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Abstract

We formulate the laws governing the dynamics of a crystalline solid in
which a continuous distribution of dislocations is present. Our formula-
tion is based on new differential geometric concepts, which in particular
relate to Lie groups. We then consider the static case, which describes
crystalline bodies in equilibrium in free space. The mathematical prob-
lem in this case is the free minimization of an energy integral, and the
associated Fuler-Lagrange equations constitute a nonlinear elliptic sys-
tem of partial differential equations. We solve the problem in the simplest
cases of interest.

Introduction and summary

Classical elasticity theory rests on the hypothesis that a solid may exist
in a stress-free state in Euclidean space. The dynamics of the solid is then
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described by a time-dependent mapping taking the position of each material
particle in this relaxed reference state to its actual position at a given time.
Now the hypothesis of the existence of a relaxed state is violated when
dislocations are present in the solid. These cause internal stresses even in
the absence of external forces.

Solids in which a continuous distribution of dislocations is present have
been treated in the linear approximation [10,11,13]. However, the conceptual
framework of this linear theory is inadequate for the formulation of an exact
theory. The appropriate conceptual framework was introduced in [5] and an
exact nonlinear theory was proposed. The basic concept introduced in [5] is
that of the material manifold, which captures those properties of a crystalline
solid which are intrinsic to it, being independent of the way it is embedded
in space. The dynamics of the elastic body is then described by a mapping
from space-time into this material manifold.

While an exact theory of crystalline solids with a continuous distribution
of dislocations was formulated in [5], the theory was left undeveloped up
to the present time. The aim of the present work is to develop the theory
and derive results which may be brought into contact with experimental
data. Our focus in the present paper is on the static case, where we have
a crystalline solid with a uniform distribution of elementary dislocations in
equilibrium in free space. As a basic example we study, in the continuum
limit, a two-dimensional (2d) crystalline solid with a uniform distribution of
edge dislocations, one of the two elementary types of dislocations. In this
case, the material manifold is the affine group of the real line, the hyperbolic
plane. We then study, in the continuum limit, a three-dimensional (3d)
crystalline solid with a uniform distribution of screw dislocations, the other
elementary type of dislocation. In this case, the material manifold is the
Heisenberg group.

The purpose of the present work is to introduce to the mathematics and
theoretical physics community a field where beautiful differential geometric
structures, in particular Lie groups, form the basis of a classical physical
theory. Moreover, the laws of the theory form a nonlinear system of varia-
tional partial differential equations, which in the static case is elliptic and
in the dynamical case is of hyperbolic type. Both cases constitute a worthy
challenge for the geometric analyst.

This paper is organized as follows. In Part I, we give a general introduc-
tion to the theory of crystalline solids containing an arbitrary distribution
of dislocations, based on the work of Christodoulou [4], [5]. We introduce
the basic concepts of material manifold and crystalline structure. In the
present work, the fundamental notion is the canonical form, which is used
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to define the dislocation density. We illustrate the theory by giving two
basic examples of solids with a uniform distribution of dislocations. In
order to state the laws governing the dynamics, the thermodynamic space
is introduced and the energy function defined. The dynamics is described
by a mapping from space-time into the material manifold. The equivalence
relations for crystalline structures and for the mechanical properties of a
solid are discussed to give the proper physical interpretation of the theory.
Finally, the Eulerian picture is given including the non-relativistic limit. In
the Eulerian picture, the material manifold is eliminated.

In Part II, we focus our attention on the static case. We derive the
boundary value problem from an action principle and give the Legendre—
Hadamard conditions for the energy function. We then consider the two
examples of uniform distributions of elementary dislocations and motivate
the choice of our model energy function. We separately discuss the special
cases of uniform distributions of edge and screw dislocations in two and
three dimensions, respectively. In concluding the second part, we derive the
scaling properties of the theory.

Part III is devoted to the analysis of equilibrium configurations of a crys-
talline solid with a uniform distribution of elementary dislocations in two
and three dimensions. We solve the problem in two dimensions and give the
method for the solution of the anisotropic problem in the case of a uniform
distribution of screw dislocations in three dimensions.

Part I The general setting
1 The material manifold

Let N be an oriented n-dimensional differentiable manifold, called the mate-
rial manifold. It describes a material together with those of its properties
which are intrinsic to it being independent of the way in which it is to be
embedded in physical space. A point y € A represents a particle. We denote
by X(N) the C*°-vectorfields on the material manifold /. Let

€y XN) = T,N
X — (X)) =X(y) (1.1)

be the evaluation map at a point y € N.

Definition I.1. A crystalline structure on N is a distinguished linear
subspace V of N(N') such that the evaluation map €, restricted to V is an
isomorphism for each y € N.
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Remark I.1. The orientation of N induces an orientation in V such that

€y is orientation preserving. N admits a crystalline structure if and only if
N is parallelizable, see [5].

We introduce a 1-form v on A with values in V defined by

v (Yy) =€, (Y,) VY, € T,N. (1.2)

In the case that (NV,V) is a Lie group with corresponding Lie algebra, v is
the Maurer—Cartan form.

Remark 1.2. The most fundamental object is the 1-form v. We may in
fact replace V by an abstract real vectorspace W of the same dimension, n,
as the manifold N'. Then we define a canonical form v to be a W-valued
1-form on N such that

vy = Vg n TN = W

is an isomorphism for each y € N'. Given an element v € W, we may then

define a vectorfield Y, on N by
Yoly) = vyt (v): Wy e N
We then define the crystalline structure V by
V={X,:veW}.

Then the canonical form corresponds to the 1-form v defined in (1.2).

We say that the crystalline structure ¥V on N is complete if each X € V
is a complete vectorfield on N. Then each element of V generates a
1-parameter group of diffeomorphisms of A, which represents (in the
continuum limit) a group of translations of the crystal lattice with parameter
proportional to the number of atoms traversed.

A complete crystalline structure V on the material manifold N defines an
exponential map

exp: N xV—N

as follows. Let exp(y, X) be the point in A that is at parameter value 1
from y along the integral curve of X initiating at y. For each y € N/, let

exp, : V — N
X — exp,(X) = exp(y, X).
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We have
exp,(0) =y, dexp,(0) = ¢,

Thus, dexp, (0) is an isomorphism for each y € N. By the implicit function
theorem it follows that, for each y € N, there is a neighborhood U, of the
zero vector in ) such that exp,, restricted to Uy, is a diffeomorphism onto its
image in \V.

Now choose a totally antisymmetric n-linear form w on V which is positive
when evaluated on a positive basis. The n-form w defines a volume form
dyi,,, called mass form on N by:

dpte Vg, - Yoy) = w (6, (Yig)s- - 6 (Yay))

1.3
Vy e N,2WYi,, ... . Yo, € TN. (13)

The volume assigned by d, to a domain D C N,
/ dfly,
D

Definition I1.2. Given a crystalline structure V on N we can define a
mapping

is the rest mass of D.

AN —=LYVAV,V)

A)(X,Y) =¢," (X, Y](y) €V,Vy e N, X, Y € V. (1.4)

We call A dislocation density.

Suppose X,Y €V are complete and generate 1-parameter groups of dif-
feomorphisms ®;, ¥y, t € R from N to N. For y e N

(ta s)—V_g (q)—t (q}s (Qt(y))»

coincides to order ts with (t, s) — =5, where Z; is the 1-parameter group of
diffeomorphisms of N generated by A(y)(X,Y).

The dislocation density is a concept that arises in the continuum limit of
a distribution of elementary dislocations in a crystal lattice. An elementary
dislocation has the property that, if we start at an atom in the crystal lattice
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and move according to one group of lattice transformations k£ atoms in one
direction, then according to a different group ! atoms in a second direction,
according to the first —k atoms and finally — atoms in the second directions,
then we arrive at a different atom than we started from, but which, provided
the circuit encloses a single elementary dislocation, is reached at in a single
step corresponding to a lattice translation. This step is called Burger’s
vector.

If A is constant on N then, for all X,Y € V, there is a Z € V such that
(X,Y] =2,

corresponding to a uniform distribution of elementary dislocations of the
same kind, see below. Thus V constitutes in this case a Lie algebra, i.e., a
vectorspace V over R with a bracket

[,.]: VAV =V
satisfying the Jacobi identity.

By the fundamental theorems of Lie group theory, upon choosing an iden-
tity element e € A/, the material manifold N can then be given the structure
of a Lie group such that V is the space of vectorfields on N which generate
the right action of the group on itself. V is then the space of vectorfields
on N which are left invariant, i.e., invariant under left group multiplication.
The dual space V* is then the space of left invariant 1-forms on N

Let us consider dv, a 2-form on N : for any pair of vectorfields X,Y on
N we have

dv(X,Y)=Xw(Y))-YwX)) —v(X,Y]) (1.5)

by the formula for the exterior derivative of a 1-form. In particular, this
holds for X,Y € V. Now for X € V we have
V(X)) =w(Xy) =€, (X)) =X, WeN,XeV,

a constant V-valued function on /. Similarly with X replaced by Y. There-
fore, from (1.5) we have

dv(X,Y)=—-v([X,Y]), VX,Y € V. (1.6)
On the other hand,

A)(X,Y) = ¢, ([X,Y](y) = (X, Y](y)), VyeN,X,YeV. (17
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Thus, comparing (1.6) and (1.7), we obtain
(@v(X,Y)) (5) = —vy (X, Y](9)) = ~A(y)(X.Y). (1.8)
Let us then define the V-valued 2-form A on N by:
Ay(Viy, Vo) = M) (6, (Yig), €, (Vo)) 1 WY1y, Yoy € TN,
at any point y € N'. We conclude from (1.8) that
dv = =\

Let T be a closed curve in N and let ¥ be any surface spanning T, i.e.,

0¥ = I'. We finally conclude
—/ v = / A (1.9)
r X

The right-hand side of (1.9) is the sum of all Burger’s vectors enclosed by
the curve I' (or threading X).

1.1 Uniform dislocation distributions and lie groups

At the atomic level, two kinds of elementary dislocations are found. They
are called edge and screw dislocations. In the following, we consider these
two types of dislocations taking them as our model cases. For a uniform
distribution of these two types of elementary dislocations, we determine
the corresponding Lie groups, the affine group and the Heisenberg group,
respectively. For a detailed description see [8].

1.1.1 Edge dislocations and the affine group

The most basic type of a dislocation in a 2d crystal lattice is an edge disloca-
tion. It appears in a 2d lattice in which an extra half-line of atoms has been
inserted along the positive 1st axis. A circuit of translations in the direc-
tions of the 1st and 2nd axis, alternately, which encloses the origin, ends at
an atom, which is reached in a single step by a translation in the direction
of the 2nd axis. On the other hand, circuits not enclosing the origin close.
Mathematically, this phenomenon is represented by the commutation rela-
tion [E1, Fs] = Ea, where Ej, Eo are the vectorfields along the coordinate
axis.
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We want to show that a uniform distribution of edge dislocations in a 2d
lattice gives rise in the continuum limit to the affine group. This group is
characterized by transformations of the real line of the form

R—R

ez el
where (y!,y?) € R? are two parameters. The subgroups of the affine group
are ¢ — ¢¥'t (multiplication) and s — s + 32 (translation).

We have as the group manifold R? equipped with the following
multiplication

~ ~ ~ 1
WLy @7 = W+ Ly el PP,

0 1 0
X:aiyl and Y:6y87y2

generate the right action with

g 0 1 0 0 1 0
XY]l=—e¥y — —eYy —  — Y — Y.
[ ) ] ayle 8y2 e ayz ayl e 8y2

The Lie algebra of the affine group is thus generated by the vectorfields
X, Y, which satisfy the commutation relation

[X,Y]=Y.

Therefore, the affine group is the material manifold N' endowed with the
crystalline structure.

If we take {E] = X, F5 =Y} as a basis of V, we have the following dual
basis {w!, w?} for V*

wh=dy!, W= e_yldyQ.

The corresponding left invariant metric

o

n=(wh)? + (W2 = (dy")? + e (dy?)? (1.10)

on N makes N the hyperbolic plane.
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The dislocation density A is
MEL, E2)(y) = My)(Br, B2) = ¢ ([E1, E2](y) = € (ey(En)) = Ea.
Since wy Awy = e Y1 (dy1 A dyQ), it follows
A=e¥ (aly1 A dy2) Es,

and therefore
/ A= / e Y (dy' A dy?) By = A(X)Es,
) by

where A(Y) is the area of the surface ¥, a domain in A/. This makes sense
since the sum of the Burger vectors associated to a domain in a uniform
distribution of edge dislocations should be proportional to the area of the
domain.

1.1.2 Screw dislocations and the Heisenberg group

The second kind of elementary dislocation is called a screw dislocation.
It appears in a 3d lattice in the following way. A circuit of translations
along the direction of the 1st and 2nd axis, alternately, which encloses the
3rd, ends at an atom which is reached at a single step by a translation
in the direction of the 3rd axis, while circuits not enclosing the 3rd axis
close. Mathematically, this phenomenon is represented by the commuta-
tion relations [Eh, B3| = Es, [E1, E3] = [Es, E3] =0, where Fj, Es, E5 are
the vectorfields along the coordinate axis.

We want to show that a uniform distribution of dislocations of the screw
type give rise in the continuum limit to the Heisenberg group. This group
is represented as a group of unitary transformations on the space of square
integrable complex valued functions ¥ on R as follows:

L*(R,C) — L*(R,C)
U(z) — U'(z) = o)y (g + 1),
where (y',y?,y3) € R3 are three parameters. The subgroups of the Heisen-

berg group are t — W(x +t) (translation in position), s + e**W(x) (trans-
lation in momentum), and u — e™W¥(z) (multiplication by a phase).
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We have as the group manifold R? equipped with the following multipli-
cation:

WLy )G 7T = 6+ 5y + R+ 5+ ).

0 0 0
X=—, Y=—+y'— and Z=_—"=
'’ o Vg M oy
generate the right action with
g 0 101 _ 0

[X,Y] = =2 [X,Z]=[Y,Z]=0.

Y o8| T o

The Heisenberg group is thus generated by the vectorfields Fy = X, Fy =
Y, E3 = Z, which fulfill the commutation relations

[E17E2] - E3a [Ela E3] = Oa [E27 E3] = Oa

and generate the right multiplication. The linear span of (E1, Fs, E3) forms
a Lie algebra (crystalline structure) corresponding to a uniform distribution
of screw dislocations in a 3d crystal lattice. Therefore, we can associate
the Heisenberg group, which is the group corresponding to the crystalline
structure, with the material manifold N .

If we take {E1, s, E3} as a basis of V, we have the following dual basis
{w!, w?, w3} for V*
S =dyl, W =d?, W= dy® — yldy?,

and the corresponding metric

o

n= (W2 + (W*)° + (W) = (dy')* + (dy?)* + (dy’ —y'dy?)?,  (1.11)

which is a Bianchi type VII metric. The manifold N' endowed with this
metric is a homogeneous space.

Here, the dislocation density A turns out to be
AME1, E2)(y) = Es, M(E1, E3)(y) = M E2, E3)(y) = 0,
and therefore

A= (w; Awy) E3 = (dyl A dyz) Es.
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The integral of \ over a surface ¥ in N is

/ A= / (dy' A dy?) E3 = A(IIS) E3,
Y by

where 1I is the projection map of the line bundle of the homogeneous space
(1.11) over R? with the standard metric on the base (the curvature of the
bundle being —dy' A dy?).

2 The thermodynamic state space

Consider the space S5 (V) of inner products on the crystalline structure V.
The thermodynamic state space is defined as the product

S (V) x RT

and its elements are (v,0), where v € S5 (V) is the configuration and
o € R* is the entropy per unit mass.

Each v € S5 (V) defines a volume form w, on the crystalline structure V
by the condition that if (E1,..., E,) is a positive basis for V, orthonormal
with respect to 7, i.e., yap := y(Fa, Ep) = dap, then

wy(Eq, ..., Ey) =1
It follows that there is a positive function V on S5 (V) such that
wy = V(y)w.
The positive real number V' (v) is the volume per unit mass corresponding

to the configuration ~.

The thermodynamic state function x is a real-valued function on the
thermodynamic state space S5 (V) x RT. The Lagrangian which determines
the dynamics will be defined through this function.
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The thermodynamic stress corresponding to a thermodynamic state
(v,0) is the element 7(vy, o) of (S2(V))* defined by

8(&(7,8:)‘/(’7)) _ _%W(%g)v(y).

The temperature corresponding to a thermodynamic state (v, o) is the
real number J(~, o) given by

9 (k(v,0)V (7))
oo ’

I(v,0) =

with the requirement that (v, o) is positive and tends to zero as o tends
to zero.

3 The dynamics

In the general theory of relativity, the space-time manifold is an oriented
(n + 1)-dimensional differentiable manifold M endowed with a Lorentzian
metric g, that is a continuous assignment of a symmetric bilinear form g,
of index 1 in T, M, Vx € M. The Lorentzian metric divides T, M into three
different subsets I,., N,, S,, the set of timelike, null and spacelike vectors
at x, respectively, according to whether g, restricted to the corresponding
subset is negative, zero or positive. The subset N, is a double cone called
the null cone at x. The subset I, is the interior of this cone, an open set of
two components, the future and past component. S, is the subset outside
the null cone, a connected open set for n > 1. A curve ~ is called causal
if its tangent vector belongs to I, U N,, V& € «, and it is called timelike if
its tangent vector belongs to I, Yz € 4. We assume that (M, g) is time
oriented, that is a continuous choice of future component I of I, can and
has been made Vo € M. This choice determines the future component N
of N, at each z € M. A timelike or causal curve is then future or past
directed, according to which component its tangent vector belongs to. A
hypersurface ‘H is called spacelike if at each x € H the restriction of g, to
T, H is positive definite. A spacelike hypersurface in M is called a Cauchy
hypersurface if each causal curve in M intersects H exactly once. We
assume that (M, g) possesses such a Cauchy hypersurface [3].

The motion of the material continuum is described by a mapping f from
the space-time manifold M into the material manifold N\,

fiM—= N, (3.1)
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This mapping specifies which material particle is at a given event in space-
time. It is subject to the following conditions:

(1) The mapping f, restricted to a Cauchy hypersurface H, f|z;, is one to
one.

(ii) The differential of the mapping f, df(x), has a 1d kernel contained in
I, Vo € M.

Then, for each y € f(M) C N, f~1(y) is a timelike curve in M. The mate-
rial velocity u is the future directed unit tangent vectorfield of the timelike
curve f~L:

span(ug) = ker (df (z)) = To.f 1 (y), f(z) =y, g(ug, uy) = —1,Yz € M.

The simultaneous space at x is the orthogonal complement of the linear
span of wu,:

S, = (span(u))*

Note that g5, = gz|x, is positive definite. The restriction of the differential
df(x) to ¥, is an isomorphism of ¥, onto TyN, where y = f(z).

(iii) The isomorphism df (x)|x, is orientation preserving.
The equations of motion, a second order system of partial differential

equations for the mapping f, are derived from a Lagrangian L, a function
on M which is constructed from f. The action A in a domain D C M is

the integral
/ Ldpg,
D

where dpg is the volume form of (M, g).

Any mapping f fulfilling the three requirements stated above, defines an
orientation preserving isomorphism jr ., of V onto ¥, by

. -1
Jre = (df (@)]s,) o€ (3.2)
Define

JF a9z = (3.3)
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v € S5 (V) and depends only on f and z. Note that

1

pu(w) = TR
Vv (]f,a;gx)
is the rest mass density at x.

To take into account thermal effects in the Lagrangian picture we invoke
the adiabatic condition which states that the entropy per unit mass of any
element of the material remains unchanged. This allows us to consider the
entropy per unit mass o as a given function on the material manifold .

The Lagrangian function L on M is defined by:
L(z) = £ (} 292, 0 (f(2))) , Yo € M, (3.4)

where £ is the thermodynamic state function on Sy (V) x RT. Note that
L(x) depends on g only through g, and not on derivatives of g.

The energy—momentum—stress tensor 7, at x is an element of the
dual space (S2(TyM))* defined by

9 (L(x)dpg(x))

1
5. = —5Tudpy(). (3.5)

From [5] we have the following:

Proposition I.1. We can write the energy—-momentum-—stress tensor at x
as follows:

T, = p(x)uy @ uy + Sy (3.6)

with the mass-energy density p (since we are in the relativistic framework
this includes the rest mass energy) given by

p(x) = K(jF 292, 0 (f(2)))- (3.7)
The stress tensor is given by
S2(9a) = 7(i}.292, 0 (f(2))) (F},092)-

Since j} .9z = J} 95, Sz can be viewed as an element of (S2(Xz))".
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Remark 1.3. Hence, we see from Proposition 1.1 that in the case of pure
continuum mechanics (in the absence of electromagnetic fields) the energy
per unit mass is e = KV.

Define the principal pressures p;, i =1,...,n as the eigenvalues of
Sy, relative to g|s, where the subscript bb means lowering of the indices
with respect to g. Note that the principal pressures p; :¢=1,...,n can
equivalently be described as the eigenvalues of m, relative to ~.

The positivity condition on T, requires that

Hf — T, M
vt —=Th (3.8)

maps into I;7. This is equivalent to the condition that [p;| <p :i=
1,...,n. Here, in the case of crystalline solids, we assume the stronger
condition that the range of (3.8) lies in I} which is in turn equivalent to
pil<p :i=1,...,n.

3.1 Variation of the Lagrangian

Let v = df (z) € Ugy) C L(TeM, T,N), y = f(x), where U, is the open
subset of the linear space L£(T,M,T,N) consisting of those v € L(T,M,
T,N') which verify the two conditions

(1) kerv is a time like line in T, M,
(2) with ¥, the g,-orthogonal complement of kerv in T, M, the isomor-
phism

vlg, + Xe — TN

is orientation-preserving.

These above conditions (1) and (2) correspond to the conditions (ii) and
(iii), respectively. Note that (i) is not a local condition so it does not reduce
to a condition on v.

Since the isomorphism

Jfa = (U|Ex)_1 O €y,
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as defined in (3.2), depends only on v, we may write

'L(U) = jf,xa

so the configuration 7y , corresponding to the isomorphism v € U, is given
by the positive quadratic form on V

Y(v) =1i*(v) gly, - (3.9)

Now v +— 7(v) is a mapping of

B:i= |J Upy: (3.10)
(z,y)EMXN

into S5 (V). The bundle B, a bundle over M x N/, is the bundle over which
the Lagrangian is defined.

The mapping v — v(v) is described by the functions y4p(v) on B, where

YaB(v) =7(v) (Ea, EB), (3.11)
where F4 : A=1,...,nis a basis of V such that w(Ey,..., E,) = 1.

By the properties of v we have a positive basis (X4(xz) : A=1,...,n) of
>, defined by:

v-Xa(x)=FEaly) : A=1,...,n,
where E4(y) = ¢,(Ea) € T,N(A=1,...,n), and thus from (3.9) and (3.11)
Y4B = gly, (Xa,Xp).

Note that (u, Xi,...,X,) is a frame field for M. Let v € L(T,M,T,N)
be a variation of v € U, ). To describe v we must give v-u € T,N and
v-Xp € TyN,

0 u(z) = o5 Ealy),
v - Xa(x) = 05 Eg(y).

This is because (Ealy ) A=1,...,n) is a basis for T,N. So the (9§ : A =
L...,n;o8 : A/B=1,...,n) can be thought of as the the components of ©.

In view of (3.4) and (3.7) the Lagrangian function L is L(v) = p(v(v),
o(y)), where p is the relativistic energy-density which includes the rest mass
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contribution, a function of a thermodynamic state (y(v),o(y)) € Sy (V) x
RT. L is a function on the bundle B (3.10). The Lagrangian form, a top
degree form on M, is Ldg.

The Lagrangian L depends on v through the configuration v, L(vag),
and the first variation reads

where the first variation of y4p is given by
YaB = —097vBc — V5vAC

(see [4]). To formulate the hyperbolicity condition (see below), we need to
consider the second variation of L with respect to v,

2
. L
L= (;}2 < (0,0) = h(v,0), (3.12)
where, in general,
h(U, 'U) = ho 'l'}o UO + 2hABUCvO ‘I— hAB'Uc’Ug (313)

For L = L(~), using the formula for the second variation of y4p,
Yap = 2 (vacyBpI§ 08 + vepiG0E + YactBYS + YecvRE)
(see [4]), we obtain

L= 7/)%3 + L;}’AB"YCD
OvAB 9vaB0ycp
2% (”yAC’yBDUOCUOD + ’yAcvgvg + ’yBcvf‘)vg + *ycpvﬁvg)
0?p

ey (s + fpa) (6orp + ie)

dp A dp - B
=2 YacYBDUGOE + 2y a0
dvep 070 dvep ¢

dp D 9p c\ -A-B

+ 2 BEOA + =——YAEdp | 050U

<8’YC’E7 EOA &YDE’Y EOB | VcVp
0?p

+ 4y ARYBFUEVE.
0vcEOYDF orD
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Comparing coefficients with (3.13) using (3.12), we see that:

0
Wi =2 P Yacysp, h4E =0,
0vcp
2

hSE ———F——"VAEYBF
8701;(% Ay

dp dp p, Op c)
+2 - 68 + ——yapdG ),
( e YAB dvcrm YBEOA e YAEOR

where the last expression will be made use of in the derivation of the
Legendre-Hadamard conditions in Part II.

3.2 Hyperbolicity and characteristic speeds
Set
Gap = —hl%p, MSE =55

Then

h(,0) = —Gaptgol + MR ohoB.

The hyperbolicity condition in general is that there is a pair (7, 0) € T, M x
TxM with 0 - T > 0 such that h is negative-definite on

{0:0=00Y,Y € TN} (3.14)
and positive definite on
{v:0=kY,k-T=0Y € TN} (3.15)

(see [4]). We stipulate here that the above conditions hold with (7', 0) defined
by the rest frame of the material at z, i.e., T = uy, >, = ker0, 0 -T = 1.

For v in (3.14) we have:
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i.e.,
v =v4, of =0,
and the condition that h is negative definite on (3.14) is the condition that
GapYAYP >0: VY #£0, (3.16)

i.e., that G is positive definite.

Since

Gap =TaB + pYAB
(we are raising and lowering indices with respect to y74p5) and the principal
pressures pi,...,p, are the eigenvalues of map with respect to y4p, this
condition is:
miinpi > —p,
which of course follows from max; |p;| < p. For ¥ in (3.15) we have:
0-u=0, v-Xq=rkaY,

where k4 = k- X4, i.e.,

v =0, 5 =ksYB,
and the condition that h is positive definite on (3.15) is the condition that

MSEkckpYAY B >0 Ve #£0,VY #£0. (3.17)

Set

Hap(k) = Mﬁ{é’nc@.
Then condition (3.17) is that Hap(k) is positive definite for all k # 0.

If the first condition (3.16) is satisfied, the second condition (3.17) becomes
the condition that for k # 0 the eigenvalues A\;(k), ..., A\n(k) of Hap(k) with
respect to G 4p are all positive. Note that H4p (k) is homogeneous of degree
2 in k, hence so are the A\j(k),..., A\y(K).
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Now the characteristic matrix is

XAB (f) = h'ZVBf/AéV

We use the basis (u, X1,...,X,) for T, M. We denote by w the frequency
and by k4, A=1,...,n, the wave number components, i.e.,

w:=¢§ =& u, kKa:=Es41:=&-Xqa.

Then

xaB = —Gapw® + Hap(k),
SO
detx = det G- [ (Milr) — w?).
=1

We see that the second condition is equivalent to the 2n roots £4/Ai(k),
1:1,...,n, of the characteristic polynomial det y as a polynomial in w being
real. The characteristic speeds are

A,
N = | Z|(R), where || = \/(v)*P karp. (3.18)
K

Note that the 7; are homogeneous of degree 0 in k. The causality condition
is that the inner characteristic core in 7Ty M contains the null cone of g in
T M. This reads (in units ¢ = 1)

<l Vi=1,...,n.

4 Properties of the energy per unit mass

Postulate 1.1. We stipulate that the energy per unit mass e = pV has a

[¢]
strict minimum at a certain inner product 7.

Remark 1.4. The above postulate has an intuitive physical interpretation.
Note that the set of inner products v is an open positive cone in the linear
space of quadratic forms. For large v (large expansion) and also for v near
the boundary (large compression) the energy e is physically expected to blow
up, so we can restrict ourselves to a compact set of inner products, where e
necessarily attains a minimum.
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(o]

We choose (E1, ..., E,) to be an orthonormal basis relative to ’(;’, SO YAB=
dap. This is compatible with the previous condition w(F1, ..., E,) =1 for
a suitable volume form w on V. This choice of w corresponds to a choice of

[¢]
unit of mass so that the mass density associated to the configuration 7 is

o
equal to 1. 7 defines a metric non N by
n o n
n= Z YAB wtew?l = EwA®wA,
A,B=1 A=1

where (w!,... w") is the dual basis to (E1,..., E,). If V is a Lie algebra,

so that N is a Lie group, then n is a left-invariant metric, i.e., invariant
under the actions of A on itself by left multiplications by elements of N.

Thus (A, 7) is a homogeneous Riemannian manifold (which in general is not

isotropic). The Riemannian manifold (A, 7) has curvature except when V
is Abelian, so there are no dislocations.

Note that d,u% = Vdet n d"y = du,,; therefore we have for any domain €2

in N/
M(Q)Z/duwz/du,o,

Q Q

that is, in our choice of units the mass of €2 is equal to its volume with
respect to n.

4.1 The isotropic case

Let us define the orthogonal group corresponding to ’(; ,

O, = {0 e L(V,V):7 (OX,0Y) =7 (X,Y),VX,Y € V}.

o
Of; acts on S5 (V) in the following way: 7 +— O~, where

(Ov) (X,Y) =~(0X,0Y).

Since ”OY — O’(;’ Z’(;’ , the inner product ’(;’ is a fixed point of the action of OS,
on Sy (V).
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If the energy per unit mass e(7y) is invariant under O§ we are in the case of
isotropic elasticity. Then e(vy) depends only on the eigenvalues Aj,..., A\,
o

of ~y relative to 7,

e(y) =e(A1,. ., \n),

where e(A1,...,\,) is totally symmetric in its arguments. This is the sim-
plest case of an energy density.

Consider
qg=f* n.

This is a 2-covariant symmetric tensorfield on M, i.e., at each x € M ¢, is
a quadratic form in T, M. The vector u, belongs to the null space of ¢, and
the restriction g;|x, is positive definite.

Let Ai,..., A, be the eigenvalues of ¢,|yx, relative to g,|x,. We then
have

Proposition 1.2. The eigenvalues A1, ..., A, are the inverses of the eigen-
values A\1,..., p of v = j]"Z .9z relative to Y. In particular,
1 1
Ai-...-Ny=———=-—=N.
)\1 ol /\n [

Therefore, in the variational principle, the crystalline structure V on N is
eliminated in favor of the Riemannian metric n.

5 Equivalences
5.1 Equivalence of crystalline structures

Definition 1.3. Two crystalline structures V and V' on N are said to be
equivalent if there is a diffeomorphism v of N onto itself such that 1., the
pushforward of 1, induces an isomorphism of V onto V'.

Let v be the canonical 1-form (1.2) associated to V and v/ the one asso-
ciated to V'. We have
v(Y,)=Y eV :Y,eTyN,

V(dp-Y,) =Y €V 1 dy Y, € TypN. (5-1)
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We may take the above as the definition of pullback for V-valued 1-forms:
v =1

It then follows that:
A =N, (5.2)

with the natural extension of the above definition of pullback to V-valued
2-forms, i.e.,

N(d- X,y dib - Yy) = (X, Y,)) : VXY €V, ¥y € N.
In fact, we have for all X,Y € V and y € N:

V([ X, Y] (%(y))
(X, YT(4 ()
"(dyp - [X,Y](y))
(X, Y](y)))
(A(X,Y)(y))

N (X, 0,Y) ($(y)

14
14

*

(G
Vs

)

where we have made use of the fact that [¢, X, . Y] = [ X, Y].

5.2 Equivalence of mechanical properties

We investigate the question of the equivalence of the mechanical properties
of a solid. A certain solid phase of a certain substance is described by an
equation of state.

Let A:V — V' be a linear isomorphism. The group of all such A is homo-
morphic to G L, (R). Then A* : S (V') — S5 (V) is the induced isomorphism
defined by v = A*y/, where

Y(X,Y) =+"(AX,AY), VXY eV.
The corresponding energy functions on Sy (V) and Sy (V') are denoted by e
and €', respectively.

Definition 1.4. Two energy functions e on V and €' on V are equivalent if
there exists a linear isomorphism A :V — V' such that €'(v") = e(y), where
v = A*, for all ' € S (V).
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We illustrate the above definition of mechanical equivalence by giving an
example in the isotropic case. Let v € S; (V) be given, and define M €
LV, V) by

Y (MX,Y)=~v(X,Y), VX,YeV.

Similarly, given an isomorphism A as above (i.e., v = A*Y'), we define M’ €
L(V', V') from the corresponding 7' € S5 (V') as

Y (M'X YY) =+(XY"), VXY eV,

In the above, V= A* 7. Then M’ = AMA~!. For, given any X', Y’ € V' let
X,YEVbe X=A1X"Y =A"1Y' Then

Y (M'XY') =+ (X' Y) = 4(X,Y) =7 (MX,Y)

= (AMX,AY) =y (AMAX"Y").

Therefore, the eigenvalues A}, ..., A of M’ coincide with the eigenvalues
A1, ..., A of M. In the isotropic case, ¢/(7') = e(y) means

NN =e(Ay A,

where both sides of the above equation are symmetric functions, so the
energy functions coincide, i.e., €/ = e.

The equivalence of the energy functions, however, does not fully capture
the equivalence of having two solids of the same substance in the same phase.
What is required in addition is to have the same equilibrium mass density
of infinitesimal portions. In fact, it is the triplet (V,w,e) that defines a
solid with its mechanical properties. Two solids of the same substance in
the same phase, but with possibly different dislocation structures, to the
extent that they can be described by the same manifold A (which is true if
they are diffeomorphic) are defined by the triplets (V,w,e) and (V',u',€’),
respectively. Additionally, there is an isomorphism A : V — V', such that

w=A*,
Le, w(Xy,...,X,) =W (AXy,...,AX,) : VXq,..., X, €V as well as

() =ely), v=A4% vy esSFV)
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in accordance with Definition 1.4. Thus if (E1,..., E,) is a positive basis

for V which is orthonormal relative to ’(; , then
W%(E]_, e ,En) = 1,

while w(E1, ..., Ey) = po. On the other hand, with E! = AE; :i=1,...,n,

(Ef,...,E]) is orthonormal relative to 7/, thus

wo(Ei?"‘7E7/l) = 17
'

while ' (EY,...,E]) = w(F1,..., E,) = po. Consequently, the mass density
(e}

corresponding to 7/ relative to the triplet (V',w’,€’) is the same as the mass
density corresponding to ’; relative to the triplet (V,w,e).

Remark 1.5. If we have two triplets (V,w,e) and (V' o' €') which corre-
spond to the same substance in the same phase and, additionally, the iso-
morphism A :V — V' is of the form A = )., where 1 is a diffeomorphism
of N onto itself, then the dislocation structures are also equivalent. In this
case, if f: M — N is a dynamical solution of the problem corresponding to
(V,w,e), then f':=o f: M — N is a dynamical solution of the problem
corresponding to (V' W', ¢€).

5.3 Similarity

Let now V be fixed, so that S;r (V) is also fixed. Two different energy
functions e and ¢’ may be related as follows. There is a constant a > 0 and
an isomorphism V — V, defined by

X—aX: VXeV.
This defines an isomorphism S5 (V) — S5 (V) by v+ o/, where
Y(X,Y) =7(aX,aY) =a*y(X,Y): VX,Y eV,

ie., v =a?y.

According to the above discussion of equivalence of mechanical properties,
we must have e(y) = €/(7/), Vy € S5 (V), and, additionally w’ = a"w for the
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same material in the same phase, for
(X1, X)) =w(aXy, .., X)) = ad"w(X, .., X)),

Then the two theories (primed and unprimed) represent the same material
in the same phase.

Moreover, since V is identical in the two theories, the dislocation struc-
tures may seem identical. However, for a given domain Q CC N, which has
the same crystalline structure V|q (the restriction to Q of the vectorfields
in V), the primed theory actually assigns a physical dislocation density a2
times that of the unprimed theory. This is due to the fact that ' = a"w
and the observation that in any dimension, the elementary dislocations are
co-dimension two objects. Thus, their density refers to the 2d measure of a
cross-section.

6 The Eulerian picture

As a prelude to formulating the Eulerian picture, we view the crystalline
structure V as an abstract n-dimensional real vector space, as in Remark
I.2. We then view the canonical form v as a 1-form on A with values in V
such that v|r,nr is an isomorphism from T, N onto V for all y € N. Thus,
given any v € V, we have a tangent vector

(V\Ty/\[)_l v=Y,v)eT,N: YyeN,

that is a vectorfield Y (v) on A/. Then the crystalline structure in the original
sense is the space

(Y(v):veV}

of vectorfields on N.

To obtain the Eulerian description we must eliminate the material mani-
fold M. A fundamental variable is the material velocity u, a future-directed
timelike unit vectorfield on M. This defines the distribution of local simul-
taneous spaces

Y ={S,:ze M}, (6.1)

where 3, is the orthogonal complement of u, in T, M.
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We then need another entity defined on M to play the role of the canonical
form v. Consider

§=[f'v.

This is a 1-form on M with values in V), viewed as an abstract n-dimensional
vector space.

The 1-form £ has the following properties:

(1) £-u=0,
(2) for each z € M, €|y, is an isomorphism from ¥, onto V, and

(3) L& =0.

We thus introduce ab initio a 1-form & on M with values in V possessing the
above three properties, as another fundamental Eulerian variable besides .

By (2), given any v € V, we have a tangent vector

(f\zw)_l v =Xg(v) € Xy

at each x € M, that is we obtain a vectorfield X (v) whose value at each
point belongs to the distribution (6.1), i.e., it is orthogonal to w.

A mapping M — S5 (V),  + 7, is then defined by:

Yo (v1,v2) = gu(Xz(v1), Xa(v2)) = gly, (Xa(v1), Xo(v2)) : Vor,v2 € V.
(6.2)

The last fundamental variable is the entropy s, a positive function on M.

The volume form w, the space of thermodynamic configurations S5 (V),
and the volume per unit mass V are defined as in Section 2. The ther-
modynamic state space is Sy (V) x R* and the energy per unit mass e is
a function on this space, as before. The thermodynamic stress 7w at each
(7,5) € S (V) x RY, 7(v,s) € (S2(V))*, is defined by

de(v, )
Oy

1
=—5V)n(y.9),
as in Section 2. Also, the temperature 6 is defined, as before, by

de(, s)'

O(v,s) = s
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Thus
1
de = —§V7T ~dy+ 0ds

expresses the first law of thermodynamics in the present framework.

The stress S is a 2-contravariant symmetric tensorfield on M, an assign-
ment of an element S, € (S2(X,))* at each z € M. This is defined as follows.
Given any g, € Sa(T, M), we define 4, € S3(V) as in (6.2) by:

;Y:U(UMUQ) = gz(Xx(vl)’Xz(v2)) = g|2¢ (Xx(vl)yXx('UZ)) s Vo, v € V.

Then

S2(9z) = 7 (Vs (2)) (V)
The mass-energy density p is then the positive function on M given by

_e(Ye, s(x))
p(r) = V)

and the energy—momentum-stress tensor is defined according to (3.6).

The Eulerian equations of motion are a first-order system of partial dif-
ferential equations consisting of

(a) L£,& =0, i.e., property (3) of &, and
(b) V-T=0.

Remark 1.6. In n-space dimensions, dimM = n + 1, there are n®> +n +
1-dependent variables, the n’® algebraically independent components of €,
the n algebraically independent components of u, and also s. The Eulerian
equations are also n? +n + 1 in number, n? independent equations in (a)
and n + 1 independent equations in (b).

For solutions of the Eulerian equations such that u, £, and s are continu-
ous, (b) implies the adiabatic condition on s:

u(s) =0.

For the proof of this fact see [5].

Remark 1.7. The case of absence of dislocations is the case d§ = 0.
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Let (E4:A=1,...,n) be a basis for V. Given any v € Sy (V), we set
YaB = v(Ea, Ep).
According to the above, at each © € M there is a unique X4 € ¥, such that
E-Xa=FEr: A=1,...,n.
Thus, X 4 is a vectorfield on M belonging to ¥. Then
S=7m"8X,® Xz,

where 748 € S (V)* is the thermodynamic stress defined above.

Fix an element v € V and consider the vectorfield X C X, such that
E-X=vw.
Then
0=wu(§ X)=(Lu&) X+ [u,X],
i.e., (according to (3)) & - [u, X] = 0. It follows that
I [u, X] = 0, (6.3)

where II is the g-orthogonal projection to X.
Proposition 1.3. Define u := % Then the mass current I = pu satisfies

the equation of continuity:

V.-I=0. (6.4)

Proof. V is endowed with a volume form w and w, = Vw. Choose a basis
(Eq,...,Ey,) for V such that w(E4,...,E,) =1. Then V = \/det~, and,
by (6.2),

yag = Y(Ea, Eg) = g(Xa, XB), (6.5)
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hence

and, using (6.5),

u(vaB) = u(g(Xa, XB))
= g<vuXA7 XB) + g(XA; v11—~XB)
= g(vXAuv XB) —l—g(XA,VXBU) +g([u7XA]7XB) +g(XA7 [u7XB])'

By (6.3), the last two terms in the above equation vanish. Let us define
K by

Vx,u=rEXp. (6.7)
[(Xa:A=1,...,n)is a basis for ¥, at each point.] Then
9(Vx,u, Xp) = k59(Ec, Ep) = 0Bk -
Hence, we obtain

u(vaB) = YoBKS + YackS.

Substituting into (6.6) yields

u(V) = %V ('y_l)A u(yap) = Vtrk.
Then p = V! satisfies

u(p) + ptr s =0,
and since, from (6.7), trx = V - u, we obtain

V-I=V(pu)=u(p)+pV- -u=0, (6.8)

which establishes (6.4). O
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6.1 The non-relativistic limit

First of all, we restrict ourselves to the case where (M, g) is the Minkowski
space-time. Then we consider the non-relativistic limit, where Minkowski
space-time is replaced by Galilean space-time. There, we have the hyper-
planes ¥; of absolute simultaneity, which are isometric to n-dimensional
Fuclidean space. Any family of parallel lines transversal to the >; repre-
sents a Galilean frame, that is, a family of observers in uniform motion and
at rest relative to each other. Any such family of parallel lines defines an
isometry of the 3; onto each other.

In terms of a Galilean frame and a rectangular coordinate system (x!, ...,
2™) in Buclidean space, and with 2% = ct (¢: the speed of light in vacuum),

the space-time velocity u = u“% is represented in terms of the space veloc-

ity v =o' £i by

qu
0 1 i c

—_ u'= —=—
V1= |v]2/e? V1= Jv2/e?

Therefore, in the non-relativistic limit ¢ — oo

cu = g + 2 0
ot oxt’
Also, the condition
uul' =0

is simply &y = 0 and thus £ becomes a V-valued 1-form on each >3,

¢ = &da'.
Equations (a) become
95 _ 0% 306 0
gt TEE =0 <Or ot TV o0 T a 0> ’ (6.9)

and

v
Sy, =0, u, = g;u/wua
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reads (note that u, = gg,u”, ie., up = —u?, while u; = uz)
) Y
g0 g _q, (6.10)
c
S0 g% —, (6.11)
c

So, in the limit ¢ — oo, we have S = §% = 0 and, therefore,

8 0
ij Y
§=5 ox’ 8:UJ

Let
6:02—1—6',
p:ue:uc2+5, azue’.

We have for the mass current IV = pu":

p \0\2
= —— =+ - +0
Vi—REe e 0
. vt % 1 21
o Mo v +7ulv\ L0,

Vi-hle e 2

In the non-relativistic limit, the equation of continuity V,I¥ = 0 becomes
the classical continuity equation:

op 9 (m')
ot + ox’

=0. (6.12)
Similarly, for the energy—momentum-—stress tensor 7T, we have
T = p(u®)? + 8% = pe® + (e + po? ) +0(c )

T% = pulu® + 8% = pv'lc + (e + uv? )——S” +O( %),

pv'vl /c?

TV = 2 —
1—|vf?/c?

+ 89 = 'l + 89+ O0(c?).

The equations of motion V7" = 0 read

8T00 aTOZ c—»oo@ o (/“}Z)

=0 _— - =0 — — =0
" 020 +8x1 ot ox’ ’

i0 ij i inj ij
i oT +8T':Ocﬂooa(uv)+8(uvv .—FS):O.

Oz0 OxJ ot oxJ
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In order to obtain the energy equation, let us consider
FY =T% — 1Y, where V,F” =0.
For the components of I we have, using (6.11), i. ., 80 =S4yl /c and
S0 = Siiyiyd /2,
70 plv)® + e Sijvivj u 1 W2 + e+ O(2)
= = —U|v C
1_|U’2/C2 02 /1_| ‘2/62 2/1/ )
P (ulv]? + ) v'/c cpv’
I S

1 1
(,u\v\Q—i-é) S” 5#[1}?%4—0(072).

Hence,

or | or

l/FV =
v ot te ox’

=0

becomes the energy equation

9 2 O (1 R .
8t< wlv| +€> py KQMUI +£>v + SYv | =0.

In conclusion non-relativistic Eulerian equations are

(a) % + L, =0,

(6.13)

ot
(b0) ?;j (o) =0,
by 20

b o y
Loy 1]\ —
o +aﬂ0wv+5)—0

9 (1 o 0 L9 i | qifagl _
(b2) Y (2u]v| +8>+8xi [<2u|v| —|—5>v + S| = 0.

Note:

e (b0) is the differential mass conservation law, a consequence of (a)
e (bl) is the differential momentum conservation law, and
e (b2) is the differential energy conservation law
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Remark 1.8. (a) may be thought of as expressing a law of conservation of
dislocations. In fact, let Cy be a closed curve on ¥g. Let ¢y be the flow in
Galilean space-time generated by the vectorfield

.
“ ot Vo

u

Then ¢ilx, is a diffeomorphism from 3¢ onto ¥;. Let Cy = ¢(Cp). Then,

according to (a),
/ 5 - / g.
Cy Co

The left-hand side corresponds, in the continuum limit, to minus the sum of
the Burger’s vectors of all the dislocation lines enclosed by C.

Remark 1.9. For continuous solutions, i.e., (§, v, s) continuous, (b2) is
equivalent to the adiabatic condition

(C) % + vzaajz = 07

modulo the other equations. When discontinuities such as shocks develop,
this equivalence no longer holds. However, the Eulerian equations (a)—(b)
still hold, but in a weak or integral sense.

6.2 From the Eulerian to the Lagrangian picture

In order to go from the Eulerian picture to the Lagrangian formulation we
have to extract the canonical form v from £. First note that

L£=0 & ¢§=¢, (6.14)

where ¢; is the flow generated by u.

Let H be a Cauchy hypersurface in M. We identify H with A and define
[ M — N as follows:

flz)=yeH

is the point at which the integral curve of u through = intersects H.
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For X, € T, M, we have from (6.14)
(¢7) = £ (do - Xa) = £(Xa).
Define v to be the V-valued 1-form induced by & on H:
v(Xz) =¢&(X,) VX, €T, H,xeH.

We must show

Proposition 1.4.
ffv=E¢.

Proof. Let V, € T,M, p € ¢;(H) for some t € R. V], uniquely decomposes
into

Vo = Au+Y),, where Y, € T,¢:(H).

Therefore, it suffices to show that (f*v)(up,) = &(up) = 0, which is obvious,
and

(f*v) (¥Vp) = (V)

Since ¢y is a diffeomorphism from H onto ¢;(H), d¢¢(q) is an isomorphism
from T;H onto T,¢(H), ¢:(q) = p. Therefore, there exists a unique X, €
T4H, such that

dy - Xy =Y,

Now,

and

(fv) = (fv) (doe - Xg) = (97 f7v) (Xy) = (f) (Xq) = v(df - X).

But f|y = id, hence df - X, = X, because

df |, = id. 0
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Remark 1.10. The Eulerian picture is the one more related to direct phys-
ical experience and also the one which may serve as a basis for extending
the theory beyond the domain of elasticity theory, where the dislocations are
no longer anchored in the solid. We shall see in the next part, however,
that the Lagrangian picture provides the suitable framework for the study of
static problems.

Part II The static case

1 Formulation of the static problem

Let N'=Q C R" be the material manifold and M = E™ Euclidean space
(n = 2,3 being the cases of interest). In the static case, we adopt the mate-
rial picture, that is, we consider one to one mappings ¢ from the material
manifold into space,

o N —-M

y—o(y) = . 1)

They correspond to mappings f : M x R — A such that
o) =67 () W

In the material picture, the interchange of the roles of the domain and target
space transforms a free boundary problem into a fixed boundary problem.

We recall that the configuration -~ is an element of the space of inner
products on the crystalline structure V, v € S5 (V). In terms of the mapping
¢ it is defined as the pullback of the metric g on M by the isomorphism 4,

v = iayg, (1.2)

where i4, = d¢(y) o €, and €, is the evaluation map (1.1) from V to T, N.
The energy per unit mass e(y) defines the thermodynamic stress m, an
element in (S2(V))*, by

5 =5V, (1.3)
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where V =V(y) is the volume per unit mass, related to the mass
density u by

In the following, we assume the entropy o to be constant, what is called
isentropic.

Since we are in the relativistic framework, e includes the contribution c?

of the rest mass—energy, so
e=c?+¢

(in conventional units), where €’ is what we would call energy per unit mass
in the non-relativistic framework. Note that the additive constant ¢? does
not affect the definition (1.3) of the thermodynamic stress m, which may
equally well be written in the form

Also, in view of (2.1) below, we have
E=M*+ F,

where

M:/d,uw, E’:/e'(*y)d,uw.
Q Q

The additive constant M¢? does not affect variations of E, which are the
same as those of E’. For this reason, we shall not distinguish in the static
theory €/, E' from e, E, and we shall denote the former by the latter.

Remark II.1. The static theory would be formally identical if formulated
wholly within the non-relativistic framework. What distinguishes the two
theories is that the non-relativistic theory is applicable only when the char-
acteristic speeds n; (3.18) are negligible in comparison to c, while the rela-
tivistic theory holds for any values of the n; less than c.
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2 Boundary value problem and Legendre-Hadamard
condition

2.1 Euler—Lagrange equations

We choose a basis Fy, ..., E, of V such that w(F1,..., E,) =1, where w is
the volume form on V. We denote by v45 = 7(E4, Ep) the matrix repre-
senting the configuration in this frame. We then have

wy =V(y)w = y/dety-w,

and for the total energy of a domain 2 in the material manifold

B~ [ et dn (2.1)
Q
where dp,, is the mass element on N induced by w:

9 =w|et i et i
(8] )+ () (1) o

Let (w4 : A=1,...,n) be the basis for V* which is dual to the basis (F4 :
A=1,...,n) for V. The w? are 1-forms on N such that w?(Ep) = 0.
Since (Ea(y) : A=1,...,n) is a basis for T,N, given any Y € T,\/, there
are coefficients Y4 : A =1,...,n such that Y = YAE,(y). Then:

2
B

)
Yy

WAY) =t (Y2 En(y)) = Y5 (A (Ep))(y) = Y758 = Y.

Setting ¥ = %\y we obtain

0
yvA _ A _ A
w (aya ) wa (y)7
y
and we have €, 1(Y) = YAE4 € V. Thus,
0
-1 A
€y (8ya y) = Wq (y)EA (23)

Let us denote by det w(y) the determinant of the n-dimensional matrix with
entries w'(y). We conclude from (2.2), (2.3) that

a

dp, = detw(y)d"y. (2.4)
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The first variation of the energy (2.1) is:

N 0
E=ovl Bly+M) =51

. Oe .
/6(7+/\7)de :/8(7) -y dpg,
A=0 A ’Y

(2.5)

where 4 € S5 (V) is the variation of the configuration . By definition of the
thermodynamic stress (1.3), we conclude, in view of (2.4),

. 1
E = —/QWAB‘yAB\/detfydetw(y) d™y.
Q

Denoting by mg; the pullback by ¢ to N of the Euclidean metric g on M,
we have

ox' Oxd - ,
_ t— 2.
Mab dye 8yb Gij [JJ ¢ (y)]a ( 7)
vaB = E4Epma, (2.8)

where the n-dimensional matrix with entries E(y) is the reciprocal of the
n-dimensional matrix with entries w/(y). Thus, det E(y) = (detw(y))™?,
and by (2.8) we have

dety = det m (det E)?,
v/det ydetw = vVdet m.

For the stresses S on N and T = ¢,S on M we have

5 — pABpa gt (2.9)
g ozt Oz
Tii — Saba; sz’ (2.10)

We will now formulate the Euler-Lagrange equations on both the material
manifold and on space. We calculate for the variation of y4p from (2.8)
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using linear coordinates in E" (i.e., 0gi; = 0)

0i' dxd  Oxt 89‘Uj)

.  a b s T N e
YaB = EyEgmap,  Thep = Gij (83/“ 8yb + Dy 8yb

The first variation of the energy thus reads

. 1 i’ 0x)
E = —/QS“bmabvdetmd"y: —/Sab R Vdetmd"y, (2.11)
Q

"oy oyp
Q

where i is the variation of 2. Hence, (2.11) is

Oxt Oxd
[ gaby, 9T 9T, 2.12
/S gj@y“ oyb Homs (2.12)

Q

where dp,, is the volume form on €2 associated to the metric m. By the
divergence theorem, (2.12) becomes

w027 iy e
) gija—beax dAm + | &'VaQidpim, (2.13)
o0 Q

where @Q; are the vectorfields with components

oxl

a ab
Qi =5 9ii g (2.14)

m
and V is the covariant derivative operator on N associated to m. Thus, in
local coordinates on N,

w19 .
Valf = ———o (\/det mQ,). (2.15)

In (2.13), M are the components of the outward unit normal to 9Q with
respect to m, M, = mgpM?, and dA,, is the area element of 9§ associated
to the metric induced by m. So, M, are the components of the covectorfield
along 02 whose null space is the tangent plane to 0¢) at each point.

The Euler-Lagrange equations are obtained by requiring E =0 for
variations %', which are supported in  and vanish on 9. In view
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of (2.13), (2.14), (2.15), the Euler-Lagrange equations are:

5 (Q?VM) —0 onQ. (2.16)

Note that with Q¢ defined in (2.14) we have using (2.7)

.01 e 077 02 ac o
i ay a5~ Jij a dy 5 = MbeS =Sy (2.17)
Consider
Z a 1 C a
VaSf= e <\/det mS§) - Te,Se. (2.18)

The first term on the right-hand side of (2.18) is, by (2.16), (2.17),

2, ¢ 920
1 (\/F a@:L‘): o O :Saﬁy‘ 0%z

Vdet m Oy® L oyb @ Oyeoyb € Ozt Oyroyb”
Thus (2.16) is equivalent to:
m 8yc OQI‘i m
W80 = (2L —1¢, ) 8. 2.1
v Sb <3x7’ 8yaayb ab) SC ( 9)

We shall show now that
mo Oy 02zt

c

= = 2.2
b ™ Hri Gyedyb’ (2.20)

so that the factor in parenthesis in (2.19) vanishes. In fact, (2.20) is equiv-
alent to:

m ayd 62 7
1—‘ab ¢ = Med 7= axl 8ya8yb’

. . d
which, since m.q gxl = 9%] 6yc7 is in turn equivalent to

m ozl 0%z
Fab,c = gU@inW (221)

Now we have by the definition of the Christoffel symbols %ab,c and m
from (2.7):

Oyb oy® oy°

m 1 /O0mge Omp. Omgp ord 9%t
Labe =5 = gz‘jﬁm-
Yy~ oy oy
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Thus (2.21) is indeed verified. We conclude that the Euler-Lagrange equa-
tions (2.16) are equivalent to:

m m b

VaoSy =0,0or V,5=0 on Q. (2.22)
Remark I1.2. T% being the pushforward of S by ¢ and mey, being the
pullback of gi; by ¢, the last equations (2.22) are in turn equivalent to

g . .

VT =0, or ;T =0 on ¢(Q) (2.23)

in linear coordinates.

2.2 Boundary conditions

Let now equations (2.16) hold. Requiring again F = 0, this time for arbi-
trary variations &, we obtain from the first term of (2.13)

oxl -

_ ab %

0= /S glj—abeax dA,,. (2.24)
o0

Here the covectorfield along 92 with components M, is defined by
M, Y*=0 :VY eT,0Q,

together with the condition M,Y* > 0 for all Y € T2, y € 012, such that
Y points to the exterior of Q, and the normalization condition (m~=1)?°M,
My, =1. As (2.24) is to hold for arbitrary variations #’, we obtain the
boundary conditions

oxJ

Sabgz-ja—bea =0,0or S®M,=0 on Q. (2.25)

Let Xt = ng;Y“. Setting M, = %Ni we have:
NX'=0 :VX €T,(00). (2.26)

In fact, the covectorfield along ¢(9€) with components N; is defined by
(2.26), together with the condition that

NX'>0: VX e€Tp(Q),

z € ¢p(09Q) = 9(¢(Q2)), such that X points to the exterior of #(€2), and the
normalization condition (¢7!)” N;N; = 1. In other words, N := (g7 1)“ N;



MECHANICS OF CRYSTALLINE SOLIDS 441

are the components of the outward unit normal to 8(¢>( )) in E". In
view of the fact that S°9%; az] =T ay (2.25) are
equivalent to

TYN; =0 on ¢(9Q) = 06(Q), (2.27)
which means that no forces are acting on the boundary 9¢(€2).
2.3 Legendre-Hadamard condition

The Legendre—Hadamard condition in the static case is just the second part
of the hyperbolicity condition stated in (3.15), see [4] for details. Here, it

is formulated in terms of gZ’; (y) = vl. Tt requires for &,,&, € TN, n,nl €
T¢(y)./\/l that

1 0%
4 ovt (%b

c.Em'n’ ¢ positive for &€, # 0. (2.28)

We differentiate e with respect to vi:

9 _ D v
ng 0vaB 8v£ ’

where y4p = EjE%gijvévi, hence

0vaB

= 2E% E% g
o0l (AL 9ijv

(EgAEb) denotes symmetrization in A and B) and thus

1 Oe Oe -
- =~ E%EY%g;,0l. 2.29
2 81)1]) a’YAB A Bg] ( )

We differentiate (2.29) once more with respect to v} to get

1 0% 03¢ 1 Oe
— - = kpd pb pe, o EYEY
190000 v ABOvoD gzzgkﬂ VgLip gy D+28 ALBYij-
Therefore,
1 9% 1 d%e
A = NCNA ; 2.30
150 8J&&nn |M€£ ww&mDnnfwb (2.30)
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where |n|? = gijninj, €a = Eq¢, and 1o = Egvf:glmi. Thus, the Legendre—
Hadamard condition reads:

0%e 1 Oe

————nenaéép + =
3’YAB(9’VCD77 natBs

2
55 lats >0 (1.6 £0).

At ’CY> Ap the Legendre-Hadamard condition reduces to

d%e
a. o NCTA >0 ) 0),
Trandop1C1AEBED (n, € #0)
because the first term on the right-hand side of (2.30) (containing 6,‘?;}9)

vanishes. Note that this condition is satisfied by virtue of the Postulate 1.1

o
that e has a strict minimum at 7, since this implies

Pe 8 -0
- A OABOCD
0vaB0YCD

for any non-zero symmetric o 45 and, in particular, for
oaB = &ANB + NA¢B-
In the general case, we define n* by nAEjvé =7’ and we have
0 = gin'’ = gijvi ol BAERn n® = yapn™n®.
Additionally,
van” = gijoi] E4EEn” = gijoi B4n’ = na,

and hence n = (77 1)4Bnp. We finally have for the inverse (7~ 1)4% of v4p

with 7|2 = nan? = na(y"H)4Bng

nl? = (v nans.

3 Uniform distribution of edge dislocations in 2d

The case of a uniform distribution of 2d edge dislocations is realized by the
material manifold N being the affine group, see Section 1.1.1. The corre-
sponding metric n from (1.10) is isometric to the metric of the hyperbolic
plane.
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In general, we consider the total energy F (2.1) of a domain €2 in the
material manifold . In agreement with Postulate 1.1, we assume that the

[¢]
energy per unit mass e has a strict minimum at . The symmetry of the
problem motivates the choice of an isotropic energy function e that is a

symmetric function of the eigenvalues of m = ¢*g relative to n. Therefore,
in this model case, the crystalline structure is eliminated in favor of the

Riemannian manifold (N, n).

3.1 Isotropic energy function

Concerning our toy energy function, we make the following basic choice:

n

1

_ _ 2
e(y)—e()\l,...,)\n)—52()\k—l) >0 (3.1)

k=1
that satisfies e(A; = 1,..., A\, = 1) = 0. Thus, we have a strict minimum of

the energy density at v = ’(; Note that, in (3.1), we are subtracting the rest
mass energy, something which does not affect the variation of E, see also
the discussion at the end of Section 1.

Therefore,
R 1 n
e(y) == (A —2X\ +1) = ctry? —try + -
2 — 2 2
1 — - n
=3 Z ’Y%B—ZVAA-FE (3.2)
A,B=1 A=1

)

Here and in the following the basis (E4 : A=1,...,n) for V is chosen to be

(o] o
orthonormal relative to ¥, hence Yap= d4p. For such a choice to be com-
patible with the condition w(F1,..., E,) =1, we must choose the physical

unit of mass so that the mass density corresponding to 7 is equal to 1.

In case that the metric of the target space is Euclidean, g;; = ¢;5, we find
from (2.8)

p Ozt O

Ea Eb
63/ 6y75ij_ A

5oy oy o

vaB = E4E

where the dot denotes the Euclidean inner product. For the total energy E
(2.1) of a domain Q CC N, where w coincides with the volume form on V
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induced by ’())’ , we have du, = d,u% (the volume form on A corresponding to

the Riemannian metric 701), and we obtain for the total energy E expressed
in terms of the components of ~,

1 — 9 - n
B[ {5 2 - D waaty | dus (3.4)
Q

A,B=1 A=1

In the case n = 2, the invariants of a linear mapping are, respectively, the
trace and the determinant. Expressed in terms of the eigenvalues A1, Ao,
they read:

T =M + Ay = trm,
0= Al)\g = detm.

We have:
2 =M+ 22 420
The toy energy (3.1) thus reads

(M =12+ (A —1)?) = L (12 =271 —20 +2).

6()\1,)\2) = = 5

DN |

3.2 [Expansion of the hyperbolic metric

We shall perform a dilation of the hyperbolic plane in order to be able to
establish an existence result for a fixed domain, from which we can deduce
an analogous result for energy minimizing mappings from a suitably small
domain in the original hyperbolic plane to the Fuclidean plane.

We start with the usual metric, of constant curvature —1 for the hyper-
bolic plane H, expressed in polar normal coordinates (R, 6):

ds? = dR? + sinh? R d#*.

Given a parameter € € R, we dilate H by a factor e~! obtaining H,. The
corresponding metric, of curvature —e2, is:

ds}, = e 2 (AR + sinh® Rd6®) = dr® + F2(r) d6?,
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where r = e 1R and

1 1
F.(r)=¢ 'sinh(er) = ! (8')“ +3 (er)? + 5l (er)” + - ) :

(r,0) are polar normal coordinates in H.. The expression for F2(r) thus
reads:

F2(r)=r? <1 + %(67“)2 + 435(5704 + - > : (3.5)

The main point in the expansion (3.5) is that F2(r) is a real analytic function
converging to r? for ¢ — 0, corresponding to the transition of the negatively
curved hyperbolic plane to the flat Euclidean plane.

In order to simplify the calculations, we go back to rectangular coordi-
nates. We denote rectangular normal coordinates in H. by (y":i=1,2)

y't = rcosé,

y? = rsiné.
Then
1 2
dst. = (dy1)2 + (dy2)2 + &2 <3 + 4—5(67“)2 +.. ) rtde?.
Since

1
df = 2 (—yQaly1 + yldyQ) ,
denoting by dSQE the Euclidean metric
2 2
dSQE = (dyl) + (dyQ) ,
the metric of H, takes the form:

1 2
als%,6 = ds% + &2 (3 + 4—5(57“)2 +.. ) (—y2dy1 + yldy2)2 . (3.6)

The crucial point in the above expression for the metric h of H. is that
it takes the form

hfab = 5ab + 52fab) (37)
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where f,; are analytic functions in (y',y?) and €2. In fact,
2
(—y’dy' +y'dy®)” = <T26ab - yayb) dy“dy”, (3.8)

hence, by (3.6), (3.7) and (3.8),

_ 1 3 2 2 _,a,b
= (5 + pler? o ) (=), (39)
That is,
fab = f(°7%) (r2(5ab - y“yb) where f(x) = 1 + 337 +oe
’ 3 45

4 Uniform distribution of screw dislocations in 3d

The case of a uniform distribution of (3d) screw dislocations is realized when
the material manifold N is the Heisenberg group, see 1.1.2. The correspond-

ing metric n from (1.11) is isometric to the metric of a homogeneous but
anisotropic space.

4.1 Anisotropic energy function

The symmetry of the problem in this case motivates the choice of an anisotro-
pic energy function e, since the dislocation lines have a preferred direction.
Therefore, in this model case, the crystalline structure cannot be elimi-

nated in favor of the Riemannian manifold (N, 7%), in contrast to the 2d case
previously discussed.

The question of the right choice of energy per unit mass for the Heisenberg
group is investigated in the following. Consider the orthogonal transforma-
tion O of V, given by (X" Y’ Z') = O(X,Y, Z) with

X' =cosf-X +sinf-Y,
Y' = —sinf- X +cosf-Y, (4.1)
7'=2Z.
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The commutation relations [X,Y] = Z, [X, Z] = [Y, Z] = 0 are preserved by
this transformation since

(X", Y'] = cos? 0[X,Y] —sin? 0]V, X| = (cos? 0 +sin?0) [X,Y]=Z = Z',
X',z =Y Z]=0.
Consider the metric m = ¢*¢g. Since m is symmetric, we have generally six

independent components in three dimensions. This also holds for ~, the
corresponding inner product on the crystalline structure:

_ (YaB 0a
! (95 p>’

where the six components are

S’AB = YAB, AaB = 1727
HA:7A3, A:1727
P = "33-

The energy density e depends on the variables (7,6, p). e must be invariant
under orthogonal transformations (4.1), that is e(7, 6, p) = e(050, 08, p),
for any O given by (4.1). |0|? is such an invariant; together with the invari-
ants tr 4 and tr 42, which are the same as in the 2d case, we have the following
four invariants:

try, try2, |0], p. (4.2)

Thus, starting with six variables, we have eliminated two and are left with
an energy per unit mass of the form

€= e(/v‘hﬂ% ‘0’2 ) 10)7

where p1 o are the eigenvalues of y4p with respect to % 4p in the XY-plane
(A,B=1,2).

We may choose in particular:

g

e=5 (=174 (=1 + GIOP+ S -1 ()

2

which «, 0 are positive constants, which has a minimum at the identity

YAB :’? AB= 0ap. It is not surprising that the screw dislocations, which
have a distinguished direction, break the isotropy and we are lead to an
anisotropic energy of the form (4.3), which is invariant under the transfor-
mation (4.1).
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4.2 The Heisenberg group as a homogeneous space

Let

x=2 Y’;Q+x93 z-9

ox’ - oy 0z e (44)

be, as in Section 4, the basis for the Lie algebra V of the Heisenberg group.
We have the commutation relations

(X,Y|=2, [X,Z]=[Y,Z]=0. (4.5)
The basis of 1-forms (&, (,n) dual to X,Y, Z is
E=dx, (=dy, n=dz—xdy.

A left-invariant metric on the Heisenberg group is, up to isometries and an
overall scale factor, given by:

n=£@E+C(+ePnan, (4.6)

that is:
ds? = dz? 4 dy? + e*’(dz — zdy)?, (4.7)
where [ is a real constant. The metric (4.7) is called a Bianchi type VII
metric (for the classification into Bianchi types, see [12]). It represents a

homogeneous space which is not isotropic.

The inner product % on V giving rise to the metric n is given in the basis
(X,Y,Z) by:

(X, X) =5 (,Y), ¥(2,2)=é,
VXY) =T (X, 2) =7 (Y, 2) =0,
Thus defining
Ei=X, Ey=Y, Ey=e"Z (4.8)

(E4:A=1,2,3) is an orthonormal basis for 7

YaB:=" (EA,EB) = 04AB. (4.9)
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The dual basis is:
wh=¢ w?=¢, WP =é%n. (4.10)

In the following, we shall denote the metric n by h. Thus, in terms of the
basis (w? : A =1,2,3) we have:

h:ZwA®wA.
A

Now (N, h) being a homogeneous space, any point in A/ may be taken as
the origin. Consider a local coordinate system (y*:a =1,2,3) on N with
origin a given point. Since in the Euclidean space E? we may set up a
rectangular coordinate system (z° : i = 1,2, 3), a mapping id is then defined
in the domain of the coordinate system on A by:

idy', v, y%) = (W y? yP) € B,

that is, id is expressed in the respective coordinate systems as the identity
mapping. Thus m, the pullback to N by id of the Euclidean metric d;;dz’ ®
dz? is

m = dapdy” ® dy’
in the local coordinates (y* : a = 1,2,3) on N. The following problem then
arises in connection with the analytic method to be presented below: given
any point in N, find a local coordinate system (y*:a =1,2,3) on N/ with

origin the given point such that v4p5, the components at y of the correspond-
ing inner product on V in the basis (E4 : A = 1,2, 3), that is:

vaB(Y) = map(y) E4 (y) EB(y) = 0 E4 (y) EB(y)
satisfy:
YaB ()~ Yas= O(lyl?).

o
(Recall that Y4p= dap.) The solution is simply to set up Riemannian nor-
mal coordinates on (N, h) with origin the given point. For, the components
of h in such coordinates satisfy:

hab(y) = ab + O(‘ylz)-



450 DEMETRIOS CHRISTODOULOU AND IVO KAELIN
Since
hav(y) B4 (y) ER(y) = 64
identically, then
vaB(y) — 648 = (6ab — hav(y)) E4(y) EB(y) = O(|y[*),

as required.

5 Scaling properties
5.1 The general isotropic case

Let N =Q C R™ and ¢(2) C E™ be the domain and the target space, respec-
tively, of the mapping ¢ with the same properties as in (1.1). We fix coordi-
nates in A and also fix an origin in E”. We may assume that the coordinate
origin in A is mapped by ¢ to the origin in E™. Consider

o) =16 (¥),

where [ > 0 is a given positive constant. If U is a domain in E™, we denote
by (U the domain {lz : z € U}. Similarly for a domain in R". The domain
of ¢ is 2 =19, and

$: Q=10 ¢(Q) =1p(Q).

The change from ¢ to ¢ induces a change from m to m (and similarly for
the inverses) as follows:

asl) = 30 20T _ () () ) = () (2)

— oyr Oy l l
(5.1)
For, since ¢'(y) = ¢ (¥), we have
09'(y) _,09°(y/D1 _ 9¢'(y/D)
oy =1 e 1= o (5.2)

We consider here the case of an isotropic energy function. We have seen
that in this case the crystalline structure V can be eliminated in favor of a
Riemannian metric h.
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Let us define a new metric h on N by hgy(y) = ha(¥). Note that h is not
isometric to h. In the case of the toy energy function (3.2), we have (see

(1.1) below),
(i) () ).

and similarly with l~1, m, S replaced by h, m, S. Using (5.1) we then obtain:

§ab(y) = gab (%) . (5.3)

Now equations (2.22) transform as follows. From the definition of the covari-
ant derivative, we have

o Sab
oyb

& qab o ab b
Vys® = 92 | ra gbe 4 b gac (5.4)

m
where I'?, are the Christoffel symbols with respect to m defined by

’7& 1 ad (@mbd n amcd @mbc> (55)

— (1 _
be — 2(m ) 8yc ayb 8yd

mo. n
as well as analogous expressions for V;,5% and I' . From (5.1) and (5.3) we
then obtain

OMpe 10mee (Y 9Sab 105% 1y
g W) = 175, (z) an o W) = T o (z) . (56)
and, consequently, from (5.5),
L =115 (4) (57)
be Yy) = l be l : .

We conclude, using (5.4) with (5.6) and (5.7),

, 5 (y) — % <@bsab> (4.

So, if ¢ is a solution relative to h and €2, d) is a solution relative to h and
Q, the tangent plane to Q = IQ at the point ly € 9 being parallel to the
tangent plane to Q2 at y relative to the linear structure of R™ O €.
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If (Ex: A=1,...,n) is an orthonormal frame field for h then (E4 : A =
1,...,n), with E4 deﬁned by

Eiy) = £ (4).

is an orthonormal frame field for h. Also, using a formula similar to (5.7)
with A in the role of m, we deduce

t.a(y) = 2 Rie ().

It follows that, if Ky is the sectional curvature of h corresponding to the
plane IT at y and K7y is the sectional curvature of h corresponding to the
plane IT at § = Sy = ly, where II = dS;(II) (S; the scaling map), then

7= l_ZKH.

5.2 The 2d case

Consider the 2d case. The metric of the hyperbolic plane of curvature —e?

is given in Riemannian normal coordinates by:

hab = 5ab + Ezfab(y)7
fab( ) = f( 2 Q)Zab(y)
lab( ) 0 bT - y y )

and f(z) is an entire function with f(0) = 1.

We now consider the metric h, the components of which in the above
coordinates are: hqp(y) = hap(y/1). We have:

hav(y) = Oab + €2 fab (y) ;

fan (4) = 1 (aﬁf) (),

therefore,

Bab(y) = dap + ézf (527”2) lab(y) = dab + é2fab(y),
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where & = ¢/l and fa(y) is fus(y) with ¢ replaced by €. While the curvature

K of his —€?, the curvature K of h is

Given a domain €2, we shall show in Part III below that there is a 1 >
0 such that we can solve equations (2.22) for all 0 < e <ey. Let ¢1. be
the solution corresponding to 7 and € € (0,£1). €3 is a domain in the
hyperbolic plane of curvature —e%. We define G111 DY

Dre/(y) =116 (%) : (5.8)

This is the solution corresponding to the domain §2; = [£); in the hyperbolic
plane of curvature —e? /2.

Choosing then | = ¢ we have from (5.8)

Pra(y) = g1y (%) = 01 (%)

a solution of the problem for the domain €2; := [€); = €€y in the hyperbolic
plane of curvature —e?/I2 = —1, that is, the standard hyperbolic plane. In
conclusion, once we have a solution for the domain Q; and curvature —e?2,
we automatically have a solution for the smaller (rescaled) domain Q; = e

and curvature —1.

Consider the stress T% and its rescaled version T% at the respective points
in Euclidean space. From (5.3) and (5.2) we conclude:

7' (9(y)) = 57() 25 L),
- [~ . o 74 o 13 D) i No . ;
) - I g ) 0

St

)

The rescaled stress T at the rescaled point g?)(y) is thus the same as the
original stress T at the point ¢(y/1).
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5.3 The 3d case

Let (E4: A=1,...,3)bethe vectorfields (4.8) that satisfy the commutation
relations [Ey, By = €®E3, [Ey, E3] = [E2, B3] =0 and (w?:A=1,...,3)
the dual 1-forms (4.10), so that

h=> w'®w", hap=h(Es,Ep)=dap. (5.9)

We introduce Riemannian normal coordinates (y®:a =1,2,3) for h at a
given point in A, which we take as the origin. The components of the
metric h in these coordinates are of the form:

hab(y) = 5ab + eab(y>7 6ab(y) - O(’y‘2) (510>

Let id be the identity map defined in Section 4.2 and m the pullback by
id of the Euclidean metric 5Z-jdxi ® dz?. Then the components mg, of m in
the coordinates (y® : a = 1,2, 3) are simply mqp, = 45 and the corresponding
inner product on V, which depends on y, is given by:

YaB(y) = v(y)(Ea, Ep)
= man(y) B4 (y) E (y)
= 6avE% (y) EB(y)
= (hav(y) — €t () E4 () EB(y)
)

=04 —€aB(Y),

where eap(y) = e (y) ES(y) ES(y) = O(|yl?).

We now dilate the Heisenberg group metric h by the factor [ > 1, i.e., we
set:

h=1?h, h(Ea, Ep)=1?h(E4, Eg) = 1?45
Define now E’A =1"1Ey, so

h(Ea, Eg) = 6B,

that is (F A A=1,2,3) is an orthonormal frame field relative to h. We
denote by ~ the corresponding inner product on V, i.e. V(E 1, Ep) = 04p.
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Remark that the commutation relations of the frame field (E4 : A = 1,2,3)
read

[Ely EQ] - l_leﬁE& [E17E3] = [E27 E?)] =0.
Now:
h=12h = Phg(y)dy® @ dy®.

Set % = ly®, then h = ﬁab(gj)dgj“ ® §° and hence

hap(§) = hap <3l/> . (5.11)
Consider the geodesic ray through the origin of the coordinate system y*:
Yt = X\%, §°=A%, where A% =I\"

For the Christoffel symbols of the metric A with respect to the coordinates
y*, we have:

2 (AN = 0.

But from (5.7),

hence:

TR |
@ (A)APNE = 7rg;c(At)mbAC = 0. (5.12)

Thus (g% : a = 1,2, 3) are Riemannian normal coordinates for h.

We remark that the mapping id defined in Section 4.2 depends on the
choice of local coordinates in A. Let us denote by id the mapping associated
to the coordinates (§®: a = 1,2, 3), reserving the notation ¢d for the map-
ping associated to the original coordinates (y®:a = 1,2,3). Let m be the
pullback of the Euclidean metric 5,-jda:i ® dz? by id. Then the components
Mgy of M in the coordinates (g% : a = 1,2, 3) are again simply Mgy = dgp-
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Now, by (5.10) and (5.11),

hab(g) = 0gp + gab(g)a

ewli) = (]).

éan(9) = O (I7%[5%) |

where

Therefore,

and we obtain, in analogy with the above:

FaB(7) == 1(@)(15’/4, EB>
= ey (9)E ( VER(7)
= S B4 (7) EB ()
= (ha(@) — &(®)) BAGEBG)
=048 — €4B(7),

where €4p(7) = € (9)E4(5)E%(5) = O(172 |§]*). Here EY are the compo-
nents of the vectorfield E4 in the coordinate system (3 : a = 1,2, 3).

Let now Q be a fixed domain in the § coordinates containing the origin.
Let ¢ be a solution of the boundary value problem

SN, =0 : on 99,

such that gE takes the y coordinate origin in N to the z-coordinate origin in
E3. In (5.13) S% = 7#4BE4 EY and, by definition,

det% Y4B

Since h = hay()dij® ® di® and y® = I~'§* we have

h=1"2h =1"2hey()dj® @ dif® = hap(ly)dy® @ dy®,
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hence hgp(y) = hap(ly). We now consider the rescaled (smaller) domain €2 =
{y =17'9,5 € Q} and define the mapping

o(y) = 1"13(ly) . Wy eq.

The pullback by ¢ of the Euclidean metric is m, the components of which
in the y* coordinates are

¢’

0¢' O
zgaya

(y) P

mab(y) =0 (y)

Since

0P’
oy®

¢
2

(y) (4),

we have mgp(y) = Map ().

Hence, the corresponding inner product on V, yap(y) = v(y)(Ea, Eg) in
terms of the original basis (F4: A =1,2,3), is:

v48(Yy) = map(y) E4(y) EB(y) = map(§) EG (D) EB(§) = Fap(5)-
For,

SN,
EA(y)aga

0
— —lEa
l A(y) 8ya7

hence E%(§) = E%(y

). For the stress tensors in both coordinate systems we
have 748 (y(y)) = 748

(7(7)) because intrinsically é(7) = e(y). Therefore:

5°(g) = 74P (@) EGHERG) = 7P (1)) BA(y) B (y) = S (y),

which shows that the stress is scaling invariant, as expected.

Remark I1.3. The energy per unit mass e is a function of the configuration
v, an inner product on V. However, when representing e as a function of the
components yap of v in a basis (E4: A=1,...,n), which is orthonormal

relative to ’?, e in this representation depends indirectly on ’(;



458 DEMETRIOS CHRISTODOULOU AND IVO KAELIN
Consider the equations in (5.13). Starting from M, (9) = may(y),

OMgp
oy°

1 87’77/(15
y¢

-1 8Tnab

(@) =1 By° (¥),

(@) =1~

the Christoffel symbols I';, transform accordingly

Lo, (5) = 17T (y). (5.14)
Since we have
agab L &Svab
y) =1~ Nl
o5 ) =1 o (), (5.15)

we finally obtain, using (5.14), (5.15),
mgab ~_8Sab~ Fﬁ&~5bc~ I::Z~gac~_—1m5ab
Vi () = o7 () + Tp(9)S™(F) + Lo (@)S*(@) =17 ( Vb (y)-

Therefore, once we have a solution for the equation in the 4 coordinates, we
immediately obtain the solution for the original equation and the boundary
condition is also satisfied since M, (y) = Mq(y).

Part III The analysis of equilibrium
configurations

1 Stress tensor

We will now show that the stress tensor S on the material manifold A is
given by

detrgsab _ o Oe

. 1.1
det n Omyy, 1)

Recall first the definition (1.3) of the thermodynamic stress 7 on the crys-

talline structure V
det 0
R e I (1.2)
det v 9v4p
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where we have made use of the definition of the volume V(v) = , /%2 in

dety

the frame (E1,..., E,) satisfying w(Ey, ..., E,) =1, ’(;AB: 04p (so in fact
det V= 1).

Now, from (2.8) we have

de  Oe Oyap  Oe

= = E%FEY,,
Omay,  Oyap Omay, Oyap + P

hence, with E(y) = w(y)™!,

Oe de 4 g
= wy Wy, 1.3
Ovap  Oma * 7 (13)

and finally, using (2.9), (1.2), (1.3) and the equality

detm  dety (1.4)

detn  det 7y ’

we obtain:

det det 0 0
77?5“(4);4@‘15 = 770 gAB = 9 9C¢ _ o 9€ wfwf,
det n det 7y 0vAB Omgp

which directly implies (1.1). The equality (1.4) is a special case of the
following proposition, which applies to the isotropic case.

o

Proposition III.1. The eigenvalues Ai,..., A, of v with respect to Y
coincide with the eigenvalues of m with respect to n.

Proof. We define A(y) € L(V,V) by

Y (A@)Y1,Ya) = 1(y)(V1,Ya) : VY3, Ya € V.

Hence, A(y)Ep = A% (y)E4, where

A3 =G Vo).

Thus, A1, ..., A\, are the eigenvalues of A.
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Similarly, we define B(y) € L(T,N,T,N') by

n (By)Y1,y, Yo ) = m(y) (Y1, Yo) ¢ VY1, Yo, € TyN'

and using B(y) 82

B(y).

Since the evaluation map e, is an isomorphism from V to Ty for each
y € N, we have

|y = Bg(y)aiyb\y, we want to express A(y) in terms of

Ay) = egjl o B(y) o €.

Hence, using Ep(y) = E%(y)a%bb,

AG(y)Ea = A(y)Ep = ¢, (B(y)Ep(y))

we conclude

w(y) ' By)w(y), E(y) =w(y)

BN
—~~
<
~

I

&
—~~
<
~—

Sy
—~~
<
~—

&
<
~

I

i.e., the linear mappings A(y) and B(y) are conjugate and therefore
AL, ..., Ay are also the eigenvalues of B(y). O

Let us now calculate the stress tensor S* corresponding to the toy energy
(3.1). Here, we denote n by h, the metric of the hyperbolic plane that is
the metric of the material manifold for a uniform distribution of elementary
edge dislocations. Recall that

e =

(M =12+ —1)%)

(AT + 23 —2(\ +X2) +2)

try(m?) — trpym + 1

()" (W) maymea — (B map + 1.

NI RN~ -
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Then,

detm _,, de lvac o, _1\bd e
Gern "= 2= =2 () () me = (7)) ()

b — 2@ (A ()" (hea = mea) - (1.6)

The physical interpretation of (1.6) is the following;:

or,

(i) If m is smaller than h then the stress is positive,
(ii) if m is larger than h then the stress is negative.

Recall that a quadratic form ¢ = h —m on T,V is said to be positive (neg-
ative) if, for all v € TyN,

q(v,v) >0(<0): Yov#0.

2 Setup and method in 2d

As was shown in Part I, Section 1.1.1, the material manifold N for the case
of a uniform distribution of edge dislocations in two dimensions is given by
the affine group, and a left-invariant metric on N gives N the structure of
the hyperbolic plane H, of curvature —e2.

To solve the problem in this case, we fix an origin in H. and set up
Riemannian normal coordinates (y*: a = 1,2) as in Section 4.2 of Part II.
Let €2 be any smooth bounded domain in these coordinates, containing the
origin. Note that as ¢ — 0, H.|q tends to Hylg, where Hy = F is the
Euclidean plane. We also choose an origin and set up rectangular coor-
dinates (2% :i =1,2) in E. An identity mapping

id: H. — F
(y'y?) — (2',2%) = (v, 97

is then defined as in Section 4.2 of Part II.

(2.1)

We now restrict the allowed mappings ¢ : 2 C H. — E by the following
two requirements. First, ¢ should map the origin in H. into the origin in
E. Second, d¢(0) should map the vector 8%1|0 into a vector of the form

)\%\0 for some A > 0. By virtue of this restriction, the identity mapping
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(2.1) (restricted to ) is for ¢ = 0 the unique minimizer of our toy energy e
from (3.1).

Remark ITI.1. The restriction is needed to ensure uniqueness. Otherwise,
composition on the left with a rigid motion of E gives another minimizer.
The appropriate restriction in the 3d case will be stated below in Section
3.1. Analogously, it can be formulated in any number of space dimensions.
Thus uniqueness is ensured in general. The argument of Part I, Section 3.2
applies with the hyperbolic plane H. and the Fuclidean plane replaced by the
n-dimensional hyperbolic space HI' and the n-dimensional Euclidean space.
This is as long as the toy energy (3.1) is considered.

From (2.22) and (2.25) the system of partial differential equations and
the corresponding boundary conditions for the static problem of a uniform
distribution of edge dislocations in n = 2 dimensions is of the form

F5[¢]207

where

F.[¢) = (g;g;i) . (2.2)

We linearize the equations at the identity mapping, which is a solution for
€ = 0. First, we solve the linearized problem using the theorem of Lax—
Milgram (as in [2]). An iteration will then show that there exists a solution
to the nonlinear problem for sufficiently small ¢, and, therefore, by the
scaling argument of Section 5 of Part II, that there is a mapping from a
rescaled domain  in the standard hyperbolic plane H; = H of curvature
—1 to the Euclidean plane, ¢ : Q C H — E, satisfying the conditions of the
problem.

We set ¢ =1id+ 1, where ¢ is a small deviation from the identity
mapping. We have:

Fy [id) = 0.
In a neighborhood of the identity F; is of the form
F€ [¢] = Fa [ld] + DidFe ' 1/} + Ne[wL

where Nc[¢] is to leading order quadratic in @. We denote by L. the
linearized operator D;gF.. Then F.[¢] = 0 reads

L. - w =—FI: [Zd] - Nahb] (2'3)
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We will solve this by an iteration starting at ¢g = 0. In the first step of the
iteration, we have the linearized equations

Loty = —F. [id]. (2.4)

The term —F.[id] in (2.3), (2.4) can be interpreted as a source term.

A possible approach to the problem is to study the iteration

Le - hpt1 = —F¢ [id] — Ne[)y) (2.5)

and show that 1), converges to a solution ¢ = ¢ — id of (2.3), provided that
we choose e appropriately small. However, we follow a different approach.

Adding Lo - ¢ on both sides of (2.3) yields
Lo ¢ = —(Le — Lo) - ¥ — Fefid] — N[4)].
What we actually do is to consider the iteration
Lo - Ypi1 = — (Le — Lo) - ¥ — Felid] — Ne[thn]. (2.6)

Note that while both (2.5), (2.6) are linear in the next iterate ¥pn41, in
(2.5) the operator L. which refers to H. acts on 41 whereas in (2.6) the
operator which refers to Hy = E acts on ¢,41.

In (2.6), L: — Lo is a pair of linear operators, a second-order operator in
Q and a first-order operator on 0f). The coefficients of these operators are
of order 2, which we may write symbolically in the form:

Lo — Lo~ 8 (h—06) =e*0f, (2.7)

since, from (3.7), h — 6 = 2 f.
The iteration (2.6) starts also with 99 = 0. Then, setting n = 0 in (2.6),
we have:

Lo = —Fi[id), (2.8)

thus, taking into account the fact that deth =1+ O(e?), (1.6) implies
S (id) = —2€% fup|e—o + O(e*). Tt follows that ¢y is of order €2. This is
step one of the iteration, the linear level.
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For n > 1, taking the difference between (2.6) and the same with n
replaced by n — 1, we obtain

LO : (wn-i—l - wn) = - (La - LO) : (% - %-1) - (Na[¢n] - Na[wn—l]) .

In view of (2.7) and the fact that N¢[¢] is to leading order quadratic in 1), for
sufficiently small e, contraction will hold and ,, will converge to a solution
¥ of (2.3). Thus, ¢ = id + v solves the problem (2.2).

Consider now the equations in (2.2). To analyze the problem at the
linearized level, we consider the variation 1., of the metric mgy, at the
identity mapping id. Setting

¢ =y + sy, (2.9)
and recalling that
_ 99" (y) 9¢'(y)
m(lb(y) - aya ayb 9

we obtain:

mab: -5

L [0 20 (5 20
o L0reege) - (30055

ds
_ O 00T oyt oye
= o o + 6y, ar oy T o (2.10)

Hence, 1y, is the Lie derivative of the metric d,, on H. (the pullback by id
of the metric d;; on E) with respect to the vectorfield w"# on H. (which

the pushforward by id takes to the vectorfield 1)’ 821- on E).

3 Analogous geometric linear problem

In the work on the stability of the Minkowski space-time [6], a linear geomet-
ric problem was studied analogous to the linear problems in (2.5) and (2.6).
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Let (M,g) be a compact Riemannian manifold with boundary M and
X a vectorfield on M. We set

7T=£Xg, T4 ZVZ’Xj—FVin; Xi :ginj7 (3'1)

the Lie derivative of the metric g along X, a symmetric 2-covariant tensor-
field on M. The variation of w with respect to X reads:

7'Tij = V,’Xj + Vin. (3.2)

We consider the problem of free minimization of the action integral

1 % %
A= / (4|7r\3 +p XZ) dpg — / 7' Xi dpglgpy - (3.3)
M oM

Here p is a given vectorfield on M and 7 is a given vectorfield along M. In
mechanical terms, p is the body force and 7 the boundary force.

The first variation of (3.3), using (3.2), is
A = / (WijVin + pZXZ) d,ug — / TZXZ dug|8M . (34)
M oM
For variations of X; which vanish near the boundary we have
A = —/ (Vjﬂ'ij - ,Oi) Xid,ug,
M
and requiring A = 0 for such variations yields the Euler-Lagrange equations:
V;rl =p" :in M. (3.5)
Requiring then A = 0 for arbitrary variations:
_/ 7' X dptglgyy = / (77 Nj = 7') Xi dpglpps = 0,
oM oM
yields the boundary conditions:
T N;=7" :on OM. (3.6)

Equations (3.5), together with the boundary conditions (3.6), correspond to
the linearized boundary value problem (2.7) corresponding to a crystalline
solid with a uniform distribution of dislocations in equilibrium if we identify
(Q,rn,id*6) with (M, m,g), § being the Euclidean metric.
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We proceed in showing self adjointness of the above operators in the
following sense. Let Y be a vectorfield on M, 0 = Lyg, i.e.,

0i; = VY, + VY =04, Y=gV (3.7)
Then we have by repeated partial integration using (3.1),
<Y,v . 7T>L2(M) - <Y,7T . N>L2(8M) = <X7v . 0’>L2(M) — <X70- . N>L2(8M) .

Suppose now that Y is a Killing field, i.e., 0 = Ly g = 0. Then we have by
(3.5), (3.6) and (3.7)

/ Y;,pz — / Y;;Vjﬂ'l'] — / O.ijﬂ.lj + }/i,]-‘-l]Nj — )/1‘7_7,7
M M 2 Jm oM oM

since 0;; = 0 on M. Thus, the integrability condition reads:

/ Yo = [ v (3.8)
M oM

This condition guarantees the existence of a solution for the boundary value
problem (3.5), (3.6) by the theorem of Lax—Milgram.

3.1 Uniqueness of the solution

In fact, the solution is unique up to an additive Killing field. For, if we
take two solutions X; and Xy of (3.5) with (3.6), their difference X =
X1 — X, satisfies the homogeneous equation of (3.5), i.e., p =0 with zero
boundary conditions, (3.6) for 7 = 0. Therefore, we have, setting 7 = Lxg,
Vj(?Tini) = WijVin,

1 1 3 1 g
A—/ w|? = / ™V X; = / V; (77 X;) .
4 Jm 2 Jum 2 Jm

Using Gauss’s theorem we obtain:

A= 1/ V; (77 X;) = 1/ (7 N;) X; = 0.
2 M 2 OM ~—~——
=0

It follows that m =0, and thus X = X; — X5 is a Killing field, i.e., the
solutions X7, X5 only differ by a Killing field.
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For our problem, where (M, g) is isometric to a domain in the Euclidean
plane, recalling the restriction

$(0) =0,
0 0
de(0) - ayt|, = et
we obtain, setting
¢'(z) =y + sX'(y),
the conditions
sX%(0) =0,
i X' i
(51 + STyl(O) = )\(8)(51

Taking then the derivative with respect to s at s = 0 yields the linearized
conditions:

X'(0) =0, (3.9)
‘?;; (0) = o, (3.10)

where ;1 = A(0). The second of the above conditions is

0X?

Substituting the general form of a Killing field,
X'=aly + 6, af=—af

it follows from the first condition (3.9) that B =0, and from the second
condition (3.10) that a2 = 0, hence aj =0, ie.,, X =0. So the solution of
the linearized problem is in fact unique.

We remark that in three dimensions, one must add, for uniqueness, the
condition that

3}

de(0) - 22,

is a vector at the origin contained in the plane spanned by %\0 and %\0.
This can always be arranged by a suitable rotation in 3d Euclidean space.
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Thus

9
oy?

0
= 1 =
0 ozl |,

0

dg(0) - 922

+ Ao

0

At the linearized level, this additional condition gives:

0X?
5z ()=

1187 + 11283, (3.11)

where i1 = A (0), p2 = A2(0). Setting i = 3 in (3.11), we have:

0xX3

Tyg(o) =0,

while the conditions from (3.10) read

or, taking into account that also 8° =0 (i =1,...,3), we conclude that
X =0.

4 The linear problem

The unknown of the problem being the mapping ¢ : 2 — E, the pullback
metric m = ¢*§ depends on ¢ according to:

mab Z a¢l Z

7

Since Mgy (id) = dap, and ¢ = id +1p, i.e., ¢* = y* + Y(y), we have:

ol oy
oy® + oyb

Mgy = 5ab + mab + Mab[lﬂ], where mab =

and fiqp[10] is quadratic in 9. It follows from (2.6), together with (2.7), that
¥ = O(e?) at the linear level, whence 1/? = O(e?). Furthermore, from the
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expansion of the hyperbolic metric in rectangular coordinates we have
hab = 5ab + 52lab + 0(54)7

where lop = fap|.—p-

Linearizing the operator F. from (2.2) at the identity mapping, Loy =
D;qFpy - ¢, we find:

—20y1m, :in Q,
Loy = oab
—2mgp M,  : on 0f,

0

m
with 14 as above. Moreover, for ¢ = id we have, mg, = 64, Vp = By

Hence:
%S“b(z‘d) = Vdeth (b)) (W) (hea — Mea) = 2oy + O(eY), (4.1

where we have made use of

Videt h = \/det(§ + €21) = 1 + O(?).
Therefore,

ab(; _ 2 ab 4 L3
Fuid) = {abs (id) = 2e20,1% + O(%)  :in Q,

S (id) My, = 221 My, + O(e*)  : on 09.

Thus, dropping terms of O(g*) in F.(id) which come from the O(s*) terms
in (4.1), the linearized problem (2.8) reduces to the boundary value problem

0 S — . :
Biyb (mab - €2lab) =0 : mn Q, (4'2)
(mab — €2lab) My,=0 : on O0f.
We consider the following problem analogous to (4.2):
Vj‘ (Wij - c¥)=0 : in M, (4.3)
(7T” —U”) N;=0 : on OM,

where m;; = (£x9)ij, 04j is a given symmetric 2-covariant tensorfield on M,
N; is a covector whose null space is the tangent plane T, M at x € M, and
Nt = (g71)Y N; is the corresponding outer unit normal vector to dM.
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To obtain the solution of (4.3), we find a vectorfield X such that 7@ = £ <9
satisfies

(7 — o) N; =0 : on OM. (4.4)

We define X' =X — X and @' = Lxg= Lxg— L;g=m—T7, to obtain
from (4.4) and the boundary conditions of (4.3):

(7)IN; = (77 = 7#I) Nj = (77 — ¢") N; = 0 : on OM.
Defining the vectorfield p in M by p' =V, (O’ij R ), the problem then
reduces to:

V()9 =p" : in M,
(7)N; =0 : on OM.

This is of the same form as (4.3), but with zero boundary conditions. To
see whether this problem has a solution, we need to check the integrability
condition (3.8) (i.e., orthogonality to the Killing fields in the L? sense). Here,
the boundary terms vanish since we have zero boundary conditions and it
remains for us to show that

| &du =0,
M
for all Killing fields £. We have:
| etdny = [ 69507~ 7) d,
M M
= [ & A Ny dglong — [ V36 (7 = 7) iy =0,
oM M

where the first term is zero due to (4.4) (that is, the choice of X), and the
second one vanishes by virtue of the fact that £ is a Killing field,

V& (O‘ij — ﬁ'ij) = % (Vi& + V&) (aij - ﬁij) =0.

By applying the Lax—Milgram theorem as in [2], we conclude that there is
a solution X to the generalized linear problem, which is unique up to an
additive Killing field. Thus, also the linear case of the original problem
(4.2), viewed as a special case of the above, has a unique solution up to an
additive Euclidean Killing field.
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5 The nonlinear case

We will show that the nonlinear system (2.2) is solvable in © under a certain
smallness assumption on the parameter . Let us first state the nonlinear
case of the original problem (P), again.

< ab _ . :
SYM,=0 : on 01,

where S% is given by (1.6) and M, is a covector whose null space is the
tangent plane 7,2 at y € 9€). The orientation may be defined by M X > 0,
whenever X? is a vector pointing to the exterior of Q. M® = (m~1)® M,
is the outer normal to 0€2. The strategy for solving the problem (P) is
the following. We set up an iteration scheme, where the first step is the
linearized problem. By the result for problem (4.3), the linearized problem
is solvable because the integrability condition is automatically satisfied. The
integrability condition of the iteration can then be satisfied by applying a
doping technique similar to the one in [9].

5.1 Iteration

We first study the iteration scheme. For the analogous (generalized) problem
(AP) we have from (2.6), (5.1) (now written in terms of the coordinates y*
on , and 7 denoting the linearized metric m):

onab a L.
(AP){ o~ Fn o G, (5.2)
(r%, —o®) My =0 : on 09,
where
cab OUp 1 4 N1
n+1 dye 8yb )

Now we set 9], | = 41 — 'l;n_i'_l, where the 1/;—part satisfies the boundary
conditions, i.e.,

(frgil - agb) M, =0, (5.3)
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and we have a modified problem (AP’) with zero boundary conditions

aﬂ./ ab aﬁ.ab

n+1l __ n+1 . 3
(AP/) /ayb =P dyb :oin €,
T2 My =0 : on O

The integrability condition, which yields existence of solutions of the prob-
lem by the Lax—Milgram theorem [7], now reads:

omab o¢a
0= [e (=Tt ) = [enn- [ embian [ wn
Q ( ayb Q o i Q + 3yb

That is:

[eon- [ cotan—o (5.4)
Q o

for every Killing field £ of a background Euclidean metric on 2. This met-
ric is id*9, where 0 is the Euclidean metric of E. The y® are rectangular
coordinates on 2 relative to this metric. In particular, M} is a unit covector
relative to this Euclidean metric and the integral | o 1s taken with respect
to the measure on 0f2 corresponding to the metric (arc length if dim 2 = 2)
induced on 9f2 by this Euclidean metric on 2. In the above, we have made
use of (5.3) and the properties of ¢ as a Killing field. In particular,

g 1
¢ =apl+ 4" af=—ah = Sy=ap=;(ah-ap),

ab

and thus the contraction of the symmetric tensors ﬁg’il, respectively, o2,

with %5
Y
step of the iteration is (5.4).

vanishes. In conclusion, the integrability condition at the n +1

5.2 Killing fields and doping technique

In n-dimensional Euclidean space we have the following linearly independent
Killing fields:

(i) n translations,
(ii) n(nT_l) rotations.
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So, the space of Killing fields on E™ is N-dimensional, where

N_n+n(n2—1) _ n(n;—l)

Let (€4 : A=1,...,N) be a basis for the space of Killing fields. In the spirit
of [9], we have to modify p, that is the inhomogeneity on the right-hand side
of (5.2). This technique is called doping. We replace p by

pl=p+) cata,
A
and require in accordance with (5.4) that
/§A~p/:/ éa-opy: YA=1,...,N, (5.5)
Q [2]9]
where 0%, = o®M,. Since

/QfA'fB:MAB

is positive definite, we obtain a linear system of equations for the coefficients
ca: A=1,..., N as follows:

/QfA'P/:/QfA',O-i-/QfA (;6363) Z/E)QSA-UM: VA=1,...,N,

and thus
ZMABCB_/ fA-O'M—/fA-p—:O'A: VA:L...,N.
B oN Q

The system ) 5 Mapcp = 04 can be solved, and there is a solution

ca=)» (M), 08, (5.6)
B

M ap being positive definite, hence non-singular.
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We reformulate the problem (AP) as follows:

6ﬂ_ab

- ntl _ 'a . 0
(Ap)q o = " (5.7)
(e, —o®)M,=0 : on 0N
Writing 2, = X9, p,@ = p' %, c® M, = 79, (5.7) is of the form
o (oxt | 9x°\ _ 'a .
Tyb(aya + 8yb> =p® ¢ in Q, (5 8)
<%§; + %)y(:) My=71* = on 0.

Under the restriction discussed above, which if X is a Euclidean Killing field
forces X to vanish identically, the linear system (5.8) has no kernel. The
following estimate then holds (see [1])

X, a0 < C {1190y + 17 lla sy atomy |- €= C@Q) (5.9)

Applying this estimate to (5.7) and taking e suitably small we can prove con-
traction of the sequence () in Hg12(Q2) for s > 5, Hs(2) and H,_;/5(99)
being under this condition Hilbert algebras.

OnA — OA
Cn,A — CA
in H,(9) Py — P
in Hep12(00)  opf — o for 1= oo,
in Hey1(Q) T, — m
in H(Q) Pt = P

and, in the limit n — oo we deduce in terms of the modified inhomogeneity p’

omab "a :
=p :in Q,
oy" (5.10)
(ﬂ'ab — aab) M,=0 : on O09.

We have:

pr=p"+ ) calh, (5.11)
A

and c4 is given in terms of o4 by (5.6). From (5.1), (5.10) and (5.11), we
find

m Hmrab
VpS% = 872117 —pt=p = pt = X0 pin €,

SN, =0 con ON).

(5.12)
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We have to show that
Proposition III.2.

X0=>"calh=0 :a=1,...,n, (5.13)
A

if € is suitably small.

Proof. Let €% be a Killing field of d,,. We have:
[ dugextiy = [ maeXodun + 0 1X],)  (514)
Q Q

where we say that a real-valued function Q(e, X) is O(2|X|), if there is a
constant C' such that

Q(e, X)| < Ce? X, -

(5.14) holds because mgp = dqp + O(?). Consider the vectorfield ¢ on €,
the pushforward of which by ¢ to the Euclidean plane F coincides with &£

a __ iaya i_ad)ia
ST [f—ayac].

Then (¢ is a Killing field of the metric m = ¢* on 2. Hence:
b O qab
[ mact Xt = [ %05,
Q Q
=— / VCaS®dpim + / CaS My dpim e, (5.15)
Q a0

where ¢, = mg,¢P. The integral on € in (5.15) vanishes because
m b 1 /m m b
vbCaSa = 5 vbCa + vaCb S®=0.

The integral on 02 vanishes by virtue of the boundary condition in (5.12).
Then, since

g =("+0(),

we deduce:

[ dugexbiy = [ madtXtdun + 0 1X],0) = OE ¥, (5.10)
Q Q
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However,

XG:ZCAEZ :oa=1,...,n,
A

and since Killing fields are analytic functions, we have on a bounded
domain Q:

| X < Ch mjlix\cA\ : (5.17)
From (5.16),

<Ce? X, - (5.18)

‘/@-Xcﬂy
Q

But from the definition of X in (5.13),

/ Ea- X dy = Z/ éaépepd®y = Mapep = o4,
@ B /¢ B

and hence, from (5.18),
loa| < C* (X, . (5.19)
On the other hand, we see from (5.6) that

<C .
mjx\cA| < C’mgx loal, (5.20)

where C' = ||[M~1||. Finally, using (5.17), (5.20) and (5.19), we obtain

| X < Ch mjx]cA\ < C’zmj‘ix]aA] < (O5e? X,

which implies X = 0 for ¢ sufficiently small (C3e? < 1). This finishes the
proof. O

Remark I11.2. Concerning the reqularity of the solution for C*° domain 2
(smooth boundary) the solution is also C*°. For, ¢ € Hgyo, s > n/2 implies
Y € Hs13(2). Therefore, by induction, ¥ € Hy(Q) for every k.
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