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The norm of the number on the left is found to be p. It seems
impracticable to determine whether or not p has actual prime
factors in the field of 128th roots of 1, but this is very im-
probable, as the class number in that field is a multiple of
21,121.*

The use of complex numbers appears to be of no assistance
in the problem of determining whether F, is prime or composite.

AN EXTENSION OF CERTAIN INTEGRABILITY
CONDITIONS.

BY PROFESSOR J. EDMUND WRIGHT.

SuPPOSE there are n functions a,, a,, - -+, a, of n indepen-
dent variables x,, @,, -- -, ®,, satisfying the conditions
da, Oa

—2_ _91_0
ox 6mp

q
for all values of p and ¢. It is well known that the functions
a must all be first derivatives of a single function V. Simi-
larly, if there are jn(n +1) functions a,. such that o, =@,
satisfying the relations

6ap ‘_ ?ﬁg
O, awq

for all values of p, ¢, r, then the a’s must be second derivatives
of a single function.
The following question arises in connection with an applica-
tion of the theory of invariants of quadratic differential forms :
Suppose there are n(n41) functions H,, K such that
H, =H, K, =K ,satisfying the conditions

0 oY 0 oY
@(H;)q)"'](p K

q@=5g( .+ v B,
for all values of p, ¢, r; Y being a given function of the vari-
ables ; what are the conditions on the functions H, K?

We first consider the case of 2n functions a, a,, - -+, a_; b,
b, -- -, b, satisfying the conditions

* Reuschle, Tafeln, p. 461.
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Take three equations of the type (1), those for (p, ¢), (g, 7),
(v, p), differentiate the first with respect to », the second with
respect to p, the third with respect to ¢, and add. The quan-
tities @ are eliminated, and we have the result

(2) (bqr - brq) Yp + (brp - bpr) 17;1 + (bpq - bqp) :Yr = O’

where additional suffixes denote differentiation.

Now the equations (1) are unaltered if we replace b, by
b, + \Y, where \ is an arbitrary function of the variables, and
flinctions b and A can be determined to satisfy the two equations

ob 0b
b1=XY.]+é?17 bz=)“Y'2+a_w;v

for elimination of A gives a single equation for b, and any solu-
tion of this, combined with one of the above equations serves
to determine A.

We may thus in equations (1), (2), assume b, replaced by
b;, where b] and b, are first derivatives of a function b. Also
we write

In equation (2) give p, g, r, the values 1, 2, 3. It becomes
precisely
J(X’ b's') —0
L1y Xy ’

and therefore b; is a function of Y, @, 2, - -+, wn only

We can therefore find a function F(Y, x,, z,, ---, «,) such
that 0] = (0F/0x,), where the suffix indicates that Y is kept
constant. Hence

. 617' oF
b, YY?"
also
6F oF oF OF

=ov v oz, 0Y Yo
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and therefore

oF

b, _(h-éY)Y’*'a b+ F),
oF

bz=( aY)Y +6w b+ F),

oOF
53=( aY)Y +a G+ ),

or, changing the notation, we have found functions 6 and A
such that b, =AY 40, and b, = 6b/ox, for p =1, 2, 8.

If we now apply (2) for theé three sets of values (l 2, 4),
(2, 3, 4), (3, 1, 4), we get

J(Y’b4)=o, J(Y’b4>=0, J(Y’b“)=0,
Ly Xy Lgy Xg Lgy Ty

and hence b is a function of ¥, «,, ,, ---, ¢, only. As be-
fore we may modify A and b, so as to make b, _ab [0z, for
p=1,2, 3, 4, and the process may be continued so that finally
we have

ob
(3) b=Vt 5

for all values of p.
Again, from (1),

ob 0Y ob oY

Ox 69c am 690 Ox, 6wp
0 ( 5 0 Y) 0 ( b 0 Y)
8a:p ox . ox . ox. )’

0 baY 0 oxr
T\t e, )T\ 4T )

and therefore

or

oYy oz
“=la Yo,

»

where Z is a new function. The complete solution of (1) is
therefore given by

oYy oz oY ob
(4) p__b wp‘l"é&,’;‘) bp=>"a_wp a;)

where Z, b, A, are three arbitrary functions.
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Now consider the equation
oYy @ oY
(5) aw (H,)) + K, am a—xq( o) + K, aw

Keep p fixed, and let H,, = a, K,,= — b. We now have
equation (1), and hence

oY 07,

(6) I{pq=—Bp5w + = awq’
oY 0B,
0 By =g+

where \,, B, Z,, denote 3n as yet arbitrary functions.
Again, H, = H,, and therefore from (6)

0z, 0Z, _ B, Y_ 24 ’
o, o, 70x,
This equation is of the same type as (1), and hence
© 2= 3L 5y
Similarly from the condition K| = K we have the equations
PN T Y
It follows without dlfﬁculty that v = — A, 7 = B, and hence,
substituting in (6) and (7) we have the final results
g _\2Y3Y 0BOY oBoY . FY  oC
g oz, Ox, Oz, 0r, Ox, 0, Oz, 0z, ' Ox Oz

e oY oY oan oY on Y N Y o*B
v =My ow, ~ w, 0w, oz, ox, " dw,0w, | 0w ow,
The n(n + 1) quantities H, K, thus depend on the four arbi-
trary functions A, u, B,
The above relations may also be written
g .24 FB 0¥ oY
= a_"“x oo, * Y ou0m, T é“x 5@’
oY oY
a 7 (B XYHYa ax Tt He B,

BRYN MAWR,
May, 1909.



