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LOGARITHMIC SOBOLEV TRACE INEQUALITIES*

FILOMENA FEO! AND MARIA ROSARIA POSTERARO?

Abstract. We prove a logarithmic Sobolev trace inequality and we study the trace operator in
the weighted Sobolev space WP (Q, ) for sufficiently regular domain, where v is the Gauss measure.
Applications to PDE are also considered.
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1. Introduction. Sobolev Logarithmic inequality states that
p 2 p—2 .
[ Julog <8 [ 19uP = sin w byt ol e o og s oy (1)

where 1 < p < 400, v is the Gauss measure and LP (RN, ’y) is the weighted Lebesgue
space (see §2 for the definitions). This inequality was first proved in [18] (see also
[2] for more general probability measure). It has many applications in quantum field
theory and unlike the classical Sobolev inequality it is independent on dimension and
easily extends to the infinite dimensional case.

In terms of functional spaces inequality (1.1) implies the imbedding of weighted

Sobolev space WP(RY ~) into the weighted Zygmund space LP (log L)% (RN, 7).
The imbedding holds also for p = 1 and it is connected with gaussian isoperimetric
inequality (see [20], [15] and [23]).

This kind of imbeddings are also studied in [9] in the more general case of
rearrangement-invariant spaces. In [11] a set @ C RY with () < 1 and the space
WO1 P (Q,v) are considered using properties of rearrangements of functions; the au-

thors prove that if u € Wol’p (©,7v) with 1 < p < 400, then u € LP (logL)% (Q,7)
and

[l < ClIVull oo,y - (1.2)

L?(log L)% (2,7)
for some constant C' depending only on p and (2). Analogous inequalities have been
obtained in infinite dimensional case and in the Lorentz-Zygmund spaces (see the
appendix of [17]). Estimates in the spirit of (1.2) are also obtained for equations
related to Gauss measure (see [12] and references therein).

If v(Q) = 1 inequality (1.2) has to be replaced by

||UIHL1)(10g L)%(Qa’}’) S C HVU’HLZ"(Q,'}/) + ||u||Li"(Q,’y) .

A first result of our paper is to obtain (1.2) when u € WP(y,Q) (see §3); in
this case, as one can expect, smoothness assumption on 92 has to be made. Besides
the continuity also the compactness of the imbedding of W1P(Q,v) in a Zygmund
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570 F. FEO AND M. R. POSTERARO

space is studied. As a consequence we obtain a Poincaré-Wirtinger type inequality.
Applications of these results to PDE are also considered.

The results explained above are used to investigate Sobolev trace inequalities.
This kind of inequalities play a fundamental role in problems with nonlinear boundary
conditions. In the euclidean case the Sobolev trace inequality (cf. e.g. [19]) tells us
that if Q is smooth enough and 1 < p < N, then there exists a constant C' (depending
only on € and on p) such that

||Tu||Lpg16v:p1) o) < Cllullwro(a) for every u € WhP (Q), (1.3)

where T is the trace operator. This kind of inequalities have been developed via
different methods and in different settings by various authors including Besov [§],
Gagliardo [13], Lions and Magenes [22]. Trace inequalities that involve rearrangement-
invariant norms are considered in [10]. Moreover trace imbedding (1.3) admits an
improvement in terms of Lorentz spaces (see [3]).

To investigate about trace operator in the weighted Sobolev space WP(Q, v) we
need a Sobolev trace inequality in §4. We prove that if {2 is a smooth domain and
u € C*°(Q) then

[l hox 2+ ul) ¢4 < C [l (1.4)

where ¢ (x) = (277)_% exp (—@) is the density of the Gauss measure and the inte-

gral on the left-hand side of (1.4) is a surface integral. This inequality captures the
spirit of the Gross inequalities: the logarithmic function replaces the powers in this
case too.

Using (1.4), we can define a trace operator and we prove that it is continuous
and compact from WP (Q, ) into LP(99, ) for sufficiently regular domain 2 C R¥.
Moreover a Poincaré trace inequality is obtained in a suitable subspace of W1P(Q, v).
We give also some applications of these results to PDE.

Another Sobolev trace inequality is obtained in [24] as limit case of the classical
trace Sobolev inequality.

2. Preliminaries. In this section we recall some definitions and results which
will be useful in the following.

2.1. Gauss measure and rearrangements. Let v be the N-dimensional
Gauss measure on RV defined by
2
exp (—%) dx, ze RN
normalized by v (RN) =1.

We will denote by ® (7) the Gauss measure of the half-space {:c eERN :zy < T} :

vz

dy = (x)de = (27)

T 2
@(T)Z’Y({IGRN;IN <T})=\/L2_ﬂ_/7 exp (—%) dt V1 €eRU {—o00,+00}.

We define the decreasing rearrangement with respect to Gauss measure (see e.g.
[14]) of a measurable function u in € as the function
u® (s) =inf {t > 0 : 7, (t) < s} s €10,1],

where 7, (t) = v ({z € Q : [u| > t}) is the distribution function of u.
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2.2. Sobolev and Zygmund spaces. The weighted Lebesgue space LP(2,~)
is the space of the measurable functions u on € such that [, |ul’dy < 4oc0. We
recall also that the weighted Sobolev space W1P(Q,v) for 1 < p < +oc is defined as
the space of the measurable functions u € LP(€,~) such that there exist ¢1,...,gn €
LP(),~) that verify

/u 0 Y dx—/uwamp dacz/giwgo de i=1,..,.N Yy e D).
o Oz Q Q

We stress that u € W?1P(Q,v) is a Banach space with respect to the norm

HUHWLP(Q,W) = HUHLP(Q77) + HVU‘”LP(Q,')I) :
The Zygmund space LP(log L)*(£2, ) for 1 < p < 400 and « € R is the space of
the measurable functions on €2 such that the quantity

7@ v
/ (1 —logt)*u®(t)” dt if 1 <p<+oo
|ullLr (log L)~ (Q,7) = 0

sup [(1 —logt)*u®(t) if p=+o0
t€(0,7(2))

(2.1)

is finite. The space LP(log L)*(€2,~) is not trivial if and only if p < +00 or p = 400
and o < 0.

The Zygmund spaces are the natural spaces in the context of Gauss measure, because
of the following property of isoperimetric function is (see [21]):

1.1
0100 H(t) ~ t(2log 2)5 fort — 0" and t — 1" (2.2)

We recall same inclusion relations among Zygmund spaces. If 1 < r < p < 400 and
—00 < a, f < +00, then we get

LP(log L)*(€,7) € L"(log L)*(2,) .

It is clear from definition (2.1) that the space LP(log L)*(€,~) decreases as « increases.
For more properties we refer to [7].

2.3. Smoothness assumptions on the domain. In this paper we deal with
integrals involving the values of a WP —function on 9€2. To this aim we need to have
a suitable local description of the set 2 and 92 is a finite union of graphs. More
precisely we will consider smooth domain 2 which verifies the following condition
(cfr. Chapter 6 of [19] for bounded domain).
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CONDITION 2.1. Let Q ¢ RN with N > 2 be a domain such that there exist

i) m € N coordinate systems X, = (z/., zY) where z/. = (z}, ..., 2N 1)

forr=1,2,.

ii) a;,b; € R U {:l:oo} for i =1,...,N — 1 and m Lipschitz functions a, in
Tf{:n (a;, b )forzfl ,Nfl}

forr=1,. N7

ii) a number B > 0 such that the sets

A ={(z,x)) eRY 2l € A, and 2l = a,(z])}
are subsets of 9Q2, 9Q) = @1AT and the sets
r=

U ={(z},z)) e RN : 2] € A, and a,(z)) <z} < a.(z]) + B}

- ={() MeRN: 2l € A, and a,(z)) — B < 2N < a.(x "}

are subset of 2 (after a suitable orthonormal transformation of coordinates).

We observe that the set U, = UF U U is an open subset of RV and there exists
an open set Uy C Uy C € such that the collection {UT}TZO is a open cover of €.
Moreover the collection {U, }/"_, is a open cover of 9.

3. Sobolev logarithmic inequalities in W1?(Q,~). In this section we prove
continuity and compactness of imbedding of WP(£,~) into LP(log L)%(Q,’y). The
first step is to obtain the analogue of (1.2) when u € W1P(Q,~) for 1 < p < +o0.

THEOREM 3.1. (Continuity) If u € WHP(Q,v) for 1 < p < +o0o and § satisfies
condition 2.1, then there exists a positive constant C depending only on p and € such
that

HUHLP(IOg L)%(ny) S C ||u|‘leP(Q7ry) ) (3'1)

i.e. the embedding of weighted Sobolev space W1P(,v) into the weighted Zygmund
space LP (log L) (2,7) is continuous for 1 < p < +oo.

To prove Theorem 3.1 we need an extension operator P from WP(Q,~) into
WLP(RN, ). When u € W, (Q,7) the natural extension by zero outside  is contin-
uous without any assumptions on the regularity of the boundary. Working with the
space W1P(Q,~) the situation is more delicate and the regularity of the boundary of
Q plays a crucial role.

LEMMA 3.1. Let Q satisfy condition 2.1, then there exists an extension operator
P WhP(Q,y) — WUYP(RN ~) which is linear and continuous. More precisely for
every u € WHP(§,v)

j) P(u)la = u,

) 1Pl Loy ) < cllull ooy

330) 1P @)llwre @ ) < € llllynay)
for some constant ¢ = ¢(p, ).

The proof of this lemma can be done by adapting the classical tools of the
Lebesgue case (see e.g. [6]). We give a sketch of the construction of the operator
P.
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Proof. If Q = Rf the extension is obtained by reflection. If we consider a gen-

eral open set using classical tools we can reduce ourselves to the case Rf . Indeed
_ K

there exists a finite number of open sets Gy, G, ..., Gy such that Q@ C U G; with

=0

Go C Q, for each i = 1,.., K a system of local coordinates g; : B(0,1) — G; and

K

for each i« = 0,1,.., K a function «; € C*°(G;) such that Zai = 1 on Q. Given
i=0

k
u € Wl”’(Q,’y) we have u = Zui, where u; = a;u. It is enough to extend u; to the
i=0
whole of RV. The function wg is natural extended by zero outside Q. For i = 1,.., K
we define

~ u;og; on B(0,1)NRY
U; = N .
0 on RY — B(0,1)

This function belongs to WP (Rf ,7), then we can use the extension operator P from
WLEP(RY,v) to WHP(RYN, ~) and return to G; using g; . O

REMARK 3.1. We note that the extension operator allows us to prove the density
( for the classical case see e.g. [6]) of C>°(Q) in W1P(Q, ).

Proof of Theorem 3.1. We consider the extension operator P and using (1.2) we
obtain for some constant ¢

L ZelPl

el 1o 23 e Lr(log L)% (RN 1)

< cllPullyrp@n ) < cllullwing,

for u e WHP(Q,~).0

REMARK 3.2. Theorem 3.1 implies the continuity of the embedding of Sobolev
space W™HQ5) m> 1 into the Zygmund space IP(log L"” (Q7) for v < %. A similar
result for Q = RY is proved in [16].

PROPOSITION 3.1. (Compactness) Let 1 < p < 400 and let Q satisfy condition
2.1. Then the embedding of W' P(Q,~) into L? log L*(Q,7) is compact if o < 3.

Proof. Tt is enough to prove the compactness of the embedding of W?(25) into

Q7). Indeed we have that any bounded set of I? (log L)% (©2,7) which is precompact
in L (£2,7) is also precompact in L?log L¥(£),v) with o < % (see e.g. Theorem 8.23
of [1]).

Let be S bounded set in W1P(Q,~), then S is bounded in L'(£2,v) too. Using a
characterization of precompact sets of Lebesgue spaces (see e.g. Theorem 2.21 of [1])
we have to prove that for any number £ > 0 there exists a number § > 0 and a
subset G CC 2 such that for any u € S and every h € R with |h| < § the following
conditions hold:

a)/ [a(z + h)p(x + h) —u(z)p(z)| de < (3.2)
Q

b)/Q uldy <, (3.3)

\G@
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where u is the zero extension of u outside 2.
Let e > 0 and Q; = {ac € O : dist(z,0Q) > %} for j € N. By (3.1) we have for some
constant c

1@\ 9) ) »
/ lu| dy < / [(1—10gt)5u®(t)} dt
Q\Q; 0
< clulhwiniay | [
Wt (Q,7) 2\ 9,

J

1
7

(/ (1 _1ogt)—%'dt>
Q\Q;

1
Iy

B =

(1- logt)g/dt>

Since the Gauss measure of {2 is finite, we can choose j big enough to have

/Q\Q |u|dy < e, (3.4)

(i.e. (3.3) holds) and for h € RY

/Q\Q i + Bl + h) — Wa)p(a) o < 5. (3.5)

Let |h| < %, then x +th € Qq; if v € Q and t € [0,1]. Let u € C*(Q), we have for
some constant ¢

/ iz + Bl + h) — (x)p()| d (3.6)

u(z +th)e(x + th)‘ dtdx

< / / |Vu(x + th)he(x + th) — u(x + th)p(x + th) (x + th) h| dtdx
5 Jo

< ( | IVawewldi+ [ ey dy>

< el (V0 100 ) ATy

In the last inequalities we have used (3.1) and the fact that f(x) = ||
L¥ (log L)™? (Q,7). Indeed since v (t) = 1 —~ (B(0,1)), one can easily check that

7(€) / P oo o
/ (1~ logs)™% [(la)® ()] ds :/ 1 (1—log s (£)~ 5+ (t) dt < +oo.
0 0

Because of the density of C°(2) in W1?(Q,~), (3.6) holds for every u in WP (€, v)
and then for |h| small enough by (3.5) and (3.6) we obtain (3.2) O

REMARK 3.3. Obviously the compactness result holds for I/VO1 P(Q,v) for any
domain §2.

REMARK 3.4. The compactness proved in Proposition 3.1 implies the compact
embedding of Sobolev space W™ P§25) m > 1 into the Zygmund space IF(log L) Q1)
for a < %
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The compactness can be used to obtain a Poincaré-Wirtinger type inequality (see
also [5] for p = 2).

PROPOSITION 3.2. Let §2 be a connected domain satisfying condition 2.1. Assume
1 < p < +oo. Then there exists a positive constant C, depending only on p and §2,
such that

l|u— uQ”LP(Q,'y) <C HVU”LP(Q,'y) (3.7)
for any u € WHP(Q,v), where ug = ﬁ Jo udry.

REMARK 3.5. Using Theorem 3.1 and Proposition 3.2 it follows that there exists
a positive constant C, depending only on p and €2, such that

llu — ug||Lp(10gL)%(Qm < ClVull oo

for any u € W1P(Q, ). See [9] for the case Q = RV,

Proof of Proposition 3.2. We proceed as in the classical case. We argue by
contradiction, then there would exist for any k € N a function ux € W1P(Q, ) such
that

lus = (u)all oo,y > K IVURl Loy -
We renormalize by defining

Uk — (Uk)sz

%= o= @l gy (38)
Then
(Vi) = 0,10kl Lr(,) =1
and
and [[Vuglpnq.) < % (3.9)

In particular the functions {vj}, .y are bounded in W'?(£,~). Then by the previous
theorem there exists a subsequence still denoted by {vy}, .y and a function v such
that

v = v in LP(Q, 7).
Moreover by (3.8) it follows that
v =0and [v]l;,q,) =1 (3.10)

On the other hand, (3.9) implies for any ¢ € C§°(?) and i = 1,...,N

/QUSZ pdx — /sz/}:cigad:c = kEr—iI-loo </Q Vg SZ pdx — /kaw:cigad:c)

= lim f/ avkwgad:czo.
Q

k—-+oo ox;
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Consequently v € W1P(Q,v) and Vv = 0 a.e. Then v is constant since € is con-
nected. In particular by the first estimate in (3.10) we must have v = 0; in which case
[vll10(q,4) = 0- This contradiction establishes the estimate (3.7). O

REMARK 3.6. The previous proof works in a more general case. Let € be
a connected domain satisfying condition 2.1 and let V. C WP(Q,v) be a linear
subspace of W1P(Q,v) with 1 < p < 4oo which is closed and such that the only
constant function belonging to V' is the function which is identically zero. Then there
exists a positive constant C, depending only on p and 2, such that

p \ ¥
dry Yo e V.

N1 ov
ol < € ( / > pa

REMARK 3.7. (Application to PDE) Let Q be a connected domain satisfying
condition 2.1. Let us consider the semicoercive homogeneous Neumann problem

— (Uz;p),, = fp in Q
(3.11)
% =0 on 01,
where f € L2(logL)"2(,~) and v is the external normal. Using classical tools
(see e.g. [6] Theorem 6.2.3) and inequalities (3.1) and (3.7) it follows that problem
(3.11) has a weak solution in W2(Q, v) if and only if Jo fdy = 0. In particular there
exists a unique weak solution in X = {u e Wh2(Q,7) : fQ udy = 0} by Lax-Milgram
theorem.
We consider also the following eigenvalue problem related to the equation of
quantum harmonic oscillator

= (Uz; ), = Au in Q
(3.12)
% =0 on 0fL.

Arguing in a classical way (see e.g. [6] Theorem 8.6.1), using inequality (3.7) and the
compactness of the embedding from W12(Q,~) into L?(Q,), it follows that there
exists an increasing sequence of eigenvalues of the problem (3.12) which tends to
infinity and a Hilbertian basis of eigenfunctions in L?(£2,7). Moreover for A\; = 0, the
corresponding eigenfunction u; = const # 0 and the first nontrivial eigenvalue Ao has
the following characterization

Vu
A2 = min ”Hﬂ,u € Wh2(Q,) : / udy=0;.
||u||L2(Q,'y) Q

A sharp lower bound for Ay is proved in [4].

4. Sobolev logarithmic trace inequalities. In this section we deal with inte-
grals involving the values of a C°°—function on 9€2. We prove that a certain integral
of the function on 01 is bounded by the WP—norm on . This inequality will be
crucial to define trace operator (see §5).
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THEOREM 4.1. Let Q be a domain satisfying condition 2.1 and 1 < p < +o0. For
every u € C(Q) there exists a positive constant C' depending only on p and Q such
that

p—1
[l 108" (2 fu S < C s (4.1)

REMARK 4.1. We obtain the same result if we replace the first member of (4.1)

p—1

with the quantity/ u? (log™* (|u])) * ¢dS.
GTy)

Proof of Theorem 4.1. Following classical tools (see Chapter 6 of [19] ) it is enough
to prove the existence of a constant C7 > 0 such that for any function u € C*(Q)
whose support is in A, UU," we have (4.1). After suitable transformation that maps
A, x 10, 8] onto U,F and A, x {0} onto A,, we can reduce to consider u such that
the support is in A, x [0, 3[. Then it is sufficient to prove the existence of a constant
C > 0 such that for any function u € C°*°(A, x [0, 3[) whose support is in A, x [0, 8]

p—1
/ (), 07 log ™= (2 + [u(a, 0)))p(a}, 0) dat < C fullhyrma, xopp - (42)

T

holds. In (4.2) we have denoted by u the composition of u with the change of coordi-
nates.

Now we prove (4.2) for 1 < p < +o00. The case p = 1 can be obtained in the same
(but more direct) way. For some constant ¢ that can vary from line to line we have

p—1
/A lu(x,,0)|" log = (2 + |u(a}, 0)]) @(x.,0) da), (4.3)
< (A1 + Az + A3)
where
0 ;o Ny |PTE p—1 /N Ou /N /N N ’
A= [ [t e[ 108" 21 futel o) | g ot )| etat o) o ]
0 p=3 ;N
pfl PlOg 2 (2+ u($r7$'r)) au
0 _
o= [ [ futata?)| 106" @+ futat o) Potaral) [o| ol dat.
Apdp

We observe that the function f(z) = z&¥ € L* (log L)_% (A, x]0,8][,7).- Indeed
vf (t) = 2® (—t) and using (2.2) we have

1 3 t
sup (1 _ 1ogt)_5f®(t) _ sup (1 — 1ogt)_5 (—(I)—l (_))

t€(0,7(Arx]0,80)) t€(0,7(Arx]0,8D) ?

2
<ec sup (1710gt)7%(210g_)% < 400
te(0,v(A-x]0,8[)) t
Then we obtain
» N
Az <c|ull [EA HLO@(logLr%(Arx]o,ﬁ[,w)' (44

LP(log L) T (A, x]0,8[7)
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Moreover using Holder inequality, we obtain

N e

A <c (/ |u(x'wx7{v)‘plogg(2 + |u(@), 2o (@), 2)) dal dxi) (4.5)
ATX]O’B[

(

ou , , b /N N ;.1 B
oxN (mr’mr ) QD(I'T,SL'T ) dxr dxr
I

and

3 e

s </ (e )| log ™= (2 + Ju(al o)) p(e) 2 da dwi)
A,x]0,8]

“(

We observe that

ou P
a2

oz, Ny daN dx;) : (4.6)

p—=3 7/

[t 108" @ futap o) (el ad) de do,

A-x]0,8(

<cf Jutal )| logt 2 4 [u(eh 2 plat, o) dal da
A,-x]0,8]

and

([ oot 0 2t )t s ) <4

X0,

7(A-x]0,8)) 1 D
= / [u®(t) 1og5(2+u®(t))} dt
0

’Y(ATX]OvﬂD 1 p
<c / {(1 - logt)E’u@(t)] dt |,
0

because log(2 +u®(t)) is dominated by a multiple of (1 —logt). Indeed L? (log L)% C
LP C LP*°, then u®(t) < ct™ 7 for some positive constant.
Putting (4.4)-(4.7) in (4.3) and using Proposition 3.1 we have

/ (e, 0)[P log™ (2 + u(a,, 0)])p(, 0)dl

T

1
g (A, xl0 g} (A0 81
el

+ellull? 1
Lr(log L) 27" (A, x]0,8],

<cllull,

L>(log L)fé(ArX]OyB["Y)

—1
<elluliyiea, o8, 1Velloa, <0805 € 1ullivioa, o507

<c ||U||€v1,p(Ar><]0,ﬂ[,v) :
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5. Trace operator. In this section the “boundary values” or trace of functions
in Sobolev spaces are studied.

If Q is a domain satisfying condition 2.1, given a smooth function u € C*(Q) C
WLP(€,7) the restriction to the boundary u| 5 1s well defined. This restriction opera-
tor can be extended from smooth functions to W1P(Q,v) giving a linear continuous
operator from W1P(Q,~) to LP(99, ), the space of the measurable functions defined
almost everywhere on 0f) such that

/ [ul? ¢ dHN ! < 4o0.
o9

We stress that LP(9€,) is a Banach space with respect to the norm ||u||L][,(6Q g =

(faQ ul? ¢ dHN_l); :
Using the logarithmic Sobolev inequalities (4.1), there exists a constant C' > 0
such that for every u € C*°(Q)

Hu”Lp(aﬂ,'y) <C ||UH€VLP(Q,7) : (5.1)
It follows that the operator

T:C®(Q) — LP(09,7)
u— Tu=u/0N

is linear and continuous from (C’OO(Q), HHWl,p(QW)) into (L”(@Q,'y), ””LP(@Q,v)) .

By the Hahn-Banach theorem and the density of C°°(Q) in WP(£2,v) the opera-
tor can be extended to W1P(Q,~). This linear continuous operator from W1P(Q,~)
to LP(0, ) is called trace operator of u on 9. Then there exists a constant C' > 0
such that

ITull o o0,7) < C lullwrni,y for every u € WH(Q,), (5.2)

that implies that W1P(£2,v) is continuous imbedded in LP(99, ).
We remark that the trace operator can be defined also from W1P(Q,~) to

Lp(logL)%ﬂ(aﬂ,fy), that is the space of the measurable function u such that
[ul? 1ogp74(2 +|ul)p dHN T < 4o0.
Q

Moreover the trace operator is compact for 1 < p < 4-oc. Indeed let {u,}, . be a
bounded sequence in W1P(€,v), we will prove the existence of a Cauchy subsequence
in LP(909,~). By Proposition 3.1, there exists a Cauchy subsequence, still denoted by

1
{un}pen, in LP (log L)2” (§2,7y).. Moreover arguing as in the proof of the inequality
(4.1) we have

|1 Tun — Tum|‘ip(897fy) < / Ty, — Tt | 1og = (2 + [Ty — Ttin|) o dHN 1
o9

p—1

< ellun =l g 1y 0

IV (un — um)HLl’(Q,'y)

_ p
+elun um”Lp(log L)z%’(gﬁ) ”xN”L“(log L)%(Qn’) ’

then {u,},y is a Cauchy sequence in LP(9€2, ) too.



580 F. FEO AND M. R. POSTERARO

The norm of the trace operator is given by

|\U||€V1,p(g,w)
in —WLe (@) (5.3)
wewr (@) - WP @) 1Tl 70 50, )

and this value is the best constant in the trace inequality (5.2). The trace operator is
compact, therefore an easy compactness arguments prove that there exist extremals
in (5.3). These extremals turn out to be the weak solution of

—div(|Vul"* Vug) = [ul’ 2 up  in Q
(5.4)
[VulP~? gu =\ lulP "% u on 0%,

where A is the first nontrivial eigenvalue.
When p = 2 and 2 is a connected domain satisfying condition 2.1, using classical
tools, compactness of the trace operator from W2(Q,v) to L?(9€,v) and (3.7) it
follows that there exists an increasing sequence of eigenvalues of the problem (5.4)
which tends to infinity and a Hilbertian basis of eigenfunctions in L?(,~).
Moreover the continuity of the trace operator from W12(€2,v) to L?(9,v) and
(3.7) allow us to investigate about the existence of a weak solution of the following
semicoercive nonhomogeneous Neumann problem

% =g on 01,

where (2 is a connected domain satisfying condition 2.1, f € L?(log L)%(Q,fy) and
g € L?(99, 7). Indeed using classical tools (see e.g. [6] Theorem 6.2.5) we obtain that
there exists a weak solution in W2(Q,~) if and only if [, fdy+ [, g dHN 1 = 0.1In
particular there exists a unique weak solution in X = {u € Wh2(Q,~) : fQ vdy = 0}
by Lax-Milgram theorem.

6. Poincaré trace inequality. Arguing as in Proposition 3.2 (see Remark 3.6
t00), we prove the following Poincaré type inequality.

PropoSITION 6.1. Let Q be a connected domain satisfying condition 2.1 and
1 < p < +o0. Then there exists a positive constant C, depending only on p and §2,
such that

||u||LP(Q,’y) <C HVUHLP(Q,ﬂ (6.1)

for anyue X = {u e WhrP(Q, ) : / wp dHN 7! = 0}.
a0

Using (5.1) and (6.1) we obtain

COROLLARY 6.1. Let Q2 be a connected domain satisfying condition 2.1 and 1 <
p < 4o00. Then there exists a positive constant C, depending only on p and 2, such
that

‘TUHLP(BQ,’}/) <C ||VUHLP(Q,7) (6.2)

for any v € X.
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We remark that the previous results can be obtained also involving the trace
1
operator from W1P(Q,~) into LP(log L) (09, ).

REMARK 6.1. (Application to PDE) Let consider the eigenvalue problem

— (uz; ), =0 in Q
(6.3)
% = \u on 0f),

where () is a connected domain satisfying condition 2.1. Arguing in a classical way
using inequality (6.2) and the compactness of the trace operator, it is easy to prove
that there exists an increasing sequence of eigenvalues of the problem (6.3) which tends
to infinity. Moreover for A\; = 0 the corresponding eigenvalue function u; = const # 0
and the first nontrivial eigenvalue Ay has the following characterization

> &

Q » » O Q

Q Br 9 Q

Vu
N L.

Ju € Wh2(Q,7) : / up dHN "1 =0

||Tu||L2((‘)Q,'y) a0
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