals there will be one and but one at whose
extremities f(x) has opposite signs. If this sub-interval be
(&, &), it follows from (1) that, if & <ELE”, then both
| f(&) — f(&) | < 1/rand | f(&") — f(§) | < 1/r and therefore,
since either f(&') f(£) < 0 or f(2) f(§") < 0, that| (&) | < 1/r.

Hence (&, £’) is a zero interval of f(x) characterized by
the inequalities

@) f&) fE)<O0and |f(§)|<1frfor & <E<E
There are » such sub-intervals (§ 4). Represent them by
3) &' &), &, &7, - &, 8.

We are to prove that if £; denote any number in (¢/, £/), we
can reduce f(x) to the form

@ f@=@-&k—4& - @—£)Q0@) + R@),

where Q(z) is a polynomial without zero intervals and R(x)
a polynomial whose coefficients are as small as we please.

Represent IT;_, (x — &) by ¢(x). Then since R(&) = f(&r)
fork=1,2, ---, », we have, by the interpolation formula of
Lagrange,

=& e — &'

But ¢’(£k) = H(Ek_ 51)(’5': 1, 2, "’yk_’ 1, k+11 Tty V)
and | & — £| > 1/s. For between the intervals (&, &)
and (&, &), say, there lies at least one interval (v, 5’) of
magnitude 1/rs | D | which is a zero interval of f'(x), and if 7
denote any number in (y’, #”’), since no interval of the mag-
nitude 1/s can contain zero intervals of both f(x) and f'(z),
we have n — & > 1/s — 1/rs|D|, & —n = 1/s — 1/rs| D |
and therefore & — & = 2/s — 2/rs | D|. Hence & — £> 1/s
if, as we shall suppose, 7| D | = 2. Therefore

f &)
o' (&)

Again ¢(2)/(x — &) is a polynomial in z, of degree » — 1, whose
coefficients after the first are less respectively than the numbers

sl

T
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w—1ec, 0— 1@ —2)c?2, ---, ¢  Therefore, if k
denote an integer greater than all these numbers, it follows
from (5) that R(z) can be reduced to the form
vs"
r

6) R(x) = S(z) = %S(w), if r= vs" ',

where the coefficients of S(x) are all numerically less than 1,
and 7’ is an arbitrary integer which may be taken as great as
we please, great enough, therefore, to make the coefficients of
R(x) as small as we please.

Moreover 1’ can be so taken that @(x) will have no zero
interval. For Q(x) will have no zero interval if f(z) — R(x)
has, like f(z), v zero intervals. But consider the polynomial
fi@@) = f(x) — tR(x), where t is supposed to vary (through
rational values) from 0 to 1, and therefore f;(x) from f(x) to
f(@) — R(z). It will be proved in the following section that
the number of the zero intervals of a polynomial with variable
coefficients changes only when the coeficients pass through
values for which the discriminant of the polynomial vanishes
(that is, becomes less than any assignable number). Hence,
as ¢ varies from O to 1, the number of the zero intervals of
Si(@) is always » unless Disc f:(z) vanishes. But Disc fi(z) can
be reduced to the form D + ¢, where ¢ is an integral function
of the coefficients of f(2) and {R(x), and therefore cannot
vanish if |¢|<|D|. But it will readily be seen that
|¢| < | D|if, g denoting the greatest coefficient in the develop-
ment of D[| a |, *+* | @uey |, | @neyiar | + /1", -+, |an | +1/7]
in powers of 1/r’, we take ' such that 1/r' < |D|/(| D |+ g¢).
Therefore if +' > (| D |+ ¢)/| D], Q(x) will have no zero
interval.

6. But it remains to show that for a polynomial with variable
coefficients the vanishing of the discriminant is the necessary
condition for a change in the number of zero intervals.
Kronecker establishes this theorem by aid of the notion of the
characteristic of an equation or integral function.

Let V(2) and W(x) be two polynomials of the same degree
with rational coefficients and such that R(V, W), R(V, V"),
and R(W, W) are all different from 0; and let

V (x) W (x)

. 20 ) Wi
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By the method of § 4 determine an integer s such that no
interval of the magnitude 1/s contains two zero intervals
of p(x) = V(x) W(x), and, representing the interval in which
all the zero intervals of ¢(zx) lie by (— ¢,c), divide (— ¢, ¢)
into equal intervals (z1, 22), (22, @3), -+ - of the magnitude 1/s.
Represent each of these intervals which is a zero interval of
V(x) by any number £ belonging to the interval, and let # have
the corresponding meaning for W(x) and ¢ for ¢(x). Finally
let the symbol sgn f(x) mean 1 or — 1 according as f(zx) is
positive or negative.

If (x;, 2zs11) be a zero interval of ¢(x), we have, by §2,
sgn ¢'({) = sgn[e(@in) — (23] = 3{sgn e(zs41) — sgn e(x:)).
But if (2, 2:41) be not a zero interval, sgn ¢(2:11) — sgn ¢(x:)
= 0. Therefore if 2, denote a sum extended over all the zero
intervals of ¢(x), we have, since the degree of ¢(x) is even,

. Zgsgn o' (§) = 3sgn o(c) — sgn o(— ¢) = 0,
that is,
@) Zesgn V'(E) W(E) + 2, sgn V() W(n) = 0,
the sums 2; and Z, being extended over all the zero intervals of

V(x) and W(x) respectively. And from (1) and (2) it at once
follows that

3) 2 sgn A(§) = Z, sgn A().
The integer or fraction X(V, W) defined by the equations
@) X(V, W) = — 3Z; sgn A(£) = — 32, sgn A(n)

is called the characteristic of the functions V' (x) and W(z). In
particular

) X(V, V4 V') = 3Z:sgn V'2(§).

Therefore since sgn V'2(£) = 1, the number of the zero intervals
of any polynomial ¥(x) which has no multiple factors is
2X(V, V 4+ V"), or, more simply, 2X(V, V'), if in defining
X(V, V') we restrict ourselves to the first of the equations (4).
It is convenient to call X(V, V') the characteristic of V' (x).

If V(x) = 27, vax?, W(x) = Z%_, wx?, and the coefficients v;,
w; are supposed to vary continuously (through rational values),
the only possibilities of a change in the value of X(V, W) are
such as present themselves when the v;, w; pass through
values for which A(V, W) = V(x) W'(x) — V'(x) W(x) van-
ishes (that is, becomes numerically less than every assignable
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positive number §) at the same time as either V(x) or W(x)
that is, when (1) V(x) = 0 and W(a) = 0,0r (2) V(x) = 0 and
V') =0, or 3) W(x) =0 and W'(x) = 0. But, for all
values of the parameter ¢,

V@), W@)| V@, W@tV () lV (@) —tW (2), W (x)
V@), W@| V@), W@ =tV @) | [V @)=t (), W (@)

and therefore X(V, W) = X(V, W —tV) = X(V — tW, W),
and the only one of the possible conditions for a change of value
1), (2), (3) which is common to these three expressions for
XV, W)is (1) V(xz) = 0 and W(x) = 0; since for any values
of v;, w;, and a for which V' (x) W’ (x)— V'(x) W(x) vanishes (ex-
cept those for which both V(x) and W(z) vanish), ¢ may be so
chosen that both W(z) — tV(x) and V(z) — tW(x) are dif-
ferent from 0. Therefore

The characteristic X(V, W) of two polynomials V(x), W(x)
with variable coeffictents can change only when the resultant
R(V, W) vanishes.

The characteristic X(V, V') of a polynomial V(x) with vari-
able coeffictents, and therefore the number of the zero intervals of
V(x), can change only when the discriminant D(V) vanishes.

7. From the equations (4) and (6) of § 5 it follows that

@) f@) — 8@/ =(@—&)—5) - @@—£)Q@).

We have therefore shown for any polynomial f(x) = 2%_,aa™*
which has rational coefficients and v zero intervals that by a
change in the coefficients a,—,41, * - +, @, which is as small as we
please the polynomial becomes resolvable into a product of »
linear factors and a factor @(x) which has no zero intervals,
all these factors having rational coefficients. For the case in
which » = n, the proof of Kronecker’s theorem is now com-
plete. But for the case in which » < n, it remains to prove
that, by another variation of the coefficients as small as we
please, @(x) becomes resolvable into a product of quadratic
factors with rational coefficients.

8. Let Q(x) = aoF(x) and n — » = m. Then F(x) may
be written in the form

(0] Fl) =am— ca™ 14 -+ 4+ (— 1)y,

This function has rational coefficients, no zero intervals, and
its diseriminant D is not 0.
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Form the function
Fi@) = (@ — 2)(@— x) -+ (& — )

=a™ — fia™ 4 o0+ (= D),
where @y, @z, -« -, ) are independent variables.
Select any two of these variables, say x; and az, and form
the function

3 g = p(a + ) + 21,

where p represents a rational integer.

Of the m! permutations of a1, a3, - - -, @, there are 2(m — 2)!
which leave g interchanged. But if we apply all the m! per-
mutations we obtain a system of p = m(m — 1)/2 conjugate
functions

(4) g1, 925 * 5 9o

of which one, say ¢, is g itself. Moreover since the difference
of any two of these functions, namely

p@n + @) + xre — p(x: + ;) — 2,

cannot vanish for all values of p unless @, = x;, 2 = ; or
xn = @, a, = @;, we can always so determine p (and we shall
suppose this to have been done) that the functions gy, ge, - -+, g,
are all different, provided, of course, that the discriminant of
Fi(z) is not 0. The function g = g, is therefore a root of an
equation of the pth degree

(6) g (g—9) =@ fi,fo s fm) =0

with coefficients which are rational integral functions of the
fi’s. The discriminant of this equation is not 0 and the equa-
tion is irreducible in the domain of rationality of the f/’s.

Every rational integral symmetric function of the variables
21, @2, 1s a rational integral function of g, of degree p — 1 at
most, with coefficients which are rational in fi, fo, -« -+, fin.

For let v be such a function and let v1, v, - -+, v,, where
Y1 = v, be its conjugate functions arranged to correspond to
the conjugate functions g1, ¢, - -+, g, By Lagrange’s inter-
polation formula, the function f(z) whose values for z = ¢,
G2 ** 5 Jp AT€ Y1, Y2, ** *, 7Y, Pespectively is

¢ vi s 't s Pt o A5
©® 160 =52 i e Gy
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where the coefficients so, 1, - - -, s,—1 are rational integral func-
tions of fi, - -+, f» and the denominator is the discriminant of
¢(z) = 0. Therefore

_ Y e iV e w R
The function Fi(x) can be reduced to the form
Fi(2) = [2* — (0 + @)z + ax]Q, 21, @, fi, -, f),

where @ is symmetric with respect to 1, a2, and therefore,
by the theorem just demonstrated, to the form

® Fy(z) = [‘C2 —olgx+ 1//(g)]Q(a:, 9, fl; o "fm):

where ¢(g), ¥(g) and @ are rational with respect to the fi’s and
¢ and integral with respect to g. But from (8) the congruence
Fi(z) — [2* — p(x)x + ¢(2)|Q[2, 2, fi, - -, fu] = 0 (mod z — g)
follows, and from this in turn, since ¢(3, fi, -+, fm) is the ir-
reducible function in the domain of rationality of the f/s of
which z — ¢ is a factor, the congruence

Fl(x) - [x2 - QD(Z)x + ll/(z)]Q(x; %, fly . '1fm) =0
[mod ¢(z, fi, «« -, ful-

If in (9), we substitute for the f.s the corrresponding coeffi-
cients of the given function F(z), we obtain

F(x) - ["l:2 - ¢(Z)x + ¢(Z)]Q[$, Ry 01y * vy Cm] =0
[mOd ¢(Z, C1y *°, Cm)]’

where the coefficients of ¢(2) and ¢(z) are now rational func-
tions of the ¢;/’s. But from (10) it follows that if we carry out
the complete division of F(x) by 2* — ¢(z)x + ¢¥(3) we shall
obtain a remainder which can be reduced to the form
[ro(2) « + 71(2)]p(2), where 74(2), r1(z) are integral functions of
2, and ¢(2) stands for ¢ (3, ¢1, + -+, cm). Hence the result of this
division may be written

F(x) — [2* — o)z + ¢ ()], 2, ¢1, « -, Cm)

= [ro(2) + 11 (2)]p(2).

Since by hypothesis Disc F(z) is different from 0, so also
is Disc ¢(2). Therefore ¢(z) has no multiple factors. We
proceed to show that ¢(z) has u = m/2 zero intervals.

©)

(10)

(1)
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With the given function F(x), which has no zero intervals,

associate the function F(z) = F(z) + 7F'(x), where 7 is a
constant so chosen that Disc [F(x) + tF’(x)] does not vanish

as ¢ varies from 0 to 7, and therefore F(), like F(z), has no
zero intervals. Then X(F, F) = 0 (§ 6).

Again let f(z) = H[a? — 2a2 + (¢ + b?)], where the a;,
b; are any pairs of rational integers, all different; also let
f(x) = f(x) + 7f'(x) be a polynomial related to f(z) as is F(z)
to F(z). Then X(f,f) = 0.

Finally form the pair of functions

Fi@) = 1 — 1) f(2) + t F(2),
Fy2) = 1 — ) f(z) + t Fla),

Evidently F.(z) and F(x), as thus defined, have positive
values only. Therefore, if they have a common factor for
any value of ¢ in the interval (0, 1), this factor must be of even
degree, hence of the second degree at least. But if Fy(z) and

Fy(x) are to have a common factor of the second degree, ¢
must satisfy not only the condition R(F;, F;) = 0 but also the
condition dR(F:, F,)/da = 0, where a denotes the term in
either F,(x) or F,(z) which does not involve z;* and therefore
the coefficients of F(x) and f(x) must satisfy the condition
R[R(F, F), dR(F,, F,)/da]l = 0. This last condition is not an
identity. Hence the numbers a;, b; on which the coefficients

(12) 0t

* It may be proved as follows that if the functions V(z) = vy + iz
+ oo 4 vpamand W(x) = wo + wix + - -+ 4 wsz™ are to have a common
factor of the second degree, to the condition B = R(V, W) = 0 there must
be added the condition dR/dvy = 0. For the functions V(z) — V(u) and
W(x) — W(u) have the common factor x — u, and therefore

R(vo — V(u), v1, *++, Uny wo — W(u), w1, *++,ws) =0

identically. But if we take the derivative of this identity with respect to
v1, develop the result in powers of V(u) and W(u), and then replace u by
x, we obtain an identity which is equivalent to the congruence

oR oR
¢)) 30" T a0,

+5==0 (modd. V(z), W(x)).

Hence if V(z) and W(z) have a common factor of the second degree
both dR/dvy = 0 and 8R/dv: = 0. But dR/dv:1 = 0 is not an independent
condition; for since B = 0 is a sufficient as well as a necessary condition
for the existence of a common factor of at least the first degree, if both
R = 0 and 8R/dvy = 0 it follows from (1) that dR/dv: = 0.
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of f(z) depend may be so chosen that the condition is not
satisfied. Suppose such a choice to have been made. We
then have R(F;, F,) + 0, and therefore Disc F,(x) =+ 0, for
all values of ¢ in the interval (0, 1).

Let ¢o(z) be the polynomial obtained from ¢(z, fi) by re-
placing each (— 1)if; by the corresponding coefficient of f(x)
expressed as a polynomial in @. The equation ¢¢(z) = 0 has u
real roots, namely, 2pa;+ (¢*+b:%) (t=1,2, ---,u). Hence
X(¢, ¢) = p/2.

As t varies from 0 to 1, and therefore F;(z) from f(x) to F(x),
the function

13) ¢:(z) = (1 — D)do(2) + 1o (2)

varies from ¢o(z) to ¢(2). Since Disc F;(x) never vanishes
during this variation, the like is true of Disc ¢:(z). Therefore
since X (¢, ¢¢’) is u/2 when ¢ = 0 it is also u/2 whent = 1. In
other words, ¢(z) has u = m/2 zero intervals, as was to be
proved.

Therefore, if s denote an integer (determined as in § 4) such
that no z-interval of the magnitude 1/s contains zero intervals
of both ¢(2) and ¢’(2),and if D = Disc ¢(2), we can, asin § 5,
find u intervals

(14-) (g‘l,a 51”)1 (?2,’ §—2”)1 Tt (g‘u,: ;u”)
of the magnitude 1/rs | D | such that

¢(ENP(5’") < 0 and [$(z) | < 1/r for ¢/ <z < &
(7‘= 1:2: "”I»"):

where 7 is an integer which may be taken as great as we please.
If ¢; denote any number in (¢/, ¢’') and we set z = ¢;in (11),
we have

F(m) - [a:2 - §0(§i)313 + ¢(§t)]Q(w: g‘i: Cy ** cm)
= [ro(§ )z + n(§)le(€),

where the right member is a linear function of « with rational
coefficients which are numerically less than 7o(¢;)/r and r1(¢3)/r
respectively and can therefore be made as small as we please
by a suitable choice of ». Moreover, as in § 5, we can deter-
mine an integer r such that for » > r each of the products
[x2 - (0(3‘1:)33 + ¢(§'z)]Q(x: Ei; C1, =y cm) (1‘ = 1’ 2’ ) IJ') iS,

like F(x), without zero intervals.

(15)
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It has therefore been shown that we can find u quadratic
factors with rational coefficients and without zero intervals

Gr = 2* — ¢(f) + ¥(§1), G2 = &® — Y(f)z + ¥(2), - -,

Gu = = Yz + ¥

such that each of the remainders Rem (F/G.) will be as small
as we please. But from this it follows that the remainder
Rem (F/Gy, G, ---, G,) can be made as small as we please.

For if no two of the functions G;have a common factor, and
we shall show that this is the case, we can find two integral
functions Py, @, such that

(16) P,-GiGy - - - Gy1Grqa + -+ G, + QuGr = Ry,

where Py is of the first degree at most, both P, and @ are
integral with respect to the coefficients of the functions @,
and Ry is the resultant R[Gx, G1G: -+ Gy1Gry1 - -+ G,].

Let P’ = Pi/R:, so that P,/ has fractional coefficients, but
such as involve only factors of the form R(Gi, G1), R(Gx, Gb),
-+« in their denominators. It will then follow from (16) that

Pk’-G’le s Gk_le+1 LA G“ =1 (mod Gk)

and, therefore, if @ = G1G: - -+ G, that

2 PGz GoiGir -+ G, =1 (mod G).
k=1

But each term in the first member of this congruence is of
the degree m — 1 at most, while G is of degree m. Hence

I
2P/ -GGy GaGrn - G, = 1,

k=1
from which it follows, by multiplying throughout by F/@G, that
’ ’ ’
an F _FP/  FP FP,

icate Tt
and therefore that

F Fpy
Rem(-é)-— GGs -+ G, Rem( G )+- .

+ GGy Gy Rem(Fg“ )

(18)
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Rem (F/Gy) is [ro(tr)2 + r1(&x)lp(¢r). Hence Rem (FPi'/G)
is of the form (axx + bi)p(¢r)/ Ry, where a; and by, are integral
functions of the ¢{’s. Therefore since each Ry is different from
0 and each | ¢({%) | is less than 1/r, Rem (F/G) is a polynomial
in 2 of degree m — 1 at most with coefficients which by a suitable
choice of 7(> 7) and the consequent choice of the numbers {%
can be made as small as we please.

9. It remains to prove that the resultant of no two of the
functions G, say the functions G = 2* — ¢(§1)x + ¥(§1) and
Gy = 22 — o(to)x+ Y (¢2) can be 0, that is, less numerically
than every assignable number 8. This resultant may be
reduced to the form

16 R(G1, G2) = (1) — o(§2))* + 2(e(§1) — ¢(§2))?
(19) X [49(5) — (1) + 4 (§2) — o*($2)]
+ [4W(E) — ¥()) — (©*¢1) — "G

Both 4y/(&1) — ¢%(¢1) and 49(82) — ©*(2) are positive. Hence
R(Gy, Ge) cannot be numerically less than every assignable
number unless the same is true of both ¢({;) — ¢({2) and
Y1) — ¢(¢2). But, as we proceed to show, at least one of
these differences is numerically greater than a definite positive
number.

In defining the function g = p(a; + 22) + 2122 we subjected
the integer p to the single condition implied in the requirement
that the discriminant of the equation ¢(2, f;) = 0 of which ¢
is a root be not 0. We shall now define p more closely, as
follows. Let
(20) p=2¢+1t where t 2¢q2=1,

determining the integer ¢ also so that the equation ¢ (2, f;) = 0
of which the function g1 = g(x1 + a@2) 4+ @122 is a root shall not
have a zero discriminant. This function ¢; is a rational
integral function of g¢; let ¢ = 6(g, fi). The equations
(2, fi) = 0and ¢1[0(2), fi] = 0, of which the first is irreducible,
have the root g in common. Therefore ¢,[0(2), fi] is exactly
divisible by ¢(z, f;). Hence, if in these functions we replace
the fs by the corresponding coefficients ¢; of F(z) and call
the resulting polynomials ¢(2) and ¢:[6(z)], we have

@1 $1[6(2)] = o(2) Q(2),

where Q(2) is integral and all the coefficients are rational in the
coefficients of F(x). If, therefore, any interval (2, 2’) con-
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tains a zero interval of ¢(z), the interval to which the values
which 6(z) takes in (2/, 2””) belong will contain a zero interval
of ¢1(2).

Let 1/s; represent the magnitude of an interval which cannot
contain zero intervals of both ¢1(2) and ¢:'(z), the integer s
being determined as in § 5; let « be an integer greater than
all the values of |[0(z+ o) — 0(R)]/c|, || £ 1, in the
interval (— ¢, ¢1) in which all the zero intervals of ¢:(z) lie;
finally, to the conditions already stated for determining s for
¢(2) add s = s;u. We shall then have for all values of 2 in
(— e, a)

22) |6G+0)— 0@ [ <|ely (o<1

Therefore to values of z belonging to intervals of magnitude
1/s and 1/rs| D | respectively there correspond values of
6(z) belonging to intervals of magnitude 1/s; and 1/rsy| D |.
The numbers {; and ¢, belong to zero intervals ({1/, {1’’) and
(&', &) of ¢(z) of magnitude 1/rs|D|. Hence 6({1) and
0(t;) belong to intervals of magnitude 1/rs)| D| which it
was shown above are zero intervals of ¢;(z). But from this
and the fact that no interval of the magnitude 1/s; can contain
zero intervals of both ¢1(z) and ¢,/(2) it follows (see § 5) that
| 0(¢) — 0(¢2) | > 1/s1. Therefore, if for brevity we set
() = a1, 0(52) = agy &1 = by, &2 = b, we have

@)  la—a|>> ad |b-b|>7.
Since
P+ @) + owe =g, g+ 22) + v = 0(g),
it 2= o), w=y(@)
we have, on replacing g by ¢,

pea) + ¥ = & ge(C) + () = 6(5a)
and therefore
N o 0E) =& _ pOEs) — ofs
(24) o(§d) i—p ° Y p—q °
It therefore only remains to prove that one or other of the
quantities

25) di=a—a— (h—by), o= plas— @) — q(by — bo)
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must be numerically greater than some definite positive num-
ber. We shall show that 1/s; is such a number.

For if |di| < 1/s; then b — by = a1 — ap == 8/s; where
0 £ & < 1, and therefored, = (p — ¢)(m — az) == 8g/s1, which
by (20) and (23) is numerically greater than 1/s;.

And if |dy| < 1/s1, then q(by — by) = p(a — @) = &'/s,
where 0 £ &’ <1 and therefore dy = — (¢4 )(1 — a2)/q
=+ §’/gs1, which again is numerically greater than 1/s;.

10. Kronecker’s theorem has now been demonstrated. For
referring to equations (1) of § 7 and (18) of § 8 it will be seen
that if we set

Fuy(@) = 8@)[r" + aol@w — &) (@ — &) -+ (@ — £)-Rem F/G

we shall have

1) f@) — For(x) = ap(e — &) (@ — &)+ (. — &)
X (@ — oz + Y1) - - - (@ — o(C)z + ¥(£.).

We have given methods by which », the numbers £; and ¢,
the functions ¢(¢), ¥(¢), and the remainder function F,.,(x)
may be determined from the coefficients of the given poly-
nomial f(x) = 2%_,a%"* by a finite number of rational opera-
tions. The function F,,(z) is of degree » — 1 at most. Its
coefficients are all numerically less than %/’ or k/r, where k is a
determinable positive number, and can therefore be made as
small as we please by assigning sufficiently great values to
r" and r and then making the corresponding determinations of
the numbers §; and ;. And when the coefficients of f(x) are
subjected to the variation which consists in subtracting from
them the corresponding coefficients of F,.(x), the resulting
polynomial is a product of » linear and (n — »)/2 quadratic
factors, all with rational coefficients.

In conclusion it may be remarked that if recognition be
accorded the irrational numbers, and we represent the limits
which the numbers £; and {; approach as ' and r approach
infinity by £/ and ¢/ respectively, it will follow from (1),
since lim F,.,(x) = 0, that

@ f@) = a(x— &) -+ @ — &)@ — o)z + ¢¥(&)
cee (@ = o )e + YD)

(
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so that from the result of Kronecker’s discussion there follows,
for numerical equations, a proof of the fundamental theorem of
algebra as ordinarily stated.

PrINCETON UNIVERSITY,
December, 1913.

TWO CONVERGENCY PROOFS.

BY PROFESSOR ARNOLD EMCH.

(Read before the American Mathematical Society, December 30, 1913.)

1. Introduction.

In the study of automorphic functions defined within a
fundamental domain G formed by two non-intersecting circles
in the “elliptic” case and by two tangent circles in the “trigo-
nometric”’ case, it is necessary to prove the convergence of
certain fundamental series, as has been shown by Schottky
recently.* In the first case the substitutions of the cyclic
group associated with it may be written in the form

Hn—a ,r—a
@ m,\—b—qx-b’

where N may assume all integral real values between — « and
+ o and where ¢ and b are invariant in all substitutions of
the group. When 2 describes the circle K_; of the funda-
mental region G, x; describes the circle K; forming the other
boundary of @. =, describes a circle K, and all circles K, of
the pencil with o and b as limiting points divide the whole
z-plane into a set of regions corresponding to the substitutions
of the group.t Schottky bases his proof of the convergence
of the series 2r, of the radii of the circles K, on the invariance
of the expression

(r s 7’A+12 - e}\z)z
47'4\27'A+12

- 1

* “Ueber die Funktionenklasse, die der Gleichung ¥ (:: -'_;_g) = F(x)

geniigt,” Journal fir reine und angewandte Mathematik, vol. 143, pp. 1-24

(May .
T§ee also Klein-Fricke, Vorlesungen iiber die Theorie der elliptischen
Modulfunctionen, vol. 1, pp. 163-207.



