(© 2009 International Press
Adv. Theor. Math. Phys. 13 (2009) 1221-1254

Non-linear sigma models via the

chiral de Rham complex

Joel Ekstrand', Reimundo Heluani?, Johan K#llén'
and Maxim Zabzine'

IDepartment of Physics and Astronomy, Uppsala University,
Box 516, SE-75120 Uppsala, Sweden
maxim.zabzine@fysast.uu.se
2Department of Mathematics, University of California,
Berkeley, CA 94720, USA

Abstract

We propose a physical interpretation of the chiral de Rham complex
as a formal Hamiltonian quantization of the supersymmetric non-linear
sigma model. We show that the chiral de Rham complex on a Calabi—Yau
manifold carries all information about the classical dynamics of the sigma
model. Physically, this provides an operator realization of the non-linear
sigma model. Mathematically, the idea suggests the use of Hamiltonian
flow equations within the vertex algebra formalism with the possibility to
incorporate both left and right moving sectors within one mathematical
framework.

1 Introduction

The chiral de Rham complex (CDR) is a notion introduced by the math-
ematicians Malikov et al. [16]. CDR is a sheaf of supersymmetric vertex
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algebras over a smooth manifold M. It is defined by gluing free chiral alge-
bras on the overlaps of open subsets of M isomorphic to R™ (C"). Since
the original article [16], there has been considerable progress on the math-
ematical literature about CDR. In physics, however, CDR did not attract
extensive attention. The keyword in the physics interpretation of CDR, were
the words “chiral” and “perturbative”. In [14,19-21] CDR (and more gen-
erally, chiral differential operators) were interpreted in the context of the
half-twisted sigma model in the perturbative regime. In [17] a Lagrangian
approach to CDR and other related sheaves was described. In another set of
related works, [7-9], CDR was discussed in the context of the infinite volume
limit of the sigma model. The infinite volume sigma model was suggested
as a “non-perturbative completion of CDR”.

In this work, we would like to initiate a different interpretation of CDR.
Our idea originates from the observation that many formulas in two seem-
ingly unrelated subjects are identical. Namely, the formulas originating
from the study of CDR [2, 11, 12] are identical (modulo some quantum
terms) to the formulas arising within the classical Hamiltonian analysis of
the N = (1, 1) supersymmetric non-linear sigma model [4,22,23]. Moreover,
the Poisson brackets in the Hamiltonian formalism agree up to quantum
terms with the quantum brackets in CDR. This fact strongly suggests to
interpret CDR, as a formal canonical quantization of the non-linear sigma
model. However, CDR is just a formal quantization of the string phase
space, and it does not carry any dynamical information unless the Hamil-
tonian flow equations are introduced in the game. If this is done, then CDR,
with a particular choice of a global section, encodes everything about the
classical dynamics of the non-linear sigma model. Hopefully, it knows about
the quantum dynamics as well.

One peculiarity of the Hamiltonian formalism is that it mixes the left
(chiral) and right (anti-chiral) moving sectors. Thus, taking seriously the
Hamiltonian interpretation of CDR, the word “chiral” in CDR becomes
misleading. If properly interpreted, CDR carries information about both the
chiral and the anti-chiral sector of theory.! Mathematically, it gives hope
to recover the chiral and anti-chiral sectors within the framework of vertex
algebras and therefore it may provide, eventually, a more solid mathematical
basis for the study of non-linear sigma models.

The paper is organized as follows. In Section 2 we briefly review the for-
malism of vertex algebras and the definition of CDR as a family of sheaves of
SUSY vertex algebras. In Section 3 we discuss a particular set of global sec-
tions of CDR on a Calabi—Yau manifold which gives rise to two commuting

!The name chiral-anti-chiral de Rham complex was suggested in [9].
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copies of the N = 2 superconformal algebra. Section 4 reviews some basics
about the classical N = (1,1) supersymmetric sigma models and its Hamil-
tonian treatment. We recover the above-mentioned global sections of CDR
within the Hamiltonian formalism. We also discuss the classical equations of
motion. Section 5 contains an interpretation of CDR as a formal canonical
quantization of the non-linear sigma model. We also show in this section how
CDR suggests the way to calculate equal time commutators for the sigma
model. We also briefly discuss the mathematical aspects of the present inter-
pretation. In Section 6 we present rather simple examples of interpreting
the free boson and free fermion in terms of CDR. Section 7 contains final
remarks and further speculations on the present interpretation of CDR.

Before proceeding further, let us make a disclaimer. This is a physics
article, not a mathematical one. However, we believe that the present phys-
ical ideas bring along interesting mathematics and thus we allow ourselves
for some short speculations on this subject. We hope to return to proper
mathematical treatment of these ideas in a separate publication.

2 Review of CDR

In this section we review the basics of vertex algebras and CDR. We also
set the conventions for the rest of the article. We use the name “chiral de
Rham complex” (CDR) due to historical reasons. Otherwise, we find the
name CDR misleading, especially in the context of the present work. To
avoid any fixation on the word “chiral” we denote our formal coordinate for
the punctured disk by &. In later discussions, we associate & = €' with the
periodic coordinate o along the loop. CDR was originally introduced in [16],
however, we follow the treatment given in [2].

First, let us review the definition of vertex superalgebras, as presented in
[13]. Given a vector space V', an End(V)-valued field is a formal distribution
of the form

A =) & ARy, Apy € End(V),
nez

such that for every v € V', we have A, v = 0 for large enough n.

A vertex superalgebra consists of the data of a supervector space V', an
even vector |0) € V' (the vacuum vector), an even endomorphism 9, and a
parity preserving linear map A — Y (A,¢) from V to End(V)-valued fields
(the state-field correspondence). This data should satisfy the following set
of axioms:
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o Vacuum axioms:

Y(|0),¢) =1d,
Y (4,9)00) = A+ 0(¢),
9]0) =

e Translation invariance:?

[0, Y (A, )] = 9¢Y (A, €).

e Locality:
(€ =€)V (A,6,Y(B.€) =0, n>0.
(The notation O(§) denotes a power series in £ without constant term.)

Given a vertex superalgebra V and a vector A € V', we expand the fields

Y(A,8) = A€) =) &' Ay,
JEZ
and we call the endomorphisms A ;) the Fourier modes of Y (A,¢§). Now,
define the operations

bV
[A\B] = Z ﬁA(j)Ba
j=0
tAB = A_B,

where A is a formal even parameter. The first operation is called the
A-bracket and the second is called the normally ordered product. The
A-bracket contains all the information about the commutators between the
Fourier coefficients of fields in V', and the OPE can easily be read from it,
namely

AyB)(€)
A©)B(E) = ;) <(£(i)£,))j+1+ tAOB(E) -, (2.1)

where the last term corresponds to the normally ordered product. Corre-
spondingly, the commutator is

[A(€),B(E)] =

Jj=0

1

o (A B)(E) 946(6 — ). (2.2)

2We denote the even endomorphism and the derivative along & by the same sign 9.
The appropriate interpretation of 0 should be clear from the context.
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In all further considerations we drop the notation : :, and the normal ordering
is always assumed in the quantum setup. In practice, the A-bracket is a
convenient tool for manipulations with OPEs.

Next, we review SUSY vertex algebras from [10]. The idea behind the
definition is to extend the formal even variable £ to formal variables (£, 0)
with 6 being an odd Grassman variable. Given a super vector space V, an
End(V)-valued superfield is a formal distribution of the form

A(E,0) = Z &0 Ay, Ayl € End(V),
JEL
=01

such that for every v € V', A(; v = 0 for large enough j.

A SUSY vertex algebra consists of the data of a supervector space V, an
even vector |0) € V' (the vacuum vector), an odd endomorphism D (whose
square is an even endomorphism which we denote 0), and a parity preserving
linear map A — Y (4,€,0) from V to End(V)-valued superfields (the state-
superfield correspondence). This data should satisfy the following set of
axioms:

o Vacuum axioms:

Y(|0>7€7 9) = 1d,
Y(A,€£,0)[0) = A+ O(¢,0),
D[0) = 0.

o Translation invariance:

[D’ Y(Aa ga ‘9)] = (89 - gaf)Y(A7 5’ 9)’
[0,Y(A,€,0)] = 0:Y (A,€,0).

e Locality:
(E—&)"Y(A£0),Y(B,¢,0)] =0, n>0.

(The notation O(&, ) denotes a power series in £ and 6 without a constant
term in §.)

Given the vacuum axioms for a SUSY vertex algebra, we will use the
state-field correspondence to identify a vector A € V with its corresponding
field Y (A,¢£,0). Given a SUSY vertex algebra V and a vector A € V', we
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expand the fields

Y(AE0)=AE0) = Y 7707 Ag,,
JEL
J=0,1
and we call the endomorphisms Ay the Fourier modes of Y(A,&,0).
Define now the operations

AT
EW:EY —Aan B

720 ’ (2.3)

AB = A(_1|1)B,

where A7V = X y7 with formal even A and odd y satisfying x2 = —\. The

first operation is called the A-bracket and the second is called the normally

ordered product. This A-bracket is an efficient way to encode and manipulate

OPEs of superfields. In particular, the commutator of two superfields is

given by the following expression:

A0, B(E. 00 = 3 T (00Dl (6 - €166 - 0)) (A BIEH).
V) 5 ]' [t (1) )

320
J=0,1

(2.4)
As in the standard setting, given a SUSY vertex algebra V and a vector
A €V, we have:

Y (0A,£,0) =0:Y (A £,0)=1[0,Y (A& 0)].
On the other hand, the action of the derivation D is described by
Y (DA, 0) = (0g+00:) Y (A, £,0) # [D,Y(AE,0)).
For further details of the formalism the reader may consult [10].

In [16], given any smooth manifold M, the authors introduced a sheaf
of vertex algebras on M which they called the CDR. Roughly, the idea is
to associate locally over a neighborhood of a point, a vertex algebra corre-
sponding to a free ybc-system. The crucial observation is that the group of
coordinate changes can be mapped into the group of vertex algebra automor-
phisms of this free system. This allows one to glue the algebras associated
to different open sets in M together, and construct a sheaf. Although the
formalism of [16] works in the analytic, algebraic and smooth settings, most
of the mathematics literature on CDR is dedicated to the algebraic case. In
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the present case, we are interested in the smooth setting. This set-up was
considered in [15] and, in the superfield formulation, in [2].

The [~-system is the vertex algebra generated by the even fields 3, and
~#, subject to the following relation:

[8u(£), 7" (€] = hojio(€ = &). (2.5)

The fermionic be-system is the vertex algebra generated by the odd fields b,
and ¢t satisfying

(), bu (§)]4 = halyo(€ — £), (2.6)

where [, |+ stands for anticommutator. In the following discussion, all our
operations will be Zs-graded, and we will drop the subscript +. In Section
6 we will consider the 3vbc-system in more detail. We can combine these
fields into superfields and introduce the SUSY vertex algebra generated by

P&, 0) = (&) +0c(E),  Su(&,0) = bu(&) + 06.(S), (2.7)

which satisfy

[Qslu(ga 0)7 Su(gla 0/)] = hélljé(f - 5/)5(9 - 01)7 (28)

or equivalently
(0" A Su] = héy,.

From (2.8) we easily recover the collection of the standard (vy-system (2.5)
and bc-system (2.6). Given a change of coordinates ZH = gH(x) with its
inverse z# = fH(Z), we can define a SUSY vertex algebra automorphism as
follows:

# =@, 5= (2L g0)s (29)
9 2 6&]/ v . .
Recall that products are normally ordered. The automorphism (2.9) pre-
serves, in particular, relation (2.8). Using (2.9) we can glue the SUSY
vertex algebras generated by (2.8) to obtain a sheaf QS(M) of SUSY vertex
algebras over M. Indeed, we deal with a family of sheaves which depends
(polynomially) on A. It is important to stress that at this moment we do not
need to discuss any allocation of conformal weights for the fields ¢* and S,.
The set of global sections I'(M, Q2 (M)) give rise to a family (depending on

h) of SUSY vertex algebras attached to M.
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3 CDR on Calabi—Yau manifolds

In this section, we construct a specific collection of global sections of Q%h(M )
on any Calabi-Yau manifold. In our presentation, we borrow the results
from [2,11].

On any orientable manifold M, with the choice of volume form
voly = ") dzl A+ A da?,
the following defines a global section of Q5" (M):
P =D¢'DS,, + 09"S,, — hODp. (3.1)

Expanded as
P(&,0) = G(§) +20L(),

it generates the N = 1 superconformal algebra (G, L) with central charge
3dim M. With respect to this Virasoro generator L, the fields ¢* are pri-
mary of conformal weight 0. The fields S, have conformal weight 1/2, but
are not primary unless we choose coordinates where the volume form is con-
stant. We stress that this assignment of conformal weights is not the one
that usually is considered in the literature, in particular, it differs from the
one in the original work [16]. For further details, see Section 6.5 below.

Let M be a complex manifold with complex structure I, and suppose it
admits a closed holomorphic volume form €2:

Q=elAdzt A Ad2?,

written in holomorphic coordinates, with dimg M = d = 2n. € is related to
the real volume form by

QA Q =i"t2)9n o],

In this case, Q"(M) has the following global section:

T = (ILD&")S, + oS ~ ) (32

such that
Ji(€,0) = —iJi(€) —10(Gy (€) — GY (€)), (3:3)
P(&,0) = (G (&) + G1 () +20L1(8), 3.4
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and (Jl,GfE,Ll) generate the N =2 superconformal algebra of central
charge 3 dim M.

If the manifold is symplectic with the symplectic form w, then CDR
admits the following global section:

Jo = % (WSS, — wuw D" D" (3.5)
with www”’\ = (52, such that

Ja(&,0) = —112(8) —10(G5 (§) — GF (€)),
P(&,0) = (G5 (§) + G5 (€)) + 20La(8),

and (JQ,GZi,LQ) generate the N = 2 superconformal algebra of central
charge 3dim M. The existence of the global sections (3.2) and (3.5) and
their relation to N = 2 superconformal algebra is a generic feature of gen-
eralized Calabi-Yau manifolds [12].

Let M be a Calabi-Yau manifold and choose a Ricci flat metric g, a
complex structure I and a closed Kéhler form w = gI. In this case p =
log /det(g,,,) and, in addition to the sections (3.1), (3.2) and (3.5), one can
define another global section?

H = 0" D@” g + 9" DS,S, +T7,,6"* D¢’ (S1S,), (3.8)

where I' is the Levi—Civita connection. The algebraic relations satisfied by
these global sections (P, J1, J2, H) are given in the appendix, both in terms
of A-brackets: (A.1) to (A.10), and of their commutators: (A.11) to (A.18).
Furthermore, we define the following global sections:

Hi, =3P +H), Hr=3iP-H), F=3i%+PR),
Tr = 3(Jh — Do), (3.9)
such that
JL(&,0) = —iJL(€) —i0(G (§) — G (€)), (3.10)
HL(E,0) = (G (€) + GL (€ ))+29LL(£) (3.11)
Tr(€,0) = —1Jr(£) —i0(GR(€) — GE(€)), (3.12)
Hr(&,0) = (GE (&) + GR(€)) + 20LR(€). (3.13)

39 is a global section on a Calabi-Yau manifold, see [11] for further details. Tt is not
clear whether or not it is a global section on a generic Riemannian manifold.
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A tedious calculation from [11] shows that (Ji, G5, Ly) and (Jr,GE, LR)
generate two commuting copies of the N = 2 superconformal algebra with

central charge %dimM each. The relation between the different N = 2

algebras is given by the following expressions:

L=1Ly=1Ly=Ly+ Lg, (3.14)
Ji=JL+Jr, Jo=J,—JR, (3.15)
Gf =G +GE, Gf =Gf+GE, (3.16)
G=G{+G] =G5 +Gj5. (3.17)

Summarizing, CDR enables us to construct four different N = 2 supercon-
formal algebras on a Calabi—Yau manifold with fixed complex and K&ahler
moduli. There are two commuting copies (JL,Gf,LL) and (JR,G?%,LR),
with central charge %dimM each. Their different “diagonal” combinations
(3.14) to (3.17) give rise to the N = 2 algebra (J;, G, L) which depends
only on the complex moduli; and to the N = 2 algebra (.Jo, G;t, Ls) which
depends only on the Kéhler moduli.

The following is a simple but important observation about these two com-
muting copies of the N = 2 superconformal algebra. Let us map the variable
¢ to a loop coordinate ¢ such that & = ¢!, The transformations will be con-
trolled by the diagonal Virasoro algebra L, see (3.14). Thus a field O(¢),
primary of conformal weight A:

0= >, 0.5,

neE—A+7Z

has the following expansion with respect to o:

O(o) =i* ) Ope ™.

nel

We may regard these operators as operators at time zero within the canonical
quantization on a cylinder S! x R. We choose the Hamiltonian

H =i(Lw)o — i(Ln)o = 5 / de 9 € H(E0), (3.18)

and postulate the following flow equation for an operator O:

dO(o,t) 1
dt  h

[H,0(a,1)]. (3.19)
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The formal solution to the flow equation (3.19) is
O(o,t) = en'O(g)e w1H. (3.20)

This setup allows us to interpret the model as defined over the cylinder. In
particular, we get from (3.18) and (3.19) that J(t + o), GE(t + o), L(t +
o) and Jg(t — o), Gﬁ (t —0),Lr(t — o). Thus we have left and right moving
N = 2 algebras defined over a cylinder.

4 Classical sigma model

In this section, we consider the classical supersymmetric non-linear sigma
model defined over S! x R, with Minkowski signature. The Euclidean case
can be treated along the same lines.

The supersymmetric N = (1, 1) sigma model is defined by the following
action functional:

1
S=3 /da dtdf—doT D ®"D_d"g,, (®), (4.1)

where we use the N = (1,1) superfield formalism and g is a metric on the
target M. The even coordinate o parametrizes the circle S! and t is the
time coordinate for R. The pair T labels the spinor coordinates. The spinor
derivatives D4 are defined as

Di:ao%+0i(80j:81), Di = 0y £+ 01, (42)

where 0y = % and 0 = % This action is invariant under N = (1, 1) super-
conformal transformations. If the target manifold M is Kéhler then the
action (4.1) is invariant under N = (2, 2) superconformal symmetry and in
particular it is invariant under the following transformations:

5O = et DL OV IH(®) + ¢ D_OVIH(®), (4.3)

where et are odd functions subject to the condition Di1eT = 0, and I is the

complex structure on the target M.

We would like to define the Hamiltonian formalism for the model and
discuss the Hamiltonian realization of the symmetries of the action (4.1). In
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going to Hamiltonian formalism we would like to get rid of one odd . Let
us introduce new odd coordinates as follows:

o+ = \}5(90 + 01), 0~ = 1\1&(00 — 01), (4.4)

together with odd derivatives

1

1
Dy =——(Dy+Dy), D_—=——
n (Do + D1) 3

NG (Do — Dy), (4.5)

which satisfy D(Q) =01, D% = 01, and D1 Dy + DgD1 = 20y. In order to inte-
grate out 6y we introduce new superfields:

¢N = (I)#|90:05 S,u = gul/DO(bV|90:0a (46)

and from now on D; = Dj|g,—¢. After performing 6p-integration, the action
(4.1) becomes

1
S = /dtdad91 <S#80¢“ - 27‘[) y (47)

where
H = 016" D16 gy + 9" SuD1Sy + S, D147 Sxg" T?,,. (4.8)

Thus we can conclude that the sigma model phase space corresponds to a
cotangent bundle T* LM to a superloop space LM = {S L 0 } equipped
with the natural symplectic structure

/ do dby 65, A", (4.9)

Here 0, transforms as a section of the square root of the canonical bundle
over S'. Thus the space of functionals on T*£LM is equipped with a super-
Poisson bracket {, } generated by the relation

{6"(0,01), S,(0,0))} = 6"8(c — 0")5(61 — 0)). (4.10)

From (4.7) and (4.8) the Hamiltonian is:

H:;/dadél H,
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and the sigma model equation of motions are

Ot
O (H.0") = g D15, - 7T, D6,
oS

1
+ 550 D168 (956" 1) = (g™ T,)) (4.11)

where 0, and 0, in the last equation refer to derivatives along the target
coordinates. Equations (4.11) are equivalent to the equations which follow
from the variational principle for (4.1).

Next, let us discuss how the symmetries of the action functional (4.1) are
realized in the Hamiltonian formalism. It is a tedious but straightforward
computation to check that (4.3) are realized in the Hamiltonian formalism
by the following generators:

j](q) = /dO’d91 61(0’, 91)]5D1(Z5VSH, (412)
j2(62) = ;/dadal 62(0’, (9) (WIWSMSV — w'uVD1¢uD1¢V), (4.13)

where I is complex structure and w = gl is Kéhler form. The parameters
are related as follows:

- (i ) - (ie- —eq)
€1 = ie_ +ey), e = ie_ —ey),
! \/§ * 2 \6 *

where €4 are evaluated at t = 0. The remaining generators of N = (2,2)
superconformal symmetry can be calculated by computing the Poisson

brackets between different combinations of 73 and [J>. In addition to (4.12)
and (4.13) we obtain

Plar) = /d0d91 ai(o,01) (D1¢" D1S,, + 019"S,.) , (4.14)

and

H(CLQ) == /dO‘d91 a2(0,91)
% (016" D1” g + ¢ SuD1S, + S,Dr167Shg " TY,, ), (4.15)

thus obtaining the Hamiltonian realization of the N = (2, 2) superconformal
symmetries of the action (4.1).



1234 JOEL EKSTRAND ET AL.

In order to compare these results with the expressions of the previous
section, we perform a change of coordinates. Since we are in the classi-
cal setup, we can easily change coordinates even at the Lagrangian level.
In particular, we perform the transformation & = el7, (i& )_1/ 29 = 0, which
imply

(i6)Y2D = Dy, (i€)Y2d6 = dfy, (i€)Y/25,(¢,0) = S, (0,61),

where we now use the notations from the previous two sections. Now, one
can easily see that all Hamiltonian generators of N = (2,2) superconfor-
mal symmetry derived from the action principle are mapped directly to the
expressions from the previous section, modulo A-terms,

P(£,0) = D' DS, + 0¢"S, (4.16)
J1(&,0) = (I D¢") Sy, (4.17)
Jo(£,0) = 3 (WSS, — wu D" DY), (4.18)
H(E,0) = 06" D¢ g + ¢ SuDS, + 5D Sxg " I7,,,. (4.19)

In particular, the Hamiltonian becomes
H= % / dedo ¢ (6¢“D¢”gw, + g™ 8,DS, + sprsAngﬂw), (4.20)

which is the same as in (3.18). The conventions for the Poisson brackets and
the brackets for the above classical generators can be found in the appendix,
see (A.21) to (A.28).

5 Interpretation

In this section, we combine the results from the two previous sections. We
offer both physical and mathematical interpretations of these results.

5.1 Physical aspects

In Section 4 we analyzed, in the Hamiltonian formalism, the classical super-
symmetric non-linear sigma model with a Kahler manifold as target. Its
phase space is defined as the cotangent bundle to a superloop space T*LM.
The canonical Poisson bracket is given in local coordinates by the following
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expression:

{¢#(€,0), Su(€,0")} = o 86 — €0 —0). (5.1)
Moreover, we have found the generators (P, J1, J2, H) of N = (2,2) super-
conformal symmetries in the Hamiltonian formalism and calculated their
Poisson brackets (A.21) to (A.28). These generators correspond to the
Hamiltonian realization of the superconformal symmetries of the action
(4.1). One trivial, but important, aspect is that coordinate changes # =
g*(x) (with inverse x# = f*(Z)) can be mapped to symplectomorphisms of
(5.1):

#="0). Su= T (4(0)S.. (52)
) n P gb” v

Thus it is very easy to construct local expressions which are diffeomorphism
invariant and calculate their Poisson brackets.

In Section 3 we considered the CDR Q§"(M) on a Calabi-Yau manifold
M. Q%h (M) is a sheaf of SUSY vertex algebras which are defined locally by
the commutator:

[67(£,0), Sy (&',6")] = haly (& — €0 — 6"), (5-3)

which can be understood as a canonical quantization* of the structure (5.1).
As in any operatorial quantization, we have to deal with the ordering prob-
lem. In CDR, we choose the standard normal ordering for all operators.
Once we choose the ordering, we can look at the normal ordered version of
(5.2) (see (2.9)) and ask if it respects the commutator (5.3). As it stands, this
is a complicated issue and it requires additional care. CDR gives meaning
and a solution to this question. Thus, CDR provides a prescription by which
to perform a canonical quantization of the non-linear sigma model. Next,
we look at the normally ordered expressions for the classical (P, J1, J2, H)
and it turns out that P and J; are not well-defined under “quantum diffeo-
morphisms” unless they are corrected by A-terms. In order to be able to do
this we require that M is a Calabi—Yau manifold. Once we have well-defined
operators, we can calculate the operator algebra they generate, which turns
out to be a central extension of the N = (2,2) superconformal algebra.

Therefore, CDR suggests to perform a canonical quantization locally on
M and then glue each patch in an appropriate sense. Indeed, if M is an
affine space with its standard flat metric, then the canonical quantization
of the sigma model can be carried out completely. The reader may consult
the next section for explicit formulas. In fact, the free Bybe-system (with

[153)

“Here we miss the factor “i” which is important for unitarity issues. In the present
consideration, we proceed formally and ignore the hermiticity of the operators.
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an appropriate choice of Hamiltonian) can be interpreted as the canonical
quantization of the sigma model with flat metric over an affine space.

The set of global sections Vj, := I'(M, Q$*(M)) is a family of vertex alge-
bras associated to the manifold M (depending on the parameter 7). The
operators from V3 are interpreted as operators of the quantum sigma model
in the Schrodinger picture (i.e., the operators are taken at fixed time, say
t =0). If we choose a Hamiltonian H € V}, and postulate the flow equation
(3.19), then we can work in the Heisenberg picture (3.20). From this point
of view, CDR does not carry any dynamical information unless a Hamil-
tonian is introduced. This is consistent for example with results from [9],
where the authors derive CDR as the phase space for a suitable limit of the
sigma-model.

The structures which we find in CDR can be equivalently found with
the path integral approach. CDR carries information about the equal time
commutators, while the path integral calculates the time ordered correlators:

<T(Ol(§,t>,02(£/,t/))> _ /DQZ)DS Ol(é—’t)02(§/’t/)e%(fdtdfd@Suat(b“—fdtH)’
(5.4)

where T stands for the time ordering. In order to calculate equal time
commutators, we have to use the Bjorken-Johnson-Low prescription®

(01(6:0). 000} = ( tim, = Tim ) (T(OW(E.0). 0 1) (5)
t—t'+0  t—t'—0

The result of this calculation is independent from the Hamiltonian H. We

can use this point splitting procedure to define our local operators and study

their properties under diffeomorphisms of the target manifold.

Let us a make a few concluding remarks. Our manipulations are formal
and it is open to further investigation how the Hamiltonian interpretation of
CDR can help us to understand the quantum sigma model. Especially one
may need extra input for the analysis of the solutions of the flow equation,
for example in order to make sense of some analytical issues. Eventually, we
would like to understand how to calculate and study the properties of the
non-equal time correlators in the full quantum theory.

In the present considerations M is assumed to be a simply connected
manifold. If M is not simply connected then the phase space T*LM is not

5Tt is important that we do not have a boundary in this field theory. The canonical
relations may be modified by boundary contributions, e.g., see, [1].
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connected and thus we have to face further complications in its quantiza-
tion. Moreover, even if M is simply connected, LM may fail to be simply
connected. In this situation, one can replace M by a U(1) gerbe with con-
nection on M, or more generally by any Courant algebroid on M. CDR
is replaced in this setup by the sheaves of SUSY vertex algebras studied
n [11,12].

5.2 Mathematical aspects

In this section, we briefly review the quasiclassical limit of the CDR. For a
thorough introduction to Poisson vertex algebras as limits of vertex algebras
and the corresponding Hamiltonian equations we refer the reader to [5] (see
also [6, §16.2]). For an extensive study of sheaves of Poisson vertex algebras
and their relation to CDR see [17].

Suppose we are given a family of vertex algebra structures V; on the same
vector space V. That is, we have a collection of operations A, B € V for
all A, B € V. We may think of the family V3 as a vertex algebra over the
ring of power series C[[A]] instead of simply C. Suppose moreover that in the
limit Vp = limp_o Vi, := V3 /hV}, the vertex algebra becomes commutative,
that is, all the fields

Yi(4,§) = Z " Ay,

neL

commute modulo A-terms. Equivalently, it follows from (2.2) that all the
products Az B, j > 0, vanish modulo h-terms, and moreover, the normally
ordered product is commutative modulo A-terms.

Note that this in particular says that the A-bracket vanishes modulo A,
hence we can rescale our commutators on V to define a new operation:

{A\B} = hm h[A)‘B] (5.6)
or, equivalently

{49, B }_hohz AgnB)(€)0LoE~¢).  (5.7)

Vo with its commutative product

A-B:=1limA B
ﬁli% (=Lh)
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its Poisson A-bracket (5.6), and its derivation

A:=1lim A
5, lim (—2,m10),

acquires an extra structure known as a Poisson vertex algebra and it is called
the quasiclassical limit of the family V.

Performing computations on Vj is generally much simpler than performing
computations on V3. For example, the bracket {)} and the product - satisfy
a simple Leibniz rule on Vj:

while the corresponding relation on V3 — known as the non-commutative
Wick formula, reads (we omit the £ in the operations):

[Ay: BC o = [A\BIC : +: BIAC] : + /0 (AsB, Cldn. (5.9)

Note that the integral term, under our hypothesis, vanishes of order A2 since
it is a double commutator. In particular, this quantum correction disappears
in the limit 7 — 0 even after rescaling the OPE as in (5.6). It is in this sense
that one usually refers to Poisson vertex algebras as “vertex algebras with
the quantum corrections removed”.

In Section 2 we constructed a family of sheaves of vertex algebras QS (M)
on a manifold M. Taking global sections one obtains a family of vertex alge-
bras Vj := T'(M, Q5" (M)). And finally, we obtain a Poisson vertex algebra
by the above limiting procedure: Vj := limp_,g V. In fact, one can first take
the limit locally, to obtain a sheaf Vj of Poisson vertex algebras, and then
taking global sections we find Vj ~ I'(M,V)p). Indeed, in a local coordinate
chart {z,}, Vo is generated by fields (cf. (2.5) and (2.6)) (B, ¥") with their
Poisson bracket:

[8u(),77(€)} = 310(¢ — €, (5.10)
or equivalently
{Buyr"} = o (5.11)

together with the fermionic fields (b, c*) satisfying the Poisson bracket:°

{bﬂ(f),cy(fl)} = 5:;5(5 -¢), or {bu\c"} = 5Z. (5.12)

One obtains other fields of Vy using the commutative product - and the
derivation 0.

5This is a Zz graded bracket.
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The above said can be easily generalized to the case when the fields
depend on an extra odd coordinate €, namely, when we have a family Vj
of SUSY vertex algebras, such that it becomes commutative in the limit
Vo = limp_0 Vi, Again we find that Vy is generated by even superfields
P&, 0) = (&) + 0c*(€) and odd superfields S, (&,0) = b, (&) + 06,(E) sat-
isfying the super-Poisson bracket:

{07(£,0), Su(&,0")} = 0,0(6 — £)a(0 — 0). (5.13)

We see that this coincides with (4.10), thus it is not surprising that formulas
computed at the quantum level in CDR, when viewed modulo A-terms, that
is, at the quasiclassical level, coincide with the formulas of Section 4.

Under a change of coordinates # = gH(x) with its inverse z# = f#(z), the
superfields ¢* and S, transform as in (2.9), but the multiplication is now
commutative and associative. In particular, Vy is a (infinite rank) vector
bundle on M. Note however, that even though the generating sections of V)
transform in a tensorial manner, not all local sections do, as the example of

DS, = (0p + 00¢)S,.(&,0) shows.

Using the above-mentioned formalism, we can now interpret the results
of Section 4 as a classical limit of the equations of Section 3. In fact, the
expression for P in (4.16) defines a field of Vj, which is now interpreted as
the limit of the fields of V4 defined by (3.1). Similarly, one obtains all the
generators of N = (2,2) superconformal symmetries of the classical sigma
model on a Calabi-Yau manifold M (4.16) to (4.19), as the limit of the
corresponding sections of CDR on M.

Given a Poisson vertex algebra V[ one usually considers elements of
Vo/0Vy as “local functionals” [5, Remark 6.3]. And for a given local func-
tional H, one considers the “Hamiltonian equations”

uw={H,u}, ueclp. (5.14)

In a similar manner, for a given vertex algebra V' and an element H € V/0V
we can construct the “quantum Hamiltonian equations”

1
h

= —[H,ul, ueV. (5.15)
Let M be a Calabi—Yau manifold and let Vj; be the vertex algebra of global

sections of CDR, Vj its quasiclassical limit described above. Recall that we
have the global section H (3.8), and this clearly gives rise to an element of
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Vo as well. We consider the Hamiltonian
1
H = 2/dadt H. (5.16)

For this choice of Hamiltonian in V{, Equations (5.14) agree with the equa-
tions of motion (4.11), derived in the context of the classical non-linear
sigma model. Therefore, we see that the classical limit of the CDR of M
together with the choice of Hamiltonian (5.16) recovers the full dynamics of
the classical non-linear sigma model on M.

Note, however, that since H is a well-defined section in V3 for all A, we can
use H as a quantum Hamiltonian to write down some quantum equations
of motion. We refrain from doing so here since these equations are not
enlightening.

Remark 5.1. We have remarked earlier that the section (3.8) was con-
structed in [11] under the assumption that M is Calabi-Yau. Even though
we conjecture that this section is well defined on any Riemannian manifold
M, for the purposes of this section, we only need its zero mode H. It is
straightforward to check that H is well defined regardless of whether H is.

Remark 5.2. Note that by solving formally (5.15) for each u € V' and by
using the state-field correspondence Y of V', we can associate a “field of two
variables””

u— Y(u,0,t) ==Y (u(t),o). (5.17)

Following [6] we can formally use the Virasoro Ly, (resp. Lgr) from Section
3 to see how these “fields” change with respect to changes in the coordinate
o+t (resp. o —t), but a priori we do not know how to deal with general
coordinates in the worldsheet. The appropriate algebraic axioms satisfied
by the fields (5.17) will be studied elsewhere.

6 Free field examples

In this section we consider the free field examples and for simplicity we
set h =1. We remind some standard facts about §7- and bc-systems and
also stress some aspects of these systems in light of our previous discussion.
Although we here repeat explicitly some of the formulas from Section 3 we
find this discussion instructive and clarifying.

"Here we obviate the odd coordinates for simplicity.
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6.1 Free boson

Consider a single §y-system defined by the bracket

[Bx] =1, (6.1)

where we use the A-bracket notation, see Section 2. The Virasoro field is
defined as

L = (30, (6.2)

which satisfies the Virasoro algebra:

223

[LALl = @A+ O)L + ==,

(6.3)

with central charge 2. With respect to this L, § is a primary field of con-
formal weight 1 and « is of conformal weight 0,

=Y W BE =D B (6.4)

ne”L neL

The vacuum is annihilated by 3, (n > 0) and v, (n > 0), but 7 is considered
to be a creator. The field L can be split into two parts as follows:

Ly =3 [B0y+ 5 (3 +(07)%)], Lr=3[0v-1(8*+(01)?)]. (6.5

L1, and Ly give rise to two commuting copies of the Virasoro algebra with
central charge ¢ = 1 each:

3

A
[LL)\LL] (2\+ 0)Ly, + 'Gh
3
[LryLr] = (2A + 0)Lr + %, (6.6)

Neither 0B nor ~ are primary fields with respect to Ly, and Lg. However the
field (ﬂ + 07v) (resp. \f(ﬁ 0v)) is primary of conformal weight 1 with
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respect to Ly, (resp. Ly). Indeed, introducing new fields

oy =P j;”, (6.7)
which satisfy the following brackets:
l[atyou] =N, [oxyaf] =0, (6.8)
the Virasoro fields Ly, /g can be written as
Ly =1a%, Lp=-id’. (6.9)

These are just formal observations about the vertex algebra of the (-
system.

Next, let us introduce a new parameter ¢, and a t-dependence on our fields
by means of flow equations. We choose the Hamiltonian to be

. i
=i [t -1 = [dee (F+ @), (6.0)
or equivalently, in the o-coordinates & = el7:

H = ;/da (8% + (0,7)%) . (6.11)

In performing this coordinate change we have used that 3 is of conformal
weight one and + is of conformal weight zero, and we use the “diagonal Vira-
soro” L = L1, + Ly to perform changes of coordinates. The flow equations

are

dy dp 2

il A -9 6.12
A (6.12)
and these are exactly the Hamiltonian equations for the free boson theory.
The solution of (6.12) is given by the following expression:

v(o,t) = 0 + Pot + Z % [(’Yn + %ﬂn)e—ln(a-é—t) + (ym — %ﬁwe—m(a—t)
n#0
(6.13)
Thus, the Gv-system with an appropriate choice of Hamiltonian can be iden-
tified with the standard free boson theory, which contains both chiral and
anti-chiral sectors. Among the solutions to the flow equation, the field a
corresponds to the left moving (chiral) sector, while a— to the right moving
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(anti-chiral) sector. It is crucial for the identification with the free boson
that vp is a creator so that we have states

e*010) = |k), fFolk) = ik|k), k€ R. (6.14)
Let us finish with a simple but important comment. If we choose a dif-

ferent Hamiltonian, then we obtain different flow equations and a different
system. For example, if we consider the Hamiltonian

H= / do 30,7, (6.15)
the flow equations are
dy dg
— =057, — = 0,03, 6.16
= Vg g (6.16)

which is just the standard chiral Gv-system.

6.2 Free fermion

Next, we consider the super vertex algebra of the free bc-system, which is
generated by two odd fields b and ¢ satisfying the following bracket:

[bye] = 1. (6.17)

The field
L= %((80)() + (ab)c), (6.18)

gives rise to a Virasoro algebra of central charge 1. With respect to L, ¢
and b are primary fields of conformal weight 1/2:

€)= > eI bE) = > bETE (6.19)

nezZ+1/2 nezZ+1/2

The vacuum is annihilated by b, and ¢, (n > 0) and the rest of the modes
are creators. L can be split into two commuting parts:

Lyn = %((8c)b + (Ab)e + (de)e + (8b)b>, (6.20)
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such that each Ly, /g generate a Virasoro vertex algebra with central charge
% and they mutually commute. Introducing the new fields

_b+ec b—c

- = , 6.21
(o 7 (2 7 (6.21)
satisfying the brackets
[Werv+] =£1,  [W+ ] =0, (6.22)
we rewrite Ly g as
Ly = Y(0¢:)bs, Ly =100 )v-. (6.23)
Introducing the Hamiltonian
1 =i [ age (L= Lu) = 5 [ de€ (@o)e + @np)
_ % / do ((Bsc)c + (B,b)D) | (6.24)
the flow equations imply
W e =0, (6.25)

and we can recognize these as the left and right moving parts of the standard
free periodic fermion system on the cylinder.

6.3 N =1 supersymmetry

We can combine the 8v- and be-systems from the previous subsections. The
fields

L= B0y + 3 ((0c)b+ (db)e), G =cB+ (97)b, (6.26)
give rise to the N = 1 superconformal algebra with central charge 3:
3A3
[LyL] = (2A+0)L + 12
3
[L,\G] = (a + 2)\> G, (6.27)
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Introducing the superfields ¢ = v + 6c and S = b+ 6 we have (cf. (3.1)):
P=G+20L =D¢DS + (09)S. (6.28)

With respect to L, ¢ is a primary field of conformal weight 0 and S is
primary of conformal weight 1/2.

We can split L and G into two copies,
(BOy £ 1 (B2 + (87)?) + 3 ((Dc)b + (Ob)c £ (De)e £ (Ib)D)) ,
(B + (@1 + 80 % (D7)e).

Lir=7%
G =3
(6.29)

of commuting N = 1 superconformal algebras with central charge 3/2 each.
Using superfields we can combine

G +20Ly g = 3 (DYDS + 06S + 8¢ D¢ + (DS)S) . (6.30)

It is important to stress that the fields ¢ and S are not primary with respect
to Ly, /g, but rather their sum L = Ly, + Lg. The Hamiltonian is just the sum
of the expressions (6.10) and (6.24) and the corresponding flow equations
realize the free boson—fermion system.

We can consider d copies of the Sybc-system. The corresponding N =1
superconformal algebra of central charge 3d is generated by

L o= (098, + 5((0b)e" + (9e)by), (6.31)
G = (7). + ()5, (6.32)

For a constant d x d symmetric non-degenerate matrix g,,,, we define the
fields

0z w W3 Gl
ot = gﬁ”\/"ga'y, ot = gﬁ”ﬂa’y, (6.33)
QZJ _ g/“/blj + C,U, ¢u _ g#l/bl/ - C'u (6 34)
N =5 )
with brackets
[off o] = +g"" A, [of a”] =0, (6.35)
[Wh i) =+g", W] =0. 6.36)
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The N =1 algebra (6.32) can be split into two commuting copies L = Ly, +
Lyr and G = G, + G [13, Ex. 5.9&],

Liyr = *3aiguoi £ 50¢Lguiy, (6.37)
GL/R == :to/j[gw,wi. (638)

Each has central charge 3d. If we choose as Hamiltonian i(Lry,)o — i(Lg)o,
we obtain the quantization of the sigma model on R? with metric -

On a general manifold M we can glue together Bybc-systems according
to [16]. When M is orientiable, the generators (6.31) and (6.32) can be
glued in a consistent manner (they are the components of (3.1)).

6.4 N = 2 supersymmetry

Next we consider C" = R?” and we follow the notations from Section 3. If
we choose a constant symplectic form w then the fields (Jo, GQi,Lg), with
Ly = Lin (6.31), G§ + G5 = G in (6.32) and

Jo = % (W"buby — W), (6.39)
G5 — Gf =i (" Buby — wdy'c), (6.40)

generate the N = 2 superconformal algebra with central charge 6n. If we
choose the standard constant complex structure I, then the fields
(J1,G¥,Ly) with Ly = L in (6.31), G + G] = G in (6.32) and

Jy =iljc"by, (6.41)

Gy — G =iIloy"b, — i1k B, (6.42)

generate the N = 2 superconformal algebra with central charge 6n. If we
require that w and I are compatible, i.e., we consider the Hermitian metric

g = —wl, then using (6.33) (6.34) we can introduce two commuting copies of
the N = 2 algebra (Jy /g, Gf/R, Ly,/r) with central charge %d each. Together

with Ly, /g in (6.37) the other fields are written as [13, Ex. 5.9d]
Gl g = £ahgih, Gpg==%akgyvl, Jum=+igvl, (6.43)
where we use holomorphic coordinates (i, 1).

Here one can explicitly see that this is a canonical quantization of the
N = (2,2) supersymmetric sigma model with target C™. All operators above
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can be understood in the Schrodinger picture. Introducing the Hamiltonian
i(Ly,)o — i(Lr)o we get the correct time dependence.

6.5 Topological A-and B-twist

Here we briefly discuss the topological twist of the sigma model which we
just discussed. All our formulas are written in the flat C" case, but they
have a straightforward generalization for a Calabi—Yau manifold.

Starting with the left and right moving N = 2 superconformal algebra
(JL/R, Gf/R, LL/R), we can perform a topological twist. The idea is to rede-

fine the Virasoro field in such a way that the central charge becomes zero.
Given the algebras (Jy, /R Gf R Ly /R) we can define two inequivalent twists,
the A-twist and the B-twist. The A-twist is given by

Ly, — L1, + %&]L,

) (6.44)
LR — LR — §8JR,

and the B-twist by

Ly — Ly, + %8JL,

1 (6.45)

Lg — Lr + 50JR.
Using the notations from Section 3 we have Ji, /g = 2 (1 £ P2) lo=0, and
recall that both J; and Js give rise to the same L = L, + Lg. The
A-twist corresponds to a twist with respect to Jo = iJ2|g—g, while the B-
twist corresponds to a twist with respect to J; = 171 |g—o.

Let us perform the A-twist. Consider the N = 2 algebra (Jo, Gzi, Ls) and
redefine Ly — Lo + %&]2. Defining the new fields:

1 o

wu = \ﬁ (b,u — W ) , (646)

= \2 (" —iwhh,) (6.47)
, Bu— w09

=t w7 6.48

B, 7 (6.48)

Y = V2, (6.49)

with the brackets
18,71 =6, Xavu] = 0L, (6.50)
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we obtain a topological N = 2 algebra (Lg, J2, Q2, G2):

Loy = 0y B, + 0x"y, (6.51)
Jo = xMy, (6.52)
Q2= G3 =x"By, (6.53)
Go = Gy = 0" —iw" by, (6.54)

where we have omitted " on 3 and 7. With respect to this new Virasoro, the
fields ¢, and x* have conformal weights 1 and 0, respectively. Moreover,
the odd generators ()2 and G2 have conformal weights 1 and 2, thus the
zero mode of (2 is a BRST operator. Note that the last term in (6.54) can
actually be rewritten as

Gao = 0" + [(Q2)0, V],

i, (6.55)
-

Expressions (6.51) to (6.54) look like those in [16] modulo this BRST exact
term. This whole construction can be carried out on any symplectic mani-

fold, where we can use Darboux coordinates. By the usual arguments, the
BRST cohomology is concentrated in conformal weight zero, and the class of

On = Apyoopu (VXM - XM (6.56)
is identified with the class [A] € HX; (M), the de Rham cohomology of M.

The B-twist corresponds to twisting the N = 2 algebra (Jl,Gf,Ll).
Redefining Ly — L1 + %&71 and using holomorphic coordinates, the cor-
responding topological N = 2 algebra (L1, J1,Q1,G1) is given by

Ly = 04'Bi + 07’ 3; + 0bi’ + dc'hy;,

Ji = bid — byc,

Q1 =G =07'bi+ B,

G =Gy = o' + ¢ 6.
With respect to the new Virasoro, the fields bi,b;,ci,cz have conformal
weights 0,1, 1,0, respectively. The two odd generators )1 and G; are of
conformal weights 1 and 2. Thus the zero mode of @)1 is a BRST operator.

Using holomorphic coordinates we can glue all these formulas on a Calabi—
Yau manifold. The BRST cohomology is concentrated in conformal weight
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zero, and the class of

Op = B (fy)ci_l...czpbjl...qu (6.61)

i1..0p

can be identified with the class [B] € HZ(M, AT ).

7 Summary

In this work, we suggested to interpret Q‘;Lh(M ) as the prescription for a
canonical quantization of the non-linear sigma model® . In [11] it has been
shown that for a Calabi—Yau manifold M with a fixed Ricci flat metric one
can construct global sections of CDR which generate two commuting copies
of N = 2 superconformal algebra with central charge %dimR M each. The
form of these global sections has been guessed in [11]. Here we show that
these sections can be derived systematically from the sigma model action.
Namely, they correspond to the Hamiltonian realization of N = (2, 2) super-
conformal symmetry for the sigma model with a Calabi—Yau manifold as
target. We explain the matching of classical and quantum brackets, thus
supporting the idea of the Hamiltonian interpretation of CDR. In the Hamil-
tonian formalism, the dynamics is introduced through the flow equations
upon the choice of a Hamiltonian function. In fact, if we choose the correct
Hamiltonian, CDR contains the classical dynamics of the non-linear sigma
model. Amagzingly, this is the same Hamiltonian which allows us to inter-
pret the two copies of the N = 2 algebra in CDR as left (chiral) and right
(anti-chiral) sectors.

Let us make a side remark at this point. In the context of our interpre-
tation, the ability to construct two commuting copies of N =2 (with the
correct central charges!) attached to a Calabi-Yau manifold with a Ricci flat
metric raises a puzzle about the multi-loop calculations for the supersym-
metric sigma model. It is believed that the sigma model on a Calabi—Yau
manifold is superconformal, but for a non-Ricci-flat metric. The reader may
consult [18] for details. We hope to address this puzzle elsewhere.

The proposed interpretation of CDR also suggests some interesting math-
ematical ideas for vertex algebras. A vertex algebra can be understood as
a quantum field theory in the Schrodinger picture. In particular, the Svbc-
system can be interpreted as a free boson and free fermion in the Schrédinger
picture. Once the appropriate Hamiltonian is introduced, we can switch to

8 Also see the related work by Malikov [17] on the relation of CDR and the Lagrangian
approach.
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the Heisenberg picture by means of the flow equations. We hope that this
idea may allow to incorporate both chiral and anti-chiral sectors in a single
mathematical framework.

CDR should describe many systems which have T*LM as a classical
phase space. The dynamics would crucially depend on the concrete choice of
Hamiltonian. Moreover, we can deal with the gauge systems on T*LM (e.g.,
the Poisson sigma model, the non-linear model on M /G when M admits the
action of a Lie group G, etc.). The appropriate BRST symmetries on CDR
should be introduced to take care of the gauge symmetries, very much in
the spirit of [3].

For example, in order to describe the system related to the large volume
limit of the sigma model [7-9] we have to choose the following Hamiltonian:

H =i [ dedoc (94'S; — 06'S:),

written in holomorphic coordinates. One can easily check that the corre-
sponding flow equations admit holomorphic maps as solutions. We hope
that one can derive the results from [7-9] in the present operatorial Hamil-
tonian framework. Indeed, it would be a good playground to check if we can
describe the instanton correction within CDR with the Hamiltonian flow
equations.

Acknowledgments

We thank Edward Frenkel, Andrei Losev, Joseph Minahan, and Konstantin
Zarembo for illuminating discussions. R.H. and M.Z. thank KITP, Santa
Barbara where part of this work was carried out. The research of R.H. and
M.Z. was supported in part by DARPA under Grant No. HR0011-09-1-0015
and by the National Science Foundation under Grant No. PHY05-51164.
The research of R.H. is supported by the Miller Institute for basic research
in Science. The research of M.Z. is supported by VR-grant 621-2008-4273.

Appendix A Quantum and classical brackets on Calabi—Yau

On a Calabi—Yau manifold M, equipped with a complex structure I and a
symplectic structure w such that g = —w/ is a Ricci-flat metric, we define
the global sections of Q" (M) (P, J1, J2, H) given by (3.1), (3.2), (3.5), and
(3.8), respectively. These sections form the following algebra with respect
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to the A-bracket [11]:

[P, P] = h(20 + XD + 3\)P + h2§)\2X,
[PpJ] = h(20 + 2\ + xD) T,
[P\ Ja) = h(20 + 2X\ + xD)Ja,
[JipaTi] = —hP — ﬁ2E)\X>
[JopTo] = —hP — R )\X,
[leJQ]
[H\Jh) = h(28 +xD + 2\,
[H,Jo) = h(20 + xD + 2\) T,
[H,\H] = h(20 + xD + 3\)P + h2§A2X,
[PA\H] = (20 + xD + 3\)H,

where ¢ = 3dimg M. We introduce the following notations:
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Z = (£,0) and

7' = (f/, 9,), 0 = 651, D' = Dergr, i(Z, Z,) =4(§ — 5’)5(9 — 9,). Then the
above algebra for the operators (P, 71, J2, H) can be written equivalently

in terms of commutators as

(P(2),P(Z') =h(26(2,2")0" — D'6(Z,2")D" + 39'6(Z,

- W20°D'8(2,2),

(P(2),Ti(Z")) = h(26(Z,2")0' +20'6(Z,Z") — D'§(Z,Z")

[T:(2), Ti(Z)] = —=h8(Z, Z')P(Z") + h2§a’D’5(Z, 7,
(71(2), 7(2")] = —hé(Z, Z')H(Z"),
[

H(Z), J(Z")] = W(26(Z,2)0 — D'§(Z,2')D' +29'8(Z,
(H(Z), Jo(2)) = W(26(Z, 20 — D'5(Z,Z')D' +20'5(Z,

[(H(Z),H(Z")| = h(20(Z, 20 — D'6(Z,Z2"\D' + 30'5(Z,

- h2§8’20’5(z, 7,

[P(Z),H(Z")] = h(20(Z,2")0 — D'§(Z, 2"\ D' + 39'§(Z,

Z")P(

Z"))P(Z)

(A.11)

D') J(2'),

(A.12)
(A.13)
(A.14)

Z")5(2"),

(A.15)

Z")n(Z"),

(A.16)

Z')
(A.17)

ZVVH(Z').

(A.18)
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If we take the classical limit 7 — 0 and make the replacement [,] — A{, },
then we can view this algebra as a super-Poisson subalgebra of the Poisson
algebra of functionals on T*LM, the cotangent bundle of the superloop
space. Using the following conventions for the local functional F':

— —
5F:/d§d9 (” sn 4 0 5¢>~> :/d§d0 (55 %Jr(sq)ﬂ?F),

65, sPH o SPH
(A.19)
we find the corresponding Poisson bracket between the local functional F'
and G
—~ =
F59G F3 G
F.G} = — . A2
1 Gl / aedo <5sﬂ Son  5on 55u> (4.20)

This bracket is super-Poisson. In particular, we are interested in the local
expressions F'(,0),

F(&,0)=F(p,S,Do,DS,...),

which are constructed from the basic fields and a finite number of derivatives
of those fields. This local expression F'(£,6) can be interpreted as a func-
tional evaluated at the point (£, #). These local expressions can be multiplied
and thus they form a super-Poisson subalgebra of the super-Poisson algebra
of all functionals on T*LM. This super-Poisson subalgebra of local expres-
sions is the most interesting from the physics point of view. If we approach
this subalgebra formally we end up with the notion of Poisson vertex alge-
bra. The Poisson brackets between the classical generators defined in (4.16)
to (4.19) are given by the following expressions:

{P(2),P(Z2"} = (20(2,2")0' — D'6(Z,2'\D' +30'6(Z,2")) P(Z"),

(A.21)

{P(2),7:(Z"} = (26(2,2")0' +20'6(Z,Z") — D'§(Z,Z")D") F(Z'),
(A.22)
{Ti(2),T:(Z"N}y = =6(2,Z"YP(Z"), (A.23)
{71(2), (2"} = —0(Z, Z"YH(Z)), (A.24)
{(H(Z), W(Z")}y = (20(2,2)0' — D'6(Z,Z'\D’ +20'8(Z, Z’))jQ(Z(’[){ |
25

(H(Z), To(Z")} = (26(2,2")0' — D'§(Z,Z2"\D' +20'8(Z, Z')) T (Z)),
(A.26)
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{H(Z),H(Z"} = (26(Z,2"0' — D'§(Z,2"\D' +30'6(Z,2"))P(Z"),

(A.27)
{P(2),H(Z"} = (26(Z,2")0" — D'6(Z,Z2"\D' +30'6(Z,Z"))H(Z').
(A.28)
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