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This product consequently denotes a function of unique char-
acter possessing all the essential properties of an ordinary
theta-tunction.

The special case given by the formula *

» fiﬁ(@)ﬂ
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w
in which
w=uw + ',

has been called by Weierstrass the sigima-function o(x), and
is the basis of his beautiful theory of elliptic functions.

EARLY HISTORY OF THE POTENTIAL.
BY PROF. A. S. HATHAWAY.

THE ob:]‘[‘ect of the present article is to correct an error that
occurs in Todhunter’s <“ History of the Theories of Attraction”
(vol. 1I., arts. 789, 1007, and 1138), and that is repeated,
doubtless on Todhunter’s authority, in various encyclopeedias.
This error consists in assigning to Laplace, instead of La-
grange, the honor of the introduction of the Potential into
dynamics, an honor that the Encyclopsedia Britannica makes
the basis of a eulogy to Laplace gau‘t. Laplace) in the words :
¢ The researches of Laplace and Legendre on the subject of
attractions derive additional interest and importance from
having introduced two powerful engines of analysis for the
treatment of physical problems, Laplace’s Coeflicients and
the Potential Function. The expressions for the attraction
of an ellipsoid involved integrations which presented in-
superable difficulties ; it was, therefore, with pardonable
exultation that Laplace announced his discovery that the
attracting force in any direction could be obtained by the
direct process of differentiating a single function. He thereby
translated the forces of nature into the language of analysis
and laid the foundations of the mathematical sciences of heat,
electricity, and magnetism.”

The announcement here referred to was made by Laplace

*33B4mRMANN, Theorie der amalytischen Functionen, Leipzig, 1887,

SCHWARZ., Formeln und Lehrsdize zum Gebrauche der elliptischen
Functionen, Gbttingen, 1885,
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in the course of a memoir by Legendre between 1783 and
1785 : Encyclopazdia Britannica (art. Laplace),—“* * * Le-
gendre in a celebrated paper entitled Recherches sur Pattrac-
tion des sphéroides homogénes, printed in the tenth volume
of the Divers Savans, 1783, * * * *7: Todhunter, Hist. Th.
Attr,, vol. IL, p. 20, ¢“ A yery important memoir by Legendre
is contained in the tenth volume of the Mémoires * * * pré-
sentés par divers Savans * * * ., The date of publication of
the volume is 1785. The memoir, however, must have been
communnicated to the Aeademy at an earlier period ; for, in
the treatise De la Figure des Planétes, which was published in
1784, Laplace refers to the researches of Legendre, which
constitute the present memoir: see p. 96 of ILaplace’s
treatise.”

Todhunter continues, in art. Y89 : ¢ In this memoir we
meet for the first time the function V which we now call the
Potential, and which denotes the sum of the elements of a
body divided by their distances from a fixed point. The
introduction of this function Legendre expressly assigns to
Laplace. The following are the circumstances :

A point is situated outside a solid of revolution. Le-
gendre has to determine the attractions of the solid at the
point, along the radius vector which joins the point to the
centre of the solid, and at right angles to this direction. He
has found a series for the former; and he says the latter
might be determined by similar investigations ; then he adds :
CR R XK gpgis on y parvient bien plus facilement & Uaide
dun Théoréme que M. de la Place a bien voulu me communs-
quer: wvoict en quot il consiste.”

Then follows the theorem, which is enunciated and im-
mediately demonstrated. The theorem is that the attraction

along the radius vector is — %—}7, and the attraction at right

. . av
angles to the radius vector is T
vector and @ the angle which it makes with the axis of the
solid : these attractions being estimated towards the centre,
and the pole respectively.”

As ¥ is the notation used by Laplace in this announce-
ment, it is plain, I think, where he found this method of
differentiation to get the forces ; for that is the notation used
by Lagrange in the last of several memoirs previous to 1783
in which he made use of the Potential. On this account it
may be well to notice this last memoir first : Theorie de la
Libration de la Lune. Mémoires de ' Académie royale des
%S'c%nces et Belles-Lettres de Berlin, Année 1780. @Euvres,
. V., p. 5.

; where  is the radius
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¢“The memoir is divided into five sections. The first is
desi%'ned for the exposition of a general analytical method for
resolving all the problems of dynamies. This method, which
I employed in my first memoir on the libration of the moon,
has the singular advantage of requiring no construction and
no geometrical or dynamical reasoning, but on]f7 analytical
operations subjected to a process that is simple and uni-
form. * * * ¥

Let m, m', m", . . . be the masses of the bodies, P, ¢, R,
. .. the accelerative forces that attract the body m towards
centres whose distances are p, ¢, 7, . .., P, @', R, ... the
accelerative forces that attract the bodz m' towards centres
whose distances are p’, ¢/, 7', . . .. * * * ¥

Taking into consideration the mutual disposition of the
bodies, one will have several equations of condition among
the variables z, y, z, etc. All these are expressed in terms
of some one or more variables @, %, . . . that are independent.
By substitution and differentiation, one will have the general
equation @dp + Ydp +...=0:thus =0, ¥=0,...,
give as many equations as there are undetermined variables,
by means of which these variables are determined. We shall
show how to abridge the calculations necessary to reduce
* ok ¥ % to functions of @, ¢, ... . * * ¥ * In regard
to the terms Pdp + @Qd¢g + ROr + .... and similar terms,
we note that in the case of nature the forces P, @, R, ..
are ordinarily functions of the distances p, ¢, 7, . . . , s0
that the terms of which they consist are all integrable. This
also furnishes a means of simplifying very much the calcula-
tion of these terms ; for it is only necessary, in the first place,
to integrate the quantity Pdp + Qdg + RSr + ... in the
ordinary way, and then differentiate it according to the char-
acteristic &, * * * *

Put for abridgment

TII{mdz + dy* + di

,dx’“+d m+dzr,
D) g +...};

dz Tm e

V= mJ(Pdp +QOq+ R6r + ..) + m’J(P’é‘p’ +Q'8q
+ Ror+..)+...,

and suppose z, ¥, 2, 2', ¥', #, . . . expressed in terms of other
variables @, #, . . . ; then substituting these values in 7' and
V and differentiating according to the characteristic &, re-
garding @, ¥, ...., do, di, . . ., as the corresponding vari-
ables (d referring to the time) the above equation becomes
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wherein g—gdenotes the coefficient of d¢ in the differential

of 7, and S the coefficient of dd@ in the same differential,

od
and so for the rest.”

This investigation appears also in the Méchanique Analy-
‘fique ; but, as we shall see by another example, Todhunter
did not recognize that the Méchanique Analytique, like the
Méchanique Ubleste of Laplace, was largely a compilation from
preceding memoirs. Theories of Attraction, vol. IL, p. 153,
art. 994 : ‘“The first edition of a famous work by Lagrange,
appeared in 1788 in one volume, entitled Méchonigue Analy-
ttque. There is nothing in this edition which bears explicitly
on our subject. But on his page 474 Lagrange gives, in fact,
an integral in the form of a series of the partial differential
equation

av. dv_ av
wtaw T =Y

and from this integral, as we shall see hereafter, Biot drew
important inferences with respect to the-attraction of a body.”
The solution here referred to was given by Lagrange in
1781 : Wuvres, t. IV., p. 695, Théorie du Mouvement des
Fluides.

The idea of differentiating in order to obtain the forces first
appeared in Lagrange’s memoir of 1763 : Buvres, t. V1., p.
5, Recherches sur la Libration de la Lune, Prixz de I’ Acadé-
mie Royale des Sciences de Paris, t. I1X., 1764. The kinetic
energy 1s differentiated to obtain the accelerations, forming
the first part of Lagrange’s celebrated generalized equations
of motion given first in complete form in 1780. The potential
is used to obtain the forces for the first time by Lagrange in
the memoir Sur I Equation Séculairede la Lune; L’ Académie
Royale des Sciences de Paris, t. V1L, 1793 ; Prix pour U'an-
née 1714 ;3 (Buwres, t. V1., p. 335.

““If a point A attract another point B with any force what-
ever F, and if 4 be the distance between the two bodies and
d4 the increment of this distance in supposing that 4 attracts
B an infinitely small space da, then — If"% is that part of the
force ' which acts in the direction da ; and if one proposes
to decompose this force in three mutually perpendicular direc-
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. a4 | ..
tions da, dS, dy, — F ap F?ff/ are the remaining compo-

nents. If #is proportional to —4—12—, which is the case of celes-

tial attraction, then
a4 1

and consequently, the three forces are represented by the
coefficients of da, df, dy, in the differential of 211- In short,
it suffices to find the value of —}, and differentiate it by ordi-

nary methods.

If the point B is attracted at the same time towards dif-
ferent points 4, 4', A", .., whose distances from B are
M NN
Aﬂ’ 2‘7‘2, Aua! ° ooy
it is plain that one has only to seek the value of the quantity

LM'— + M/ + MII +
a4 g T AT

4, 4', 4", . .., and if the attractions are

and to differentiate it as a function of a, 8, y, when the co-
efficients of da, dg, dy, in this differential immediately give
the forces sought.

In general, if the point B is attracted by a body of an
figure whatever, whose mass is M, then, considering eac
element, dM, of the body as an attracting point, it is only

necessary to find the sum of all the quantities found by

"‘Z,“’
making the quantities that relate to the position of dM vary
and regarding «, 6, y as constant ; then, denoting this sum
by =, and making it vary as to the quantities @, @, y, that
42 d=2 @for the three
da’ dp’ dy :
forces in the directions da, dg, dy, to which the total attrac-
tive force of the body M on B reduces.” Lagrange then goes
on to apply this method to his discussion of the moon.

In October, 1777, Lagrange read a paper that is devoted
wholly to the potential and its applications to the dynamics of
a gystem of bodies : Remarques générales sur le Mouvement de
plusieurs corps qui s’attirent mutuelleiment en raison inverse
des carrés des distances. L’ Académie royale des Sciences et
Belles- Lettres de Berlin, année 1177.  @Euvres, t. IV., p. 402.

“Let M, M', M", ... be the masses of bodies which com-

relate to the position of B, one has
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pose a given system, 2, g, z the rectangular coordinates of the
bo&Ii)y M in space, @', ¥, #' those of the body M, and so on,
ut

MM’
S e AN VRN N )%
MM
TV a—a G-y 7]
MM
SR G S =l B i) AR
a0 a0

and let PR =R denote, as usual, the coefficients

of de, ..., da',... in the differential of 2, regarded as a
functionof z, . . ., 2, . ...

One has ]% %2, j‘lf % , jlf— %, for the forces with which
the body M is attracted by the other bodies M’, M", in the
directions of the coordinates @, y, 2, and so on. It is easy to
be convineed of this by performing the indicated differentia-
tion : for that will give the same expressions as the decomposi-
tion of the forces that act upon each body in virtue of the
attraction of each of the other bodies, supposed proportional
to the mass divided by the square of the distance, This man-
ner of representing the forces is, as one sees, extremely con-
venient, both for its simplicity and for its generality; and it
has the further advantage that one distinguishes by it, clearly,
the terms due to the different attractions of the bodies, for
each of the attractions gives in the quantity {2 a term consist-
ing of the produet of the masses of the two bodies divided by
their distance apart.”

Lagrange goes on to give the equations of motion

dr _ dOQ a'y _dO @z __dO

MW:%’ M(—{t—g-——&—:{—/—, M = T e ey

af dz’

multiplies them by dz, dy, dz, . . . , adds and integrates, find-
ing the equation of conservation of energy,

‘Qz%M{dx’+dy’+dz”}

at’

2 b /2
+%M/{dw +0Z’ + dz }+...+constant.
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Since £ does not change when the z-coordinates change
by equal increments, he finds

a0  dQ  dQ
T T T =0

with similar equations in the y- and z-coordinates.
Substituting

aQ _ , ds a0 _ o &y 40 _ . d%

==Y =M = Mg
and using
y_Mr+ M+ ... o My+ My +...
M+M+...° M+M+...°""°
ho bas @ X ay az
W:O,d—f=0,—%;=0.

In words, the centre of gravity moves uniformly in a
straight line. The equations of motion are then shown to be
unchanged when the centre of gravity is taken as the origin,

Since 2 does not change to the first order in & when

dy _dy' _ _dz _ _df
z—-—--;,——-..u y-—- y

Lagrange concludes that

a0 40 40,40 _
(-W?“”aj)*(ya?“zﬁy +..=0

with similar results for the axes of y, 2.

Substituting the accelerations for the forces according to
the equations of motion, and integrating, he finds the equa-
tion of conservation of areas

ydz — 2dy L y'dy — Z'dy’ _ .
M 7 + M 7 + .. .= constant
and so on.

The article closes as follows :

““These theorems upon the movement of the centre of
gravity have already been given in part by D’Alembert ; but
the manner in which I have demonstrated them is new, and,
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it appears to me, merits the attention of geometers by the
utility with which it can be used. One perceives by the same
principles that these theorems will be equally true if the bod-
ies act upon each other by forces mutually proportional to any
function whatever of the distance ; for, calling f(z) the force
of attraction at the distance z, and putting

) = [ f(o) as,

one has only to change the value of ( above into

Q=—-MUNF(Vz—a)+H—y)+E—72)")
— MM E (W @—=a) + =)+ @—7)) "

to easily obtain the same results.”

The next memoir in which Lagrange uses the potential is
that of 1780, already referred to, in which he completes his
generalized equations of motion, and uses the notation V for
the potential, which Laplace adopts.

Todhunter was not without warning of these facts, for he
says, vol. IL, p. 221 : ‘I must cite another sentence from
Biot’s memoir ; he says on page 208, after introducing the
function V,

M. Lagrange a démontré que les coeflicients différentiels

av 4av 4v
da’ db’ de’

pris négativement expriment les attractions exercées par le
sphéroide sur ce méme point, parallélement aux trois axes rec-
tangulaires. M. Laplace a fait voir ensuite que la fonction
V est assujetie & Iéquation différentielle partielle

av dv adv
Tt A

I do not know on what authority the above expressions for
component attractions are assigned to Lagrange ; to me they
appear due to Laplace : see art. 789, and also pages 70 and
133 of Laplace’s Figure des Planétes.”

Todhunter attempts a defense, vol. IT., p. 160 : ¢ La-
grange now proceeds to consider the attraction of the ellip-
soid on an external particle. Ie introduces what we call the
potential function, and denotes it by V. 1If f, ¢, &, denote
the coordinates of the attracted particle, the attractions in the

corresponding directions are %Z, %‘g s % Lagrange does

= 0.
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not claim these expressions for himself ; and we know that they
are really due to Laplace : see art. 789.”

The arﬁumenb is equally good if it be made to refer to
Laplace’s first announcement, given in art. 789, with ‘“ Laplace ”
and ‘“ Lagrange” interchanged. Moreover, Lagrange had
claimed these expressions in the Berlin memoir of 1777, twenty
years previous to the memoir Todhunter is describing.

Todhunter knew that Laplace constantly embodied the
work of others in his own without credit (see preface vol. I.) ;
and he cites a breach of etiquette towards Legendre in these
ﬁary memoirs in the matter of Legendre’s Coefficients, vol.

. p. 43

‘““We will first reproduce a note bearing on the history of
the subject which occurs at the beginning of the memoir.
* & % * Tegendre says:

¢ La proposition qui {m’t Pobjet de ce mémoire, étant dé-
montrée d’une maniére beaucoup plus savante et plus générale
dans un mémoire que M. de la Place o déjo publié dans le
volume de 1782, je dois faire observer que la date de mon
mémoire est antérieure, et que la proposition qui paroit ici,
telle qu'elle o 6té lile en juin et juillet 1184, a donné liew &
M. de la Place, dapprofondir cette matiére, et d’en présenter
aux Qéométres, une théorie compléte.” ”

This refers to Laplace’s memoir Figure des Plandtes, con-
tained in the Paris Mémoires for 1782, published in 1785, and
is the one of which Todhunter says (p. 56) ““in this article
we have for the first time the partial differential equation
with respect to the coordinates of the attracted particle which
the potential ¥ must satisfy : it is expressed by means of
polar coordinates,” ete.

Nor did Todhunter neglect foreign memoirs alone, bearing
on his subject ; for if he had read the valuable Report on
Dynamics by Cayley, Brit. Ass. Rep., 1862, p. 184, he would
have found the potential function properly credited to
Lagrange, with a reference to the memoir, Sur ?Equation
Séculaire de la Lune, of 1773.

In conclusion I ought to say that a sentence in Sir William
Thomson’s Baltimore lectures (1884), led me to investigate
this subject, Lectures, p. 112 : ““I took the liberty of asking
Professor Ball two days ago whether he had a name for this
symbol *; and he has mentioned to me nable, & humorous
suggestion of Maxwell’s. It is the name of an Egyptian harp
which was of that shape. I do not know that ig is a bad
name for it. Laplacian I do not like for several reasons both
historical and phonetical.”

ROSE POLYTECHNIC INSTITUTE,

Terre Haute ; 1891, Ocfober 22.



