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All the terms in the product of these two series, after the second
term, vanish. Putting the sum of the first two terms = N =0,
we have ay— d(a,+ 1)=0. If we assume a; = — 12, then
d = 10, and the two factor series become

U= — 10— 11} — 1122 —...
U=1—-11494+11—-9—-114+9+ 11 —...

Since U U’ =0, we have U?- U”? = 0. As all the terms in
U are of the same sign, it is easily seen that U? is divergent
for all positive integral values of p. U’ and U? are also
divergent.

§8. If we assume t=2, s=1,¢=—1, q,=1, b, =1,
N = 0, then the condition that the sum of the product of (5) and
(6) shall vanish becomes d? + 1= 0 and (letting i = 1/ — 1)
the factor series thus obtained are the two complex divergent
series

14+ 4+)+i4+04+14+@E+1)+i+0+--.

1—A4+)+(E—-D+E+D)—=GE—=1)—@GE+1)+---

CoLorADO COLLEGE, COLORADO SPRINGS,
April 12, 1902.

THREE SETS OF GENERATIONAL RELATIONS
DEFINING THE ABSTRACT SIMPLE GROUP
OF ORDER 504.

BY PROFESSOR L. E. DICKSON.

(Read before the American Mathematical Society, October 25, 1902.)

1. CONSIDERABLE interest attaches to the simple group of
order 504. The existence of this simple group was discovered
by Professor Cole.* This was one of the facts that lead Pro-
fessor Moore t to his investigation of the linear fractional group
in the general Galois field, resulting in the discovery of a new
doubly infinite system of simple groups.

* ¢¢On a certain simple group,”” Mathematical Papers, Chicago Congress of
1893.
1 BuLLETIN, December, 1893 ; Mathematical Papers, Congress of 1893.
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The first set of generational relations follows readily from a
general theorem quoted, with references, in § 2. From it is
derived, in §§ 5-9, the second set of generational relations

A'=1, B'=1, (AB}=1, (A*BABA*BY=1I.

The same method was followed by the writer * to determine the
well-known generational relations for the simple linear frac-
tional groups in the GF[5] and GF[2*], each of order 60 ;
and for that in the GF[TE, of order 168. In a “Note on the
simple group of order 504,” Burnside 1 established the above
second set by a direct analysis. Other derivations of this sec-
ond set are due to R. Fricke { and to De Séguier.§
The simplest of the three is the (new) third set

C°=1 D=1 (CDP=1 (C°DC°D}=1.

First Set of Generational Relations, §§ 2—4.

2. THEOREM.|| The group of all linear fractional substitu-
tions of determinant unity in the GF [ p] is simply isomorphic
with the abstract group generated by the operators T and S,
(A running through the series of p™ marks of the field), subject to
the generational relations

(1) =1, S§=1 88,=8,,, (N, p any marks),
(2) SIS, TSy TS _ -y TS,, , T=1

Ap—1 Ap—1

(M and p any marks such that Au == 1).

3. For p" = 23, the group is a simple group of order 504.
Tt the GI' [2°] be defined by the irreducible congruence

P=i+1 (mod 2),
so that the marks of the field are

0, 1, ¢ <+1, & @41, #44 @4+i41.
) ) Y

* Linear Groups, pp. 302-303.

+ Math. Annalen, vol. 52 (1899), pp. 174-176.

1 Ibid., p. 335.

§ Journal de Math., series 5, vol. 8 (1902), p. 267.

|| Found, but not yet published, by Professor Moore. A different proof for
finite fields is due to the writer : Linear Groups, pp. 300-302.



196 THE SIMPLE GROUP OF ORDER 504. [Jan.,

The relations 5,8, = 8§, , , all follow from
(3) 82': Sf+1—'S?2 8% Sf2+z=‘612h+1 1,

241 T
(4) 8,8, = ’S+v S8 = 8y 1y S5 +1'—Si'~’+i+1’ SpS; =8,

Taking the inverse of every member of (4) and applying (3),
we get

8,8, = 8,1, SeS = Sep, SpiSi= Sprin SiSe= Seys
To show that S;S, = §;,, for every mark u, we note that
88, =28,-88 =28, 88, =888 =828 =81
8;82,,=48,-8,8:= 80 S8p1s0.=78; 8pp;S,= 828, = Sp,
Then §;,,8, = §,,,,, follows at once, since

8,8, = 8,88, =88, =45

itu T Fltitwet
That 8,8, = S,,, A= &+ 1,7+ 14, or & + i + 1) follow
quite similarly.

4. For A= 0 or 1 or for u = 0 or 1, relation (2) reduces to *

(5) (78, =
Among the remaining relations (2) occur the following six :

(6) SIS, TS, 18, TS, ;T =1,
) SaTSTS, TS, ., TS, T = I,
(8) S 181 T8 TS, TS, T = 1,
9) Sp T8, TSy 18, TS, T= 1,
(10) By T8y, TS TS, TS T = 1T,
(11) Siey i1 T80y I8, TS, TS, T'= 1.

From these follow all the relations (2) in which neither A mor u
is 0 or 1. For, in (6)—(11), each subscript 7, i 4+ 1, % @* + 1,
&+ 14,4+ i+ 1 is followed immediately by all of the others,
exceptmg its reciprocal, provided the first subscrlpt be legarded

*Thus, for A =0, (2) becomes T'S. SII’S' TS yr1T=1 Transformmg
both members by TS,L, we get T'S, TS, ’l'S1
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as following the last ; while from (2) results an equlvalent re-
lation by using for the initial A, p any two consecutive sub-
scripts.  We have therefore the following
THEOREM.*  The abstract simple group of order 504 is gene-
rated by the operators T, S|, S;, S, Siy Siz41s Sprip Sippspr SUb-
ject to the generational relatwws T*= I and (3), (4), (5), (6), (M),
(8), (9), (10), (11).
Second Set of Generational Relations, §§ 5-9.
5. Transforming both members of (8) by 1S, ,, we get
(12) S T8, IS, TS, = 85, ;T8 TS, e
Denoting each product by P, we form P7TP and get
Sia(T8;40)" = Sy TS TS TS TS TS,
In view of (10), the second member equals

Sy TS TS.TS,,, - Se, s = iy

Hence
(13) (78, = I

Set A= 18S,,,, B=S, By (3), (%), (5), (13),
(14) A'=1, B =1, (AB?= L

6. From (10) and (7), we obtain respectively
BT8. = S, TS, , TS, TS,,, TS, ., = A2 BA?,

i1 i1

Sy = TS, TS, TS, TS, T.

*Note added \‘ovember 10 lhe 1elatwm (8), (9) (10) may be omatted.
Indeed, we may write (6) thus:

S ZYS TS; 2k }—1S17YS@ +1TS 2+LT'_I

Replacing 18, T8,z ;41 by 8;2T8;2TS; T, as may be done by (7), and then
8T by S, Tél, as may be done by (5), we obtain (10), with its subscripts
permuted cyclically. Again, we may write (6) thus:

S; T8 1181 TS;ey s TS24 TSs2y ; T'= L

Replacing S; TS+ by I'S;11 1824 ;41 TS24 ;1 T, in virtue of (11), and then

T8, T by 8118y, in virtue of (5), we obtain a relation immediately equiva-
lent to (9). Finally, we may write (7) thus :

;S’ 2 I'S; 218 @+1 Ts; i24i IZYS T=1I

Replacing ;41 T8;24 ;411 by TS;TS;+11S;24 41, in virtue of (11), and
then 18,71 by $,T'S), we obtain (8)
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But ABA-'= TS, 7. Hence

(15) Seyi=ABAPBA’BA~,

(16) Sg.,=B-ABAPBA’BA™'= A"'BA*BA*BA~,
since BAB=A"T"BA~" by (14). Since S, is of period 2,
(17) (A’BA°BA*B)* = 1.

7. We next express all the generators of the group in terms
of A and B. Transforming (8) by 7S,,,, we get

By AP TS, S TS T = I.
Replacing S, , and 8,78, by their values and 7S, by AB,
(18 T= A"'BA*BA*BA*BA°BA®.
Since BA’B = A-'BA?*BA~" by (14), we get
T= A"'BA*BA’BA-*BA*BA®
= A"'BA’BA*BA—*BA*BA>

Replacing BA=*BA*BA? of period 2 by (17), by its inverse,
we get
(18) T= A"'BA*BA*BA®BA*B.

8. The 8, are given by (15), (16) and the relations

S, =1TAB, S;,,=T7"'A4,8,,;,= TABS,,,,,, Sp= S, .

Some of these relations may be simplified. Thus,

Sp,;=ATBA*BA*BA’BA*B- AB- ABA—BA*BA~!
= A'BA*BA*BA*BA'BA*BA™! [by (14)]
= A"'BA*BA’BA*BA*BA™  [BA'B=ABA]
= A7?BABA*BA'BA*BA™!
[BA*B=A"'BA~*BA™"]

= A?BAB- BA’BA*BA®- A™! [by (17)]
= A*BABA*BA*
= A—BA*BA-? [BAB=A""'BA™"].
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Taking the inverse for S, we have the relations
19 S;=B, S,=TAB, 8., =A*BA°BA?
(19) S=T7"4, S,= A*BA°BA’B.

9. THEOREM. The simple group of order 504 is generated
by two operators A and B subject to the generational relations
(14) and (17).

It remains to show that the operators defined by (15), (16),
(18) and (19) satisfy the relations 7'?= I, (3)—(11), in view
of relations (14) and (17) alone. We derive at once the re-
lations

=1 Shyin=1, 8h, = 1, 8h=1, 8,8,= Sy,
8%,,= A*BA°- BA7'B- A°BA?
= A*BA7'BA7'BA*= A" = 1.
Since BA’B = A7'BA?BA™" by (14), we get
T*=(A°BA°BA*BA’BA’BY
= A*BA°BA*- A’BA*BA*- A’ BA’BA*BA*B

[by (17)]
— A°BA*- BA*‘BA‘BA*B- A*BA’BA’B
— ASBA®- ASBA*BA® A*BASBA*B [by (17)]
— (ABA*BA*BY = I [by (17)].

That S,,, = 7' A has period 2 is shown as follows :
ATAT = BA’BA*BA’BA°*BA’BA*BA*B

[by (18)]
= BA* A’BA*BA*- A*BA*BA’B =1
[by (17)].
We may show that S? = I by indicating the square of

(20) T7'AB = BA*BA*BA*BA*BA’B

and replacing BA™'B by ABA six times in succession. We
have therefore derived all the relations (3) and 7’2 = 1. Next,

88;=TAB-B=T"'4 =S8,

i+l 3

8, =TAB=A"'BA*BA*BA*BA’BA’B = 8,8,
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upon employing for 7' formula (18’) which follows from (18),
(17), (14). Hence S,S, =S, ,. Again,
8,81 = 8,858, = 818 = (8804) ™ = Sitinn = Sevi
Hence relations (4) have all been derived.
It remains to derive relations (5)—(11). From what pre-
cedes, we may make use of relations (1). Since I8, = AP,
(5) follows from (14). We next verify that

(21) S‘QTSiz = .A_Z.BAz.

Employing S, = S;' = BA*BA*BA* and the value of 7 from
(18), we obtain as the condition for (21),

A*BA*BA*BA’BA*BA*BABA*B = 1.

Replacing the first two products BA?B by A7'BA~? BA~!, we
get
A’BA*BA*BABA*BA*BA°*BA’B = 1.

Replacing BAB by A7'BA~" and then BA'BA*BA? by its
inverse, in view of (17), we get

A*BABA*BABA*B = 1,

a relation following readily from (14). As in §6, (10) and
(7) follow from (21), (15), (16), and
(22) ABA™ = A8, S;S, A7 = TS/T.

1 i+l

From (18’) and (21) follows (8) as in §7. Note that (10)
also follows from (8), and A7 = I, as in §5.

Employing (22), relation (6) may be written
B-ABA7-8S,,,- TS, - 8pTS- ST = I

Applying (14), (19) and (21), the relation becomes
A7'BA™? - A*BA°BA* AB- A7*BA*- BT'= 1.

By (14) we may replace BA°B and BA—*B by ABA*BA :
A7'BA-ABA*BA-A*- ABA*BA - A*BT = 1.

Replacing BA°B by ABA, we get, by (18),

A7'BA*BA*BA*BA*BT = 1" = 1.
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Transforming (11) by 7, we get
TS;418pTSe 8,1 T8, T-8;- 18, = L.
Setting 7S, = A4 and S;= B, and applying (21), it becomes
an identity.
To verify (9), we write it in the form

Sﬂ+1' TSl'SizTSiﬁ'SHlT'Si'SﬁTSfZ'S' T=1

17

Applying (16), (21), I8, = 4B, S, T=A"", S,=B, it
becomes

A7'BA’BABABABA = I,
which is an identity since BABAB = A~ by (14).

Third Set of Generational Relations, §§10-12.
10. Consider the two operators

C=81T, D=8_,,.
From (6) and (8) we obtain respectively
(8,1 = 8184,, TS T, T8, TS, T=S8,

i1 18 'i+1TSﬁ+1‘
Hence, applying also (11), we derive

241

(SiT )9 = (Si2+i+1TSi+1T Si2+1)2SiT =1
Also, DC= ST is of period 3 by (5). Hence
(23) D=1 C'=1 (DCP =1
11. Noting that C~'DC = TS, T, we may write (11) thus:
Seri1I8e, ;- DC-D-C1- C71DC = 1,

Ser:11 T8y, ; = C'DC*DC-'D = CDC*DC.

Multiplying the latter on the left by S, , and on the right by
S, T, we get
8,187 = DC'DC*DC* = CDC*DC*.

Applying this result in (7), we get
S T= C°'DC°DC".

We now obtain the formule *

* It may be shown that 82441 = Dd 7D0 3D,
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(24) S i = 8y, T- TS, = C°DC*DC"D,

24i+1
(25) Spp = Si2+iSi+1 = C°DC°DCY,
(26) SpT= 83, 8,T=DCDC*DC*.
Since Sg,, is of period 2, it follows from (25) that
(27) (DC°DC?) = 1.

We may write (6) in the form
C*-8,T-T8;- TS 8, T 8p,;- T= 1
Applying (26) twice and (24) once, this relation gives
C*DC*DC*DC'DC*DC*DC*DCD = T.
Replacing DC~'D by CDC in view of (23) and then C*DC°D
by DC'DC" in view of (27), we get

(28) T= C'DC*DC*DC’DC*D.

From the definitions of 4 and B at the end of § 5, we get
(29) A= TD= C°'DC*DC*DC*DCS,
(30) B= CT'= CDC*DC*DC*DC°DC?.

12. THEOREM. The simple group of order 504 is generated
by two operators C and D, subject to the generational relations
(23) and (28).

In view of the theorem of § 9, it suffices to show that, if 4
and /3 are defined by (29) and (30), relations (14) and (17)
follow from relations (23) and (27). First,

(31) BA = CT-'-TD = CD,

so that B4 is of period 3 in view of (23). To show that
B?= 1, we replace DC°DC"* by its inverse C°DC?D in the
indicated square of B and get

B*= CDC*DC*-DCD-C°'DC*DC°DC*DC?.

Replacing DCD by C—'D (" and, in the result, D C3DC" by
C*DCSD, we get

B*= CDC'DCDC*DCDC*
Making similar replacements, we get B*= C°DC°DC?® = I.
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In the indicated product A4, we replace DC°DC® by
C°DC*D, then DCD by C-'DC-', then C°DC'D by
DC*DC? then DC—'D by CDC twice, and get

(32) A*= C"'DC¢,
It follows at once that
A= C"DC*DC°DC®,
It will equal the expression for A~' given by (29) if
C*DC*DC’DC* = DC*DC*DCD.
Replacing C*DC®D by DC*DC”, the condition becomes
I= C*DC°DCDC*DC*D.

Replacing DCD by C—'DC and then C*DC*D by DC°DC3,
the condition reduces to an identity in view of D* = I, C° = L
Finally, to derive (17), we note that
BABA*BA®*= BA-A*-BA-A*-BA- A%
and substitute the values of B4 and 4* given by (31) and (32).
The result CDC°DC*DC? is evidently of period 2 by (23).

(Yenerators of the Linear Fractional Group of Order 504.
13. For the first set of generational relations, we may take

T: 2'="; S,: Z=z4p.

5 w

Hence, for the second set, we may take
1, .
A: z'=£+z+1; B: Z=z+1.

For this second set, Burnside employs
A =iz, B': 2= 57—
We readily obtain the relations
A'= T8, TS TS, TS, TS;,, = Sar; , T8p; TS, . TS0
B'= 8, T8, T8s;, TS,
For the third set, we may evidently take
C: 2/=1=+(+1); D: Z=z4+1+1.
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Note that S, T is of period 7 ; while

BAd: y="T'T°

is of period 9 ; also, as a check on (27), that

2 + 1
DC°DC3: 2= ——.
iz + 1
TaE UNIVERSITY OF CHICAGO,
October 19, 1902.

GENERATIONAL RELATIONS DEFINING THE
ABSTRACT SIMPLE GROUP OF ORDER 660.

BY PROFESSOR L. E. DICKSON.

(Read before the American Mathematical Society, October 25, 1902.)

THE abstract group of order 660, simply isomorphic to the
group of linear fractional substitutions of determinant unity
taken modulo 11, may be generated by two operators S and 7’
subject to the following relations : *

1) St=1I I"=1I (8Ty=1,
83383 3), (T 7777), (2248 4), (4 4 97 9),
5629 2), (6 6898), (8853 5), (9 9108 10),
(2396 7), (2 7693), (283710), (210 73 38),
(364510), (310546), (475610), (410 65 T7),
where the symbol (¢ b ¢ d e) denotes the relation

8T8 TS TS'TST = 1I.

These relations are very redundant. We proceed to reduce

* For a proof of the general theorem due to Moore, see Dickson, Linear
Groups, § 278, Corollary. When the field is of order a prime p, we may set
8, =48, S:= =8t By 4279, we need retain only the 16 relations («, b, ¢, d, ¢)
given above, since the others follow by a cyclic permutation of a, b, ¢, d, e.
It may be shown that 827, S3T, ST, 851, S6T, ST, S8T, S°T have the
respective periods 12, 5, 5, 6, 6, 5, §, 12, results not used here.



