(© 2008 International Press
Adv. Theor. Math. Phys. 12 (2008) 889-944

Mapping the geometry
of the F; group

Fabio Bernardoni!, Sergio L. Cacciatori®3, Bianca L. Cerchiai?,
and Antonio Scotti®

IDepartament de Fisica Teorica, IFIC, Universitat de Valencia — CSIC
Apt. Correus 22085, E-46071 Valéncia, Spain

Fabio.BernardoniQific.uv.es

’Dipartimento di Scienze Fisiche e Matematiche, Universita dell’Insubria,
Via Valleggio 11, [-22100 Como,
Milano, Italy

sergio.cacciatoriQuninsubria.it

3INFN, Sezione di Milano, Via Celoria 16, I-20133 Milano, Italy
4Lawrence Berkeley National Laboratory Theory Group, Building 50A5104
1 Cyclotron Road, Berkeley CA 94720, USA
BLCerchiai@Ibl.gov

SDipartimento di Matematica dell’Universita di Milano, Via Saldini 50,
[-20133 Milano, Italy

antonio.scotti@gmail.com

e-print archive: http://lanl.arXiv.org/abs/math-ph/0705.3978v2



890 FABIO BERNARDONI ET AL.

Abstract

In this paper, we present a construction of the compact form of the
exceptional Lie group F} by exponentiating the corresponding Lie algebra
f1. We realize F as the automorphisms group of the exceptional Jordan
algebra, whose elements are 3 x 3 Hermitian matrices with octonionic
entries. We use a parametrization which generalizes the Euler angles for
SU(2) and is based on the fibration of Fy via a Spin(9) subgroup as a
fiber. This technique allows us to determine an explicit expression for the
Haar invariant measure on the F; group manifold. Apart from shedding
light on the structure of Fy and its coset manifold OP’ = F,/Spin(9),
the octonionic projective plane, these results are a prerequisite for the
study of Fg, of which Fj is a (maximal) subgroup.

1 Introduction

Simple Lie groups are well understood, starting from their complete
classification. However, often one encounters some points which require
a more detailed discussion or a new perspective. Our main interest, as
an application to physics, is the construction of the Fg group in a suitable
parametrization adapted to perform non-perturbative computations in GUT
theories. While searching for such a construction, we have found it conve-
nient to first determine an analog construction for its maximal subgroup
Fy, which deserves a complete analysis by itself. Even though Fj does not
have a direct application to GUT theories, there are other motivations to
consider Fj separately. For example, the construction of integrable models
on exceptional Lie groups and the corresponding coset manifolds could give
rise to new families of integrable hierarchies. The interest for such problems
is related to the fact that these groups are exceptional, which contrasts with
the infinity of the classical series A,,, By, Cy, Dy,,. Of particular interest, from
the mathematical point of view, is the coset manifold OP? = Fy/Spin(9), the
octonionic projective plane.

However, our paper must be mainly thought of as a preparation for the
construction of the Eg group, which will be presented in a separated article.
As the form of this group relevant for physics is the compact one, we need,
in particular, the compact form of the Fy group.

Here we realize Fy as the group of automorphisms of the exceptional
Jordan algebra. This is a 27-dimensional abelian algebra whose elements
are 3 x 3 Hermitian matrices with octonionic entries. The abelian product
is obtained by symmetrizing the usual matrix product (which takes into
account the octonionic product). In Section 2, we describe shortly the
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exceptional Jordan algebra and the corresponding algebra f; of the
infinitesimal automorphisms.

In Section 3, we construct the group Fj by exponentiating the algebra in a
suitable way. The main idea is to obtain a generalized Euler parametrization
of the group, in the same spirit of our previous papers [2]. However, here
we also clarify the general strategy of the construction and some technical
points. In particular we show the surjectivity of our map, a fact which we
assumed to be true without proof in our previous papers. Some technical
details are put in the appendices, including the fundamental Mathematica
programs we used to compute the algebra. All other calculations can be done
by hand, as we have indeed done, so we do not include the Mathematica
programs we used to check them.

Some possible applications are reported in the conclusions.

2 Construction of the f; algebra

The compact form of the F, exceptional Lie group can be realized as the
automorphism group of the Jordan algebra Js [1,7], that is the algebra of
3 x 3 octonionic Hermitian matrices with product o defined by

AoB:=%(A-B+B-A), (2.1)

where A, B € J3 and the dot is the usual product between matrices. Note
that the generic J3 matrix has the form

ay 01 02
A= 1o} a2 o3], (2.2)
05 03 as

where a; are real numbers and o; are octonions. Thus, in this way we obtain
a 27-dimensional representation for Fj;. The irreducible 26-dimensional
representation can be easily obtained by restricting the 27-dimensional one
to ker(¢) [1], where ¢ is the linear operator
3
0:Js— R, A ) A (2.3)
i=1
However, the 27-dimensional representation is interesting because it can
be extended in a natural way to the 27-dimensional irreducible representa-
tion of the exceptional Lie group Eg. We will consider this extension in a
future work.

If a Lie group is realized as the automorphism group of an algebra A,
its Lie algebra is then realized as the algebra of derivations on A. To
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obtain the matrix representation of the f4 algebra, we first define the linear
isomorphism

B:J; — R A B(A),

o(A) = | PLo2) (2.4)

p(03)
as

where A is as in (2.2) and p is the linear isomorphism between the octonions
O and R® given by!
7 .
p: 0 — R 0200+ZO% — p(o),
i=1
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Next we define a o product in R*” by means of ®:
zoy:=d(d )0 d1(y)), Va,yeR¥. (2.6)

The derivations on J3 are then represented by matrices M € M (R, 27) which
must satisfy the condition

M(zoy) = (Mz)oy—+azo(My), VzyecR™. (2.7)

These equations can be solved by means of Mathematica which gives in
fact 52 independent solutions M;, ¢ =1,...,52, which we choose to nor-
malize with respect to the condition —%Trace(MiMj) = d;; and [M;, M;] =
— Zizl €ijeMy, for i, € {1,2,3}. Let {e,}2", be the canonical base of R?7,
Since the irreducible representation is realized on ker(¢), we expect the linear
combination (e; 4 e1g + e27)/v/3, which we will call fo7, to be in the kernel
of all the M;, i =1,...,52, as, in fact, can be easily checked. It is then
convenient to express the matrices with respect to the new base {f,}27 of

Lour conventions about octonions are explained in Appendix A.
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R*" defined by

(e1 — e1s)
ﬂ 9
fig == e+ ei%i 2627), (2.9)
for = (e1 + e1s + ea7)
27 - \/g )

fa = €q, in the other cases, (2.11)

f1 = (28)

(2.10)

in order to explicitly exhibit the 26-dimensional representation. We will call

¢, t=1,...,52, the resulting 27 x 27 matrices.

In Appendix B, we present the program used to construct these matrices.
The 26 x 26 representation is then obtained by deleting from each matrix
the last row and the last column, which, in fact, vanish. The correspond-
ing structure constants, which characterize the algebra and also realize the
adjoint representation, are shown in Appendix D.

To check that indeed we obtained the generators of an f; algebra, we
computed the corresponding roots. If C; denotes the ith matrix in the
adjoint representation, we use Cq,Cg,C15,C30 as generators of a Cartan
subalgebra to calculate the roots. These turn out to be the generators of an
f4 algebra, as expected. Moreover the corresponding Killing form is negative
definite and proportional to the trace product defined by

(a,b) := —¢Trace(ab), (2.12)

where a and b are arbitrary R-linear combinations of the matrices ¢;. Thus
we have obtained a compact form of fy.

By direct inspection of the structure constants, one can easily recognize
a chain of subalgebras. The first 21 matrices generate an so(7) subalgebra,
whose so(7) subalgebras, with i = 6,5,4,3, are generated by the first i(i —
1)/2 matrices, respectively. Again this can be checked computing the roots
of the subalgebras. A possible choice for the Cartan subalgebra is Cy for
so(3), C1, Cp for so(4) and so(5) and C1, Cg, Cy5 for so(6) and so(7). Adding
to so(7) the matrices ¢; with ¢ = 30,...,36 we obtain an so(8) subalgebra.
This corresponds to the Lie algebra of the Spin(8) subgroup of Fj which
leaves invariant the three matrices J;, 1 = 1,2,3, where J; has J;;; =1 as
the unique non-vanishing entry. To check this, one can notice that the J;
(i = 1,2,3) correspond to the vectors e; of R?", which are in the kernel of
the given subset of matrices.
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Finally there are three evident so(9) subalgebras.

1. so(9), obtained adding cus, ..., cs2 to so(8). This corresponds to the
subgroup Spin(9), of Fy which leaves J; invariant.?

2. 50(9), obtained adding c37,...,ca4 to so(8). This corresponds to the
subgroup Spin(9), of Fy which leaves J; invariant.

3. s0(9), obtained adding c22,...,c29 to so(8). This corresponds to the
subgroup Spin(9), of Fy which leaves J3 invariant.

Again this can be checked applying the given matrices to ej, es and es,
respectively. We will use Spin(9), and will refer to it simply as Spin(9).

To end this section, let us call p the linear complement of so(9) in fy.
Looking at the structure constants we find

[50(9),p] C p, (2.13)
[p, p] C s0(9), (2.14)

which show a structure of direct product. We don’t need to look at the
structure constants to discover such a structure. It follows from the fact
that the trace product is ad-invariant (therefore proportional to the Killing
form, Fy being simple) and the base of matrices is orthogonal.

3 Construction of the group Fjy

For connected compact Lie groups, the exponential'map is surjective [6].
This means that we could introduce 52 parameters x* and simply write

g =gz, ... 2°%) = exp(a'c;) (3.1)

for any given element g € Fy. However, we are searching for a different
kind of parametrization, in the spirit of [2, 14]. The point is that, whereas
there is no difficulty in computing the volume using the exponential map
parametrization, the hard problem is the determination of the range of
parameters. Moreover, the difficulties increase rapidly if one needs to com-
pute the left invariant 1-forms g~ 'dg. These problems are both resolved by
means of an Euler type parametrization, which gives all the quantities in
terms of trigonometric functions, instead of the sinz/z functions appearing
when the exponential parametrization is used.

2Spin(9) appears as the subgroup of Fy which fixes a matrix J of the Jordan algebra.
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3.1 The generalized Euler construction

We would like to explain our general strategy for constructing a Euler type
parametrization. Let G be an n-dimensional simple Lie group and H be
one of its closed subgroups. Let \; be a base for § := Lie(G), orthonormal
with respect to the Killing form. Let us assume that the first m := dim H
generators are a base for H := Lie H and let us call P the subspace generated
by the remaining generators so that [Lie(H ), P] C P. This means that G/H
is reductive. Then it follows that any g € G' can be written in the form

g=expaexpb, a€P, beH. (3.2)

It is an established fact that for compact simple Lie groups such a
parametrization is surjective. This fact is not, generally, well known. We
give another proof of the fact (S. Pigola, private communication) in
Appendix E, because it constitutes an important step in our derivation.

The next step consists in finding a subset of linearly free elements 71, ...,
7, € P with the following properties:

e if V is the linear subspace generated by 7;, i =1,...,k, then P =
Ady(V), that is, the whole P is generated from V' through the adjoint
action of H;

e V/ is minimal, in the sense that it does not contain any proper subspaces
with the previous property.

This means that the general element g of G can be written in the form

g =exp(h)exp(v) exp(h), h,heH, veV. (3.3)
This way of writing ¢ is surjective but redundant. The redundancy will
be r = 2m + k — n dimensional, where n = dim(G), m = dim(H) and k =
dim(V'). The point is that, in general, we need less then the whole H to
generate the whole V' by adjunction. In fact, H will contain some subgroup
K generating automorphisms of V'

Adg:V — V. (3.4)

Then K must be r-dimensional and the generalized Euler decomposition
with respect to H

G = Bexp(V)H, (3.5)
where B := H/K.
In general, the technical difficulties arise in the construction of B. In

order to minimize such difficulties it is convenient to choose for H the biggest
subgroup of G.
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3.2 The set up for Fy

The maximal subgroup of Fy is H = Spin(9). In Section 2, we have found
three Spin(9) subgroups. As we said there, we choose H = Spin(9), which
we will call simply Spin(9). Then P is the 16-dimensional real vector space
generated by the matrices ¢;, with ¢ = 22,...,29,37,...,44. Looking at the
structure constants, we see that we can take as V any 1-dimensional subspace
of P. We choose cy9 as a base for V. Thus r = 21. Since V is 1-dimensional,
we expect the subgroup K to commute with cos and its dimension suggests
that it could be a Spin(7) subgroup of Spin(9). Indeed, we can check that
this is true. We know that the first 21 matrices generate an so(7) algebra.
We will now construct a new set of 21 generators ¢;, i = 1,...,21 commuting
with cgo and having the same structure constants as the previous ones. To
this end, let us look at the so(8) subalgebra: ¢y, I =1,...,21,30,...,36. In
particular, let us start with ¢o, @ = 30,...,36. Then from Appendix D we
see that the remaining first 21 matrices can be generated as follows

Clk(k—1)/2)+i+1 = [C30+isC304k), Kk =1,...,6,i=0,....,k—1.  (3.6)

Next, we notice that for a,b € {22,...,29} the commutator [cq, ¢p is a com-
bination of four elements of so(8), each of which has the same commutator
with co9. Using this, we define

C304i := —[c22,C2344), 1=0,...,7, (3.7)

and then

Clk(k—1)/2)+i+1 = [C30+i>C304k), Kk =1,...,6,i=0,....,k—1.  (3.8)

The surprising fact, for which we have no explanation, is that the matrices
¢r, with I =1,...,21, 30,...,36 have exactly the same structure constants
of ¢y and [¢;,c90] =0 for ¢ =1,...,21. This is exactly the so(7) we were
searching for. We will call it so(7), such that K = exp(so(7)).

At this point, let us note that in order to construct the Euler parametriza-
tion we proceed by induction. Together with B, one needs to give the
parametrization of the maximal subgroup H = Spin(9). Again, this can
be done applying the generalized Euler parametrization with respect to the
maximal subgroup Spin(8). Next, Spin(8) could be decomposed with respect
to Spin(7) and so on. In conclusion it is convenient to start from SU(2), to
construct Spin(n) up to n =9 and finally Fy. At any step (ensured the
surjectivity) the range of parameters can be determined by means of the
topological method explained in [2]. To simplify our exposition we will give
details only for the most interesting case Fy, and limit the Spin(j) subgroups
to a list. The details can be easily reproduced in the same way as for Fj.
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3.3 The list of subgroups

Here we give the results for the subgroups. The details could be considered
as an exercise. Rational homology groups and roots, necessary ingredients
for the Macdonald formula, are given in Appendix F.
3.3.1 SU(2)
The generators are ¢;, ¢ = 1,2,3. We have
SU(2)[z1, x2, x3] = "1 223, (3.9)

with range

T € [0,271’], T2 € [O,W], T3 € [0,471’]. (3.10)

Note that 47 is the period of exp(z¢;) for every i = 1,...,3. The invariant
measure is

diisu(2) [x1, 2, x3] = sin xodxidrodxs. (3.11)

3.3.2 Spin(4)

The generators are ¢;, i = 1,...,6. We take H = SU(2) generated by cs, cg, c3
which can be obtained from the previous one by simple substitutions. V is
1-dimensional and we can take ¢4 as generator. r =1 and K = U(1) = *3
such that Blz,y] = H/K = e*3e¥%, with = € [0,27] and y € [0,7]. Then

Spin(4)[x1, ..., z¢] = €718 e*2Pe"4SU(2)[xy, x5, 6. (3.12)
The invariant measure is

duspin(4) = sin 2 sin’ xgdxldmgdxgduSU@) [€4,...,x6], (3.13)
and the range of parameters

x1 €10,27], z2€ (0,7, x3€][0,7], (3.14)

the others being the ones of SU(2).

3.3.3 Spin(5)

The generators are ¢;, i = 1,...,10. The subgroup is H = Spin(4) as before.
V is 1-dimensional and we can take c¢;7 as generator. r = 3 and K = SU(2)
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generated by c,, o =3,5,6 commute with ¢; such that Bslxi,ze, 3] =
H/K = e"1%¢%2% 3% Then

Spin(5)[x1,...,z10] = Bs[z1,...,z3]e""Spin(4)[zs, ..., x10].  (3.15)
The invariant measure is

2 T3 sin® :U4da:1dac2dm3dx4duspin(4)

Ahgins) [1,...,210] = sinxg cos
X [x5, ey .’L'l()]. (316)

and the range of parameters
z1€[0,2n], zo0€[0,7], w36 [—gg} . z4c0,7] (3.17)

the others being the ones of Spin(4).

3.3.4 Spin(6)

The generators are ¢;, i = 1,...,15. The subgroup is H = Spin(5) as before.
V is 1-dimensional and we can take c1; as generator. r = 6 and K = Spin(4)
generated by c,, @ = 3,5,6,8,9,10 commute with ¢1; so that

B[z, ... ,x4] = H/K = "1 e"25 "3 ™47,
Then
Spin(6)[x1, ..., z15] = Bg[z1, ..., z4]e”> 1 Spin(5) [z, . .., z15].  (3.18)
The invariant measure is
d,uspin(ﬁ) [X1,...,215] =sinzy cos? x5 cos® x4 sin? xsdry drodrsdrydes
X bl s [6, ..., T15], (3.19)

and the range of parameters

™ T ™ T
T € [O, 271'], To € [0,71'], xr3 € [—5,5} , X4 € |:—§, 5} ,
25 € [0,7], (3.20)

the others being the ones of Spin(5).

3.3.5 Spin(7)

The generators are ¢;, i = 1,...,21. The subgroup is H = Spin(6) as before.
V is 1-dimensional and we can take ci6 as generator. r = 10 and K = Spin(5)
generated by co, @ = 3,5,6,8,9,10,12, 13, 14, 15 commute with c14 such that

B[z, ... ,x5] = H/K = e"1%e"2® "3 M1T P51
Then
Spin(7)[x1, ..., x21] = Br[x1,...,z5]€"%Spin(6)[z7, ..., z21].  (3.21)
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The invariant measure is
dpe . [z1, ..., 291] = sinzg cos® x5 cos® x4 cos* x5 sin® rgdrdradrs
HSpm(?) 1 b ) 21 2

. d:p4dx5dm6duspm(6) [x7,...,221], (3.22)

and the range of parameters
x1 €10,27], x2€ (0,7, x3€ [—g,g}, T4 € [—z
w5 € [—g g} g € [0, 7], (3.23)

the others being the ones of Spin(6).

3.3.6 Spin(8)

The generators are ¢;, i=1,...,21,30,...,36. The subgroup is H = Spin(7)
as before. V is 1-dimensional and we can take c3g as generator. r =15
and K = Spin(6) generated by c,, o = 3,5,6,8,9,10,12, 13,14, 15,17,18, 19,
20,21. Up to now, we have proceeded in a systematical way. One could
proceed in this way, but technical difficulties increase with the dimension of
the group. In particular, the computation of the invariant measure becomes
too hard for Fj. To solve this problem, we have found it convenient to
change the parameterization of the quotient B. The simplification consists
in using as many commuting matrices as possible to realize B. This must
be compatible with the fact that B - K must cover the whole Spin(7) group.
There are many possibilities. We have chosen

Bglx1, ..., x6] = €719 T2C10£T3C15 T4 pT5C5 o T6CL (3.24)

The fact that it works can be checked by doing the previous analysis back-
ward. Then

Spin(8)[z1, ..., xes] = Bg[r1,...,x6)e”"?°Spin(7)[xs, . .., z28].  (3.25)

The invariant measure is
7
b in sy [T1,...,T28] = sin x4 cos x5 cos zg sin® zg cos® a7 sin? 27 H dx;
i=1
. dMSpin('T) [.1‘8, Ce. 7$28]7 (3.26)
and the range of parameters

x1 €[0,27], x2€[0,27], z3€0,27], x4 € 0,7,
T T T
Ty € |:—§, §:| s Tg € |:O, §:| s xr7 € [O, §:| 5 (327)

the others being the ones of Spin(7).
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3.3.7 Spin(9)
Here we used the same procedure as for Spin(8). The generators are ¢;, with
i=1,...,21,30,...,36,45,...,52. The subgroup is H = Spin(8) as before.
V is 1-dimensional and we can take c45 as generator. r = 21 and K = Spin(7)
generated by ca, @ = 3,5,6,8,9,10,12,13, 14, 15,17, 18,19, 20, 21, 31, 32, 33,
34,35,36. The choice of B can be deduced from the one for Spin(8). Then
By [xh . x7] — o%1C3 gT2C16 pTBCI5 TAC35 T5C5 LTECL LTTC0 (3.28)
and

Spin(9)[x1,...,x36] = Bo[x1,...,z7]e"*®*Spin(8)[xg, ..., z36].  (3.29)

The invariant measure is

duspm(9> [1,...,236] = sinxy cosxs cosxg sin? T cos? T7 sin? T7 sin” s
8
. H d.md,uspin(s) [J}g, e ,.1‘36], (3.30)
i=1
and the range of parameters
xr] € [0,271’], To € [0,271'], xr3 € [0,27‘(’], T4 € [O,ﬂ'],
(3.31)

T m ™
Ts S |:_§7 §:|7 Te c |:0; §i|7 7 S [O) §i|7 s € [O’ﬂ-]’

the others being the ones of Spin(8).

3.4 Construction of Fjy

We are now ready to realize the construction of the group Fy. The maximal
subgroup is a Spin(9) subgroup which we choose to be Spin(9),. Then we
know that the generic element of Fy can be written formally as

Fy =™, (3.32)

where P is the linear space generated by the matrices ¢;, with i = 22, ..., 29,
37,...,44. Looking at the structure constants we can see that

exp(—2x¢;)car exp(2x¢;) = cos xegg + sin e, (3.33)

where j§ = 29,25,28,23,27,26,24, respectively, if i=30,...,36 and
j =44, 40,43,38,42,41,39, 37 for ¢ = 45,...,52. This ensures that P can
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be generated acting on cgo by adjunction with H.? Thus the generic ele-
ment of Fy is

g = ee™22el, (3.34)

with a,b € so(9). We know that the 21-dimensional redundancy of such a
parametrization is due to a Spin(7) subgroup of Spin(9) which commutes
with cg2. This subgroup is generated by the matrices ¢; with ¢ =1,...21,
which satisfy the same commutation relations of the corresponding ¢;. In
fact, this is true also adding the ¢;, ¢ = 30,...,36 and moreover, for the
whole Spin(9) subgroup, if we define ¢; = ¢; for ¢ = 45,...,52. Thus we can
use ¢; in place of ¢; to construct Spin(9), at least for the left factor in (3.34).
Now in our construction

Spin(9)[z1, ..., z36] = Bolz1,. .., x7]e"%5Spin(8)[zg, . . . , T3]
= Bylx1, ..., x7]€®% Bglxg, ..., 214]e®3%° Spin(7)
X [z16, - -, Z36], (3.35)
such that
Bp,[1,...,715) = Byla1, . .., 27]e"™% Bgxg, ..., 14)€"*®,  (3.36)
and
Fy[z1,...,252] = Br,Jz1,...,215)€°%??Spin(9)[z17, ..., x52].  (3.37)

We also know that for the ranges determined for Spin(9), Spin(8) and
Spin(7), B, covers the whole H/ K, so that only the range for 216 remains to
be determined. However, we will now determine the range of all parameters.

3.5 Determination of the range of parameters

To determine the range we will use the topological method introduced in
[2]. For convenience, let us recall here how it works. The first step consists
in the determination of the invariant measure. It will depend explicitly on
some of the parameters. One can then construct a closed variety, having the
same dimension of the whole group, simply by choosing for these variables
the maximal range which still allows the measure to be well defined, while
for the remaining variables the range should coincide with their period.*

3More precisely this means that we could write the general element of Fj in the form
Fi = Blay,...,x15]e"19°228pin(9), with B = [[}2, "%, j; = 30,...,36,45,...,52. How-
ever, such a realization is not sufficiently simple to allow technical computations.
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If the parametrization adopted is surjective and the group is connected,
then surely the variety obtained in this way covers the whole group. Here
is where surjectivity is crucial.

At this point it is possible that, with this choice of parameters, we cover
some points of the group more then once. Fortunately, one can check this by
means of the Macdonald formula [9, 12] which gives the volume of a compact
Lie group with respect to an invariant measure induced on the group by a
Lebesgue measure on the Lie algebra. If the resulting number of covering is
higher than 1, the range of parameters must be further reduced using some
automorphism of the space of parameters which leaves the group invariant
under reparametrization. See [2] for more details.

3.5.1 The volume of Fy

Let us compute the volume of Fy by means of the Macdonald formula. The
Betty numbers of the exceptional Lie groups were computed in [5]. For
Fy there are four free generators for the rational homology. Their dimen-
sions are

di =3, dy=11, dy=15 dy=23. (3.38)

The simple roots are [§]

T = L2 — L3 (339)
ro=Lsg— Ly (3.40)
r3 = L4 (3.41)
Li—Ly—Ls— L
[ — 5 LA (3.42)
where L;, 1 =1,...,4, is an orthonormal base for the Cartan algebra. The
volume of the fundamental region is then
Vol(fr,) = 3. (3.43)

Furthermore, there are 24 positive roots, 12 of which have length 1, and 12
have length /2 (See [8]). We found explicitly these roots, as explained in
Section 2, with L; = e;, the canonical base of R*. The volume of Fj is then

926, 128

VO](F4) = —37 ] 54 ] 72 ] 11.

(3.44)

“Each of the x; appears in the parametrization in the form e®#“ or e®:%  and is therefore
periodic as a consequence of compactness of the group. With our normalization, we find
that all periods are equal to 4m.
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3.5.2 The invariant measure on Fjy

The invariant measure on F; decomposes in the product of the measure on
Spin(9) and the one on M = Fy/Spin(9). This was shown, in general, in [2]
but let us rewrite it in terms of (3.5). If we define

Jg = H YdH, Jy = w?(e_z“"mngd(B&6“16622)), (3.45)
with H = Spin(9), then
ds3; = —gTrace(Jy ® Jur), (3.46)
is the induced invariant measure on M and
' 16
dpr, = |det () |dpspingo) | [ o1, (3.47)
=1
where Jﬂ./h. is the 16 x 16 matrix defined by
16 '
Ty =Y Jcide’ (3.48)
ij=1
where ¢;; is the base {c22,...,¢c0,¢37,...,caa} of P.
Let us now introduce the notation
Mg[ﬂ}l, oo ,l‘g] = Bg[[]}l, cee ,1’7]6968545 y (349
M7[a;9, . 71'15] = Bg[l’g, ce ,x14]ex15630. (350)
Then

Jyv = dxigeas + 67x16c22M7_1dM76x16622
—i—e_xmczzM;lMg_ldMgM76x16022
=: dz1gCos + e T16022 JoeT1622 4 6_$16022M7*1J8M761'16C22.
(3.51)

Some remarks are in order now:

1. My € Spin(8) corresponding to the algebra of matrices ¢; with i =
1,...,21,30,...,36;

2. Mg € Spin(9) corresponding to the algebra of matrices ¢; with
i=1,...,21,30,...,36,45,...,52;

3. looking at commutators we see that the adjoint action of e*16°22 on
s0(8) generate linear combination of the matrices of so(8) itself, adding
also combination of the matrices ¢; with j = 23,...,29;

4. the adjoint action of Spin(8) on so(9) restricted to the linear subspace
generated by cys,...,c52 is a rotation, that is Spin(8)~!¢;Spin(8) =
2?145 Rijcj with i = 45,...,52, where R/ is a rotation matrix. In
particular
|det Ry | = 1;
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5. the adjoint action of €"*? on ¢; with i = 45,...,52 is a rotation of the
form ¢; — cos §¢; & sin §c;, where i € {37,...44}.

From these remarks one can deduce

1. dx16 is the only coefficient of co9;

2. the projection of e™%16¢22 J-e%16¢22 on ¢;, ¢ = 22,37,...,44, vanishes,
so that it gives rise to a 7 x 7 diagonal block. In other words, if the
columns give the projections on ¢; (with ordering i = 22,...,29,37,...,

44) and the rows are the differentials doy; (with J =1,...,16 starting
from below) then we must compute the determinant of the matrix

1 0 O
x A 0 (3.52)
* *x B

where A is the 7 x 7 diagonal block given above and B is a 8 x 8 block
obtained by projecting 6*116022M7_1J8M7ex16622 on cs7,...,c44. The *x
blocks are irrelevant for the computation of the determinant which in
fact will be det A - det B;

3. from point 5 of the remarks it follows det B = sin® 436 det B, where B
is the projection of M7_1J8M7 on ¢45, - - -, c52. On the other hand, from
the remaining remarks it follows det B = det R - det B, where R is the
orthogonal matrix introduced in remark 4 and does not contribute to
the determinant, whereas B is the projection of Jg on c¢y5,...,c52. In

particular, det B = sin x4 cos x5 cos xg sin? xg cos? x7 sin? z7 sin” z5.

Thus we can quite easily compute the invariant measure for M, which turns
out to be
7216 . 15T

16 . .
duny = 27 cos - sin - sin x4 cos x5 cos g Sin

2 T cos? T7 sin? T7

16
.7 . ) 2 .4
* S X SIN X192 COST13 COSXT14 S~ T14 COS™ T15SIN1" I15 d.fCi.
=1
(3.53)

Note that the periods of the variables are 47 so that one should take the
range z; = [0,47] for i = 1,2,3 and i = 9,10, 11. However, it is easy to show
directly from the parametrization that they can all be restricted to [0, 27].
In fact, for all & € so(7) we have that ¢*™® commute with ¢; and with ¢,
so that it can be reabsorbed in the Spin(9) factor of Fy. The range of z;
is then

x1 € [0,27], x9€0,27], w3€[0,2n], x4 €[0,7],

T m T
Is5 € |:_§7§:|7 T € |:07 §:|7 T7 € |:07 §:|7 Ty € [077T]7
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T9 € [0,27T], T10 € [0,27T], T11 € [O,QW], T12 € [O,TF],

r13 € {—gg], T14 € [07 g}, T15 € [0, gi|7 z16 € [0, 7).
(3.54)
Note that the first 15 are exactly the ones predicted by Spin(9)/Spin(7).
The remaining parameters x;, j = 17,...,52, will run over the range for
Spin(9). The volume of the whole closed cycle V' so obtained is then
226 . 7T28
Vol(V') = Vol(Spin(9)) /RdMM = L (3.55)
where R is the range of parameters x;, ¢ = 1,...,16. This is the volume of
5

F, so that we cover the group exactly one time.

4 Conclusions

In this paper, we have considered the problem of giving an explicit construc-
tion of the Fy simple Lie group and, in particular, of its compact form. The
main motivation is that we are interested in studying the Lie group Eg in
a future paper, because in its compact realization it is the most promising
exceptional Lie group for unification in GUT theories [3]. In particular to
perform non-perturbative calculations a parameterization is needed which,
on the one hand should yield the most simple expression for the invariant
measure on the group, while at the same time still being able of providing
an explicit expression for the range of the parameters. Both these require-
ments are necessary in order to minimize the computation power needed for
computer simulations of lattice models.

It seems that the best solution to both of these problems is the determi-
nation of Euler like angles. In Section 3.1, we have explained in detail the
general strategy for defining such a parametrization and shown that it turns
out to be surjective for each compact Lie group. It is clear from the con-
struction that the Euler angles for a given group are not uniquely defined,
but that they can depend for example on the choice of a subgroup, which can
be fixed according to the requirements. The surjectivity of the map allows
the use of a topological method to determine the range of parameters.

The first application of our results will be the construction of the gener-
alized Euler parametrization of the Eg group associated with the F; sub-
group, along the lines of Section 3.1. However another immediate interesting

50bviously, there is a subset of vanishing measure multiply covered.
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application could be the explicit construction of the F) invariant metric for

OP? = F4/Spin(9).
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Appendix A The octonionic algebra

The octonionic algebra is obtained from the 8-dimensional real vector space
O generated by a real unit 1 and seven imaginary units i;, i =1,...,7.
The structure of a non-abelian, non-associative division algebra is obtained
introducing a distributive product

2 0x0—0, (a,b) ab,

by means of the following rules:

1 is the identity for the product;

i?z—l fOl"iZl,...,?&Ild iiijz—ij’ii for 1 <y <ij §7;

the units i1, 12, 93 generate a quaternionic subalgebra;

the remaining independent products between the imaginary units are
given in the next program, wheree[l] = land e[i + 1] =4;,i = 1,...,T.

Appendix B The f; matrices

The matrices we found using Mathematica, and orthonormalized with respect
to the scalar product (a,b) := —%Trace(ab), were computed by means of the
followings programs.
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B.1 Construction of the matrices

The following program gives the 27 x 27 matrices of Iy before and after the
26-dimensional reduction.

%%%%the octonionic products

QQ[L, 1] =e[l];  QQ[L2]=e€2;  QQ[L,3]=e[3];
QQ[L, 4] =e4];  QQ[L,5] = e[5]; QQ[L, 6] = e[6];
QQ[L, 7 =e[7;  QQ[L8 =e8];  QQ[2,1] = e[2];
QQ[2,2] = —e[l]; QQ[2,3] = e[5]; QQ[2,4] = e[8];
QQ[2,5] = —e[3]; QQ[2,6] =e[7];  QQ[2,7] = —e[6];
QQ[2,8] = —eld]; QQ[3,1] = e[3]; QQ[3,2] = —el5];
QQ[3,3] = —e[l; QQ[3,4] =el6];  QQ[3,5] = e[2];
QQ[3,6] = —e[4]; QQ[3,7] = e[8]; QQ[3,8] = —el7];
QQM4, 1] =eld;  QQ[4,2] = —€[8]; QQ[4,3] = —¢[6];
QQ[4,4] = —e[l];  QQ[4,5] = e[7]; QQ[4,6] = e[3];
QQ[4,7] = —e[5];  QQ[4,8] = e[2] QQ[5,1] = e[5];
QQ[B, 2 =e3;  QQ[5,3] = —el2]; QQ[5,4] = —¢[7];
QQ[5,5] = —e[l];  QQ[5,6] = e[8]; QQ[5, 7] = e[4];
QQ[5,8] = —el6]; QQ[6,1] =e[6];  QQ[6,2] = —e[7];
QQ[6,3] =e[4];  QQ[6,4] = —¢[3]; QQ[6,5] = —e[8];
QQ[6,6] = —e[l]; QQI6,7] =e¢[2];  QQ[6,8] = e[5];
QQ[7,1] =€[7;  QQI[7,2] = €[6] QQ[7,3] = —e8];
QQ[7, 4] =el5;  QQ[7,5] = —e[4]; QQ[7,6] = —e[2];
QQ[7,7] = —e[l];  QQ[7,8] = e[3] QQ[8,1] = e[8];
QQ[8,2] =e[4];  QQ[8,3] = el7] QQ8, 4] = —e[2];
QQ[8,5] =el6];  QQ[8,6] = —e[5]; QQ[8,7] = —¢[3];
QQJ8,8] = —el1];

%%%% the Jordan algebra product

Qmlz_, y | := Sum[Suml[z[[i]]y[[7]]QQ[:, j], {7, 8}], {7, 8}]

QP[z_,y ] := {Coefficient[Qm]|z, y], e[1]], Coefficient|Qm[z,y], e[2]],
Coefficient[Qm][z, y], e[3]], Coefficient[Qm|x,y], e[4]],
Coefficient[Qm|z, y], e[5]], Coeflicient|Qm|z, y], e[6]],
Coefficient[Qm|z, y], e[7]], Coefficient[Qm|z, y], e[8]] }

ol ={al, a2, a3, a4, ab, ab, a7, a8};

02 = {b1, b2, b3, bd, b5, b6, b7, b8);
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Conjlz | := {x[[1]], —=[[2]], —=[[3]}, —=[[4]], —=[[5]];
—z[[6]], —[[7], —=[[8]]}

OctPla_, b ] := {{Sum[QP[Part[Part|a, 1], i], Part[Part[b, ], 1]], {3, 3}] ,
Sum|[QP[Part[Part[a, 1], 7], Part[Part[b, 4], 2]], {4, 3}],
Sum[QP[Part[Part[a, 1], i], Part[Part[b, i], 3]], {4, 3}]} ,
{Sum|[QP[Part[Part|a, 2], i], Part[Part[b, ], 1]], {4, 3}],
Sum|[QP[Part[Part|a, 2], i|, Part[Part[b, i, 2]], {4, 3}],
Sum|[QP[Part[Part]a, 2], i|, Part[Part[b, i, 3]], {7, 3}] } ,
{Sum|[QP[Part[Part|a, 3|, i], Part[Part[b, ], 1], {7, 3}],
Sum|[QP[Part[Part]a, 3], i|, Part[Part[b, i, 2]], {4, 3}],
Sum|[QP[Part[Part|a, 3|, i|, Part[Part[b, i, 3]], {7, 3}] } }

OctPSla_, b ] := 1/2(OctP[a, b] + OctPb, a])

%%%% correspondence between the Jordan algebra and R*"

A={{{a[1], 0, 0, 0, 0, 0, 0, 0},

{af2], a[3), al4], al5], a[6], a[7], a8, afo]},

{a[10], a[11], a[12], a[13], a[14], a[15], a[16], a[17]}},
{{al2), —al3]; —al4], —a[5], —al6], —a[7], —a[8], —a[9]},
{a[18], 0, 0, 0, 0, 0, 0, O},

{a[19], a[20], a[21], a[22], a[23], a[24], a[25], a[26]}},

{{a[10], —a[1l], —al12], —a[13], —a[l4], —a[l5], —a[l6], —a[l7]},
{a[19], —a[20], —a[21], —a[22], —a[23], —a]24], —a[25], —a[26]},
{a[27], 0, 0, 0, 0, 0, 0, 0}}};

B ={{{b[1], 0, 0, 0, 0, 0, 0, O},

{8021, b[3], b[4), b[5), B[6], B[], bS], bI9]},
{b[10], b[11], b[12], b[13], b[14], b[15], b[16], b[17]}},
I =

{{b[2], —b[3], —bl4], —b[5], —~b[6], —b[7], —b[8], ~b[9]},

{o[18], 0, 0, 0, 0, 0, 0, 0},

{b[19], b[20], b[21], b[22], b[23], b[24], b[25], b[26]}},

{{o[10], —b[11], —b[12], —b[13], —b[14], —b[15], —b[16], —b[17]},
{b[19], —b[20], —b[21], —b[22], —b[23], —b[24], —b[25], —b[26]},

(b[27], 0, 0, 0, 0, 0, 0, 0}}};

FF[AA ] := {Part[{Part[Part[Part[AA, 1], 1], 1]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 1]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 2]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 3]}, 1],
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Part[{Part[Part[Part[AA, 1], 2], 4]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 5]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 6]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 7]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 8]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 1]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 2]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 3]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 4]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 5]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 6]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 7]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 8]}, 1],
Part[{Part[Part[Part[AA, 2], 2], 1]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 1]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 2]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 3]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 4]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 5]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 6]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 7]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 8]}, 1],
Part[{Part[Part[Part[AA, 3], 3], 1]}, 1]}

FFi[vv ] :=

{{{Part[vv, 1], 0, 0, 0, 0, 0, 0, 0}, {Part[vv, 2], Part[vv, 3],
Part[vv, 4], Part[vv, 5], Part[vv, 6], Part[vv, 7], Part[vv, 8],
Part|[vv, 9]}, {Part[vv, 10], Part[vv, 11],Part[vv, 12],
Part[vv, 13|, Part[vv, 14], Part[vv, 15], Part[vv, 16],
Part|vv, 17]}},

{{Part[vv, 2], —Part[vv, 3|, —Part[vv, 4], —Part[vv, 5],
—Part[vv, 6], —Part[vv, 7], —Part|[vv, 8], —Part[vv, 9]},
{Part[vv, 18], 0, 0, 0, 0, 0, 0, 0},

{Part[vv, 19], Part[vv, 20], Part[vv, 21|, Part[vv, 22],
Part[vv, 23], Part[vv, 24], Part[vv, 25|, Part[vv, 26|}},
{{Part]vv, 10], —Part[vv, 11], —Part[vv, 12|, —Part][vv, 13],
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—Part[vv, 14], —Part[vv, 15], —Part[vv, 16], —Part[vv, 17|},
{Part|[vv, 19], —Part[vv, 20], —Part[vv, 21|, —Part[vv, 22],
—Part[vv, 23|, —Part[vv, 24], —Part[vv, 25|, —Part[vv, 26]},
{Part[vv, 27], 0, 0, 0, 0, 0, 0, 0}}}
%%%% construction of the matrices
MM = Array[mm, {27, 27}];
vaa = FF[A];
vbb = FF[B];
vlaa = MM.vaa;
vlbb = MM.vbb;
AA1 = FFi[vlaal;
BB1 = FFi[v1bb];
V1 = FF[OctPS[AA1L, BJ;
V2 = FF[OctPS|A, BBL]);
AB = OctPS[AB];
V = FF[AB];
VV = MM.V:
diff = VV — V1 — V2;
Do |
Do[Dol[ft[i, j, k] = Coefficient[Part[diff, k|, a[i]b]]], {7, 27}],
{7, 27}, {k, 27}];
n = 0;
Do [Do [Do[n + +;
If[f]i, j, k| ==0, n=n—1, Ff[n] = [z, j, k] == 0,
Fifn] = fifi, 4, K == 0, {i, 27}],
{4, 273, {k, 27}];
11 = {3
Dols[i 4+ 1] = Append[s[i], Ff[i]], {i, n}];
m = 0;
Do[Do[{m + +, gg[m] = mmli, jI}, {i, 27}], {j, 27}};
oft] =
Do[v[i + 1] = Append[v[i], ggld]],{i, 729});
sol = Solve[s[n], v[730]];
Do[Do[mat[i, j] = mm[i, j], {i, 27}], {j, 27}];
Do [Do [Do [If [Part[Part[Part[sol, 1, i, 1]]] == mml[j, k], mat[j, k] =
mm|[j, k|/.Part[Part[sol, 1, ]|, {3, 677}, {j, 27}], {k, 27}];
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MM = Array[mat, {27, 27}];
n = 0;
Do [Do [n + +; If [D[MM, mm]i, j]] == DiagonalMatrix |
{o, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 0, 0}],
n=n—1, Md[n| = D]MM, mmli, j]], Md[n] = D]MM, mm]i, j]]],

{e, 331, {4, 2735
Mn[1] = Md[1];
Do [Do|

AA[jvi] =0, {i7 52}]’ {.77 52}]
Do [Do[AA[j, i] = —Tr[Md[j].Mn[i]]/Tr[Mn[i].Mn[:]], {i, j —1}];

Mn[j] = Md[j] 4+ Sum[AA[j, iMn[i], {i, j —1}], {j, 2, 52}];
Dolc[i] = —Sqrt[6]Mn[i]/Sqrt[Tr[Mnl[i].Mn[i]]], {i, 52}];
%%%% the structure constants
Do[Do[CCli, j] = c[i] - ¢[j] — c[j] - c[i], {i, 52}, {J, 52}];
Do[Do[Dolcoeft[i, j, k] = —Tr[CC[i,j] - c[k]]/6, {k, 52}],

{i, 52}],{j, 52}};

%%% rotation to give the irreducible 26 representation

XXX =
{{1,0,0,0,0,0, 0,0, 0,0,0,0, 0,0, 0,0, 0, =1, 0, 0, 0, 0, 0, 0, 0, 0, 0}/Sqrt[2],
{0, 1,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{0,0,1,0,0,0,0,0 0,0, 0,0,0,0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O},

{0, 0,0, 1,0,0,0,0,0,0,0,0,0,0,0,0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,0,1,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0,1,0,0,0,00,0,0,0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0,0,1,0,0,0, 0,0, 0,0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0, 0,0 1,0,0, 0,0 0,0,0 0,0, 0,0, 0,0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0 0,0 0,1, 0, 0,0, 0,0,0, 0,0, 0,0,0,0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0 0,0 0,0, 1,0,0,0,0,0, 0,0 0,0,0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0 0,0 0,00 1,0, 0,0,0, 0,0 0,0,0,0, 0, 0, 0, 0, 0},
{0, 0,0,0,0,0 0,0 0,00 0,1,0,0,0, 0,0, 0,0, 0,0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0,0,0,0,0,0,0,0, 1, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0,0,0,0,0,0,0,0,0,1, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0, 0,0, 0,0,0,0,0,0,0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{1,0,0,0,0,0 0,0 0,0, 0 0,0,0,0,0 0,1, 0,0, 0,0, 0, 0, 0, 0, —2}/Sqrt[6],
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{0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1,0, 0, 0, 0, 0, 0, 0, 0},

{0, 0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0, 1, 0, 0, 0, 0, 0, 0, 0},

{0, 0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0, 0, 0, 1, 0, 0, 0, 0, 0},

{0, 0, 0, 0,0, 0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0, 0, 1, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0, 0, 1, 0, 0, 0},

{0, 0, 0, 0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 1, 0, 0},

{0, 0, 0,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0,0, 0,0, 0, 0, 0, 0, 1, 0},

{1, 0,00 0 0,0,0,000000,0,001,0000,0,0, 0, 0, 1}/Sqrt[3]};

Dolcc[i] = XXX - ¢[t] - Transpose[XXX], {4, 52}];

c[7] are the matrices before the rotation, and ccli are the 27 x 27 matri-

ces after the rotations, all having the last row and the last column van-

ishing. The irreducible 26-dimensional representation is obtained dropping

the last row and the last column. The structure constants are provided by

coeff[i, j, k.

Appendix C The f; matrices
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Appendix E Surjectivity of the product parametrization

We will follow [4]. First note that M = G/H is a compact homogeneous
manifold. Let 7:G — G/H and 7p:G — P be the natural projections.
If G is provided with a bi-invariant Riemannian metric (as it happens for
simple compact Lie groups) then M can also be provided with such an invari-
ant metric. In particular, for compact semisimple Lie groups we can use the
Killing metric. The Levi-Civita connection is then exactly the connection
induced by the horizontal distribution defined by taking (L, ). as horizontal
space at any g € G, where L, is the left multiplication on G and the lower *
indicate the push-forward.® The invariant metric on M is then obtained by
requiring for 7, : TyG — Ty (4)M to be an isometry between the horizontal
component of TyG and T5(4)M for any g € G. Thus M is geodesically com-
plete and 7 becomes a Riemannian submersion. From this, if o := n(H),
Exp,:T,M — M 1is the exponential map generated by the geodesic flow
from o and exp :§ — G is the exponential map of the Lie group, then it
can be shown that Exp,(a) = mexp(a) for any a € P (|4, p. 47 Exercise
1.21]). But Exp, is surjective, as follows from the Hopf-Rinow theorem, ([4,
Theorem 1.9]). This completes the proof.

Appendix F The orthogonal subgroups

In this section, we collect the volumes of the orthogonal subgroups obtained
by means of the Macdonald formula. The rational homology groups of all

SHere we are using the fact that G = G//H is a principal bundle over M, see [11]. In
particular, if T.G ~ G is the tangent space to the identity e of G, then P is its horizontal
component.
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simple Lie groups are known to be the homology of the product of odd-
dimensional spheres: H,(G) = H,(S% x --- x S%), r being the rank of the
group [10]. For the subgroups of Fy we find
SO@3): di =3;
(4): di=3,d2 = 3;
( ) dl — 37 d2 — 77
SO(6): dy =3,dy=5,d3 =T,
(7) dy =3,dy =7,d3 =11;
(8) dy =3,dy="7,d3 =7,dy =11,
SO(Q) : d1 :3,d2:7,d3:11,d4:15.
The roots of the subgroups are the ones given in [8], with L; = e; identified
with the usual orthonormal bases of an Euclidean space. The volumes can
then easily computed by mean of the Macdonald formula, giving
SO(3): V=2 n%
SO(4): V =2°.7%

8. .6
s0(s): V=20
SO6): V= 28;9,
SO(7): V= 213227;12,
SO@): V= 2;:216;
917 . 20
SO(9): V= W;r?

Appendix G More on the subalgebras

In Section 2, we observed that our 27-dimensional representation of Fy has
a decomposition 26 & 1 in irreducible representations. Similar decompo-
sitions can be obtained for the subgroups simply by a direct computation
of the weights. For example, we computed the decomposition of so(i) for
1=09,8,7,6 finding:

e for so(9)
s0(9) =16 9 P12

where 16 is the spin representation and 9 the vector representation;
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Re
[1]

2]

[4]

[5]

[6]
[7]
8]

[9]

e for so(8)
so(8) =8, ®8, ®8_ P13

Here 8, is the vector representation and 84 are the spin representations
with positive and negative chirality;
o for so(7)

so(7) =82 @ 7a 1,

where 8 is the spin representation and 7 is the vector one;
e for so(6)

s0(6) =6 ® 4% ® 4% @ 1°,

where 44 are the chiral spin representations and 6 the vector one.
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