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Abstract. We define a family of Coleman maps for positive crystalline p-adic representations of
the absolute Galois group of Q) using the theory of Wach modules. Let f = > anq™ be a normalized
new eigenform and p an odd prime at which f is either good ordinary or supersingular. By applying
our theory to the p-adic representation associated to f, we define Coleman maps Col; for i = 1,2
with values in @p ®z, A, where A is the Iwasawa algebra of Z;f. Applying these maps to the Kato
zeta elements gives a decomposition of the (generally unbounded) p-adic L-functions of f into linear
combinations of two power series of bounded coefficients, generalizing works of Pollack (in the case
ap = 0) and Sprung (when f corresponds to a supersingular elliptic curve). Using ideas of Kobayashi
for elliptic curves which are supersingular at p, we associate to each of these power series a A-cotorsion
Selmer group. This allows us to formulate a “main conjecture”. Under some technical conditions,
we prove one inclusion of the “main conjecture” and show that the reverse inclusion is equivalent to
Kato’s main conjecture.

Key words. L-function, supersingular modular form, p-adic Hodge theory, Iwasawa theory.

AMS subject classifications. 11R23,11F80,11S31,12H25

1. Introduction.

1.1. Background. Let F be an elliptic curve defined over Q which has good
ordinary reduction at the prime p. In [MSD74], Mazur and Swinnerton-Dyer con-
structed a p-adic L-function, L, g, which interpolates complex L-values of E. Let
Qoo = Q(up=). If G denotes the Galois group of Q over Q, then ip,E is an ele-
ment of Ag, (Goo) = Q ® Zy[[Goo]]. Tt is conjectured that Ly, g is in fact an element
of the Iwasawa algebra A(Goo) = Zp[[Gool]-

Recall that the p-Selmer group of F over any finite extension F of Q is defined as

Hl F’UaE >
Sel,(E/F) =ker | H'(F, Epoe) — HE(FS)@QP/%;) ’

where the product is taken over all places of F. If we let Sel,(E/Q) =
lim Sel, (E/Q(ppn)), then Sel,(E/Qs) is equipped with an action of G which
extends to an action of the Iwasawa algebra. It is not difficult to show that the
Pontryagin dual Sel,(E/Qx)" is finitely generated over A(G«), and a theorem of
Kato-Rohrlich (conjectured by Mazur) states that it is in fact A(Go)-torsion. We
can therefore associate to it a characteristic ideal for each A-isotypical component,
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where A is the torsion subgroup of G, and the main conjecture of cyclotomic Iwa-
sawa theory for F predicts that this ideal is generated by the corresponding isotypical
component of L, g.

The construction of p-adic L-functions has been generalized to more general
primes and modular forms in [AV75, Vis76]. If f = > a,q™ is a normalized new
eigenform of weight k& > 2, level N and character €, p 1 N, then there exists a p-adic
L-function Ly, ,, for any root a of X2 — a,X + e(p)p*~! such that v,(a) < k — 1,
interpolating complex L-values of f. Perrin-Riou [PR95] and Kato [Kat93] have es-
tablished theories of p-adic L-functions for a wide class of p-adic Galois representations
and formulated respective Iwasawa main conjectures. When the representation cor-
responds to a modular form, these main conjectures have been reformulated by Kato
[Kat04] using the theory of Euler systems. If f is good ordinary at p (in other words,
pt N and a, is a p-adic unit) and a is the unique unit root, then L, , is an element of
Ag,(Gw). At a A-isotypical component, the main conjecture is equivalent to assert-
ing that Epya generates the characteristic ideal of Sel,(f/Qx)". In op.cit., Kato has
shown that L, , is contained in the characteristic ideal of Sel,(f/Qs )" under some
technical assumptions; his proof relies on the construction of certain zeta elements
(which we will refer to as Kato zeta elements).

When f is supersingular at p (by which we mean p { N and a, is not a p-adic
unit), two problems arise: on the one hand, the p-adic L-functions of Amice-Vélu
and Vishik are no longer elements of A(Gw), but they lie in the algebra H(Go) of
distributions on G, and on the other hand, Sel,(f/Qoo)" is no longer A(G )-torsion.
Perrin-Riou’s (and hence Kato’s) main conjecture can therefore not be translated into
a statement relating L, o and Sel,(f/Qs) as in the ordinary case. When a, = 0, a
remedy was made possible by the works of Pollack [Pol03]. If a; and as are the roots
of X2 + €(p)p*~!, Pollack showed that there is a decomposition

Ly, =log}, Lt +ailog, , Ly

for i = 1,2, where f/;,t € Ag,(G) and 1og;§k are some explicit elements of H(Gso)
which only depend on k. When f corresponds to an elliptic curve E/Q (and p > 2), the
f% are in fact elements of A(G). In [Kob03], Kobayashi formulates a main conjecture
giving an arithmetic interpretation of these new p-adic L-functions. In analogy to the
ordinary reduction case, he defines even and odd Selmer groups Selzf(E /Qo0) by
modifying the local conditions at p in the definition of the usual Selmer group. Let
T, E be the Tate module of E. Kobayashi shows that Sel]:DIE (E/Qu) is A(Go )-cotorsion
by constructing the so-called plus and minus Coleman maps

Col* : H. (Q,, T,E) — A(Gw),

which depend on the structure of the formal group attached to E. (Here H}., (Qp, T,E)
is the Iwasawa cohomology, defined as ]&nn HY(Qp(ppn), TyE); see §2.3 below.)
Kobayashi’s modified main conjecture then asserts that in each A-isotypical compo-
nent, the functions i;t generate the respective characteristic ideals of Sel]:DIE (E/Qu0)V.
This main conjecture is in fact equivalent to [Kat04, Conjecture 12.10] (to which we
refer as Kato’s main conjecture from now on). Using the fact that the maps Col™ send
the localization of the Kato zeta elements to f/;,t, Kobayashi shows that the elements
f% are contained in the characteristic ideals of Sel;,IE (E/Qx)" (possibly after inverting
p if p is one of the finitely many primes for which the p-adic Galois representation
of E is not surjective), establishing half of the main conjecture. (When the elliptic
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curve has complex multiplication, the full conjecture has been proved by Pollack and
Rubin [PRu04].)

Sprung [Spr09] has extended the results of Kobayashi to elliptic curves with su-
persingular reduction at p and a, # 0 (which forces p to be 2 or 3). He constructs
Coleman maps

Col”?, Col” : HL,(Q,, T,E) — A(Gs)

and defines f/g,f/;‘j € A(G«) by applying these Coleman maps to the Kato zeta
element. Analogously to the case a, = 0 discussed above, he defines two Selmer
groups SelZ(E/QOO) and Sel, (F/Qs) to formulate the corresponding main conjec-
tures. Moreover, he constructs a matrix M € M3(H(G)) whose entries are functions
of logarithmic growth depending only on a, such that

Ly Z g (Lo
Lys Ly
generalizing Pollack’s results.

Generalizing Kobayashi’s work in a different direction, the first author has shown
in [Lei09] that the definition of the maps Col* can be extended to general modular
forms with a, = 0, using p-adic Hodge theory in place of formal groups. For a nor-
malized new eigenform f, there exists a p-adic representation Vy of Gg = Gal(Q/Q)
attached to f, as constructed by Deligne [Del69]. When a,, = 0, one can then construct
+-Coleman maps

Col™ : HL,(Qp, V) = Ag, (Go),

using the structure of Deis(Vy) and Perrin-Riou’s exponential map (see [Lei09, Sec-
tion 3]). Generalizing Kobayashi’s construction, one can use Col™ to define +-Selmer
groups, which again turn out to be A(G)-cotorsion and whose characteristic ideals
at each A-isotypical component contain Pollack’s p-adic L-functions. Analogous to
the work of Pollack and Rubin for elliptic curves, one can show that equality holds
for forms of CM type; see [Lei09, Section 7] for details.

1.2. Statement of the main results. Looking at all these results raises some
natural questions: Is there a uniform explanation for Sprung’s logarithmic matrix M
and Pollack’s £-logarithms? Can one generalize the construction of the two Coleman
series to more general modular forms which are supersingular at p?

In this paper, we approach these questions using methods from the theory of
(¢, Goo )-modules. As shown by Fontaine (unpublished — for a reference see [CC99]),
for any Z,-linear representation T' of Gg, there is a canonical isomorphism hbpylw :
H} (Q,,T) = D(T)¥=!, where D(T) denotes the (¢, G )-module! of T' and 9 is a
certain left inverse of . Recall that D(T") is a module over the p-adic completion Ag,
of the power series ring Z,[[r]][r~!]. Also, A(G) can be identified with the additive
group Z[[7]]¥=° via the Mellin transform (c.f. Section 5.1). It seems therefore natural
to expect that by carefully choosing a basis of D(T'), it should be possible to define
the two Coleman maps as certain maps on the coefficients of an element x € D(7)¥=1.
Such a construction would generalize the classical case T = Z,(1): in this case, the
Coleman map Hi (Qp,Z,(1)) = Aé:l — Zp[[7]][7~1¥=0 is just the map ¢ — 1.

1 More familiarly known as a (¢, T')-module — our G is denoted by T' in Fontaine’s work, while
we use I for its torsion-free part.
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Here, we develop this idea using Berger’s theory of Wach modules [Ber03], which
is a refined version of (¢, G )-modules for crystalline representations over unramified
base fields originally studied by Wach in [Wac96]. The Wach module N(V') of a
crystalline Gg,-representation V' is a certain subspace of the (¢, G )-module D(V)
which is a finitely-generated module over the simpler ring Bap = Zyp[[r]] ®z, Qp.
If V is a crystalline representation of Gg, with non-negative Hodge-Tate weights,
and V has no quotient isomorphic to Q,, then Berger has shown in [Ber03] that
D(V)¥=1 = N(V)¥=L. Let ©*N(V) be the I%f -submodule of D(V') generated by the
image of . For any such representation, 1 — ;a gives a map

1= :N(V)Y=h — (o*N(V))¥=".

Our first main result relates this map to Perrin-Riou’s theory. Suppose that V; is
the p-adic representation associated to a modular form f with p a good prime for f,
i.e. p does not divide the level of f (we assume here for notational simplicity that the
coefficient field of the modular form is Q, so V is a 2-dimensional Q,-vector space).
Let V = Vy(k — 1), then V is a crystalline representation with Hodge-Tate weights
0,k — 1. We fix h,75 a basis of Deyig(Vy) in Section 3.3. It lifts to a basis ni, no
of N(V}). Note that 717k n; @ er_1, 7 Fny ® ex_1 then gives a basis of N(V). Let
M = (myj) € My (‘P(B:;g@p)) be such that

(gp(wlknl ® ekl)) -y (171 ® t1k€k1)
1-k = :

(" N ® ex—1) R

PROPOSITION 1.1 (see Proposition 3.22). For i = 1,2 we have a commutative
diagram

Ry 1w
N(V)¥=! —2% 1L (Q,, V)

M L1,5;01+m)

((B;Eg,@p)w=0)®2

pT;

(B, o )" =0 — 2+ H(Goo)

rig,Qp

Here, L 5,9(14x) is a certain Ag,-module homomorphism whose definition is
given in equation (18) below, defined using Perrin-Riou’s exponential map and the
Perrin-Riou pairing Hy, (V) x H{ (V*(1)) — Ag,. Also, MM is the inverse Mellin
transform (see (13)), pr; is the projection map onto the i-th component, and for an
element z € (p*N(V))¥=% M.z is defined as follows: if x = z1p(7! % n; @ ef_1) +

zap(m' " ny @ eg—1) for some x; € (E&S )=, then M.z = M (il)
P 2
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By applying this diagram to Kato’s zeta element zX%% € HE (Qp, V), we de-
duce that there exist M € Mz(Q, ®q, @(BI&QP)) and Ly 1,Lpo € (E&p)w=0 (c.f.
Section 3.5.1), depending only on the basis n1, ns, such that we have a decomposition

1) (o)) = aa ().

In order to interpret this decomposition in terms of measures, we need to study
the structure of (p*N(V))¥=0 as a A(G)-module. The following result was proven
independently by Berger (Theorem 3.5, for general Wach modules) and ourselves
(Theorem 4.24, for the Wach module of the representation arising from a supersingular
modular form).

THEOREM 1.2. Let N be a Wach module of rank d. Then (o*N)¥=C is a free
Aq, (Goo)-module of rank d. Moreover, there exists a basis ni,...,nqg of N' such that
(1+m)e(n1),...,(1+m)p(na) is a Ag, (G )-basis of (¢*N(V))¥=0.

When V is the p-adic representation associated to a modular form with v, (a,) >
L%J, then there is an explicit choice of the Bap—basis of N(V) which was con-
structed in [BLZ04] (c.f. Section 4). We show (Theorem 4.24) that this basis (n1,n2)
has the additional property that (1 4 m)¢(n1), (1 + m)¢@(n2) is a Ag,(Gu)-basis of

(*N(V))¥=0. Hence we may define the Iwasawa transform
31 (¢"N(V))P=0 — Ag, (Goo)®?

to be the induced isomorphism of Ag,(Goo)-modules associated to this basis. This
map has the following property: if a, = 0, then J fits into the commutative diagram

— h(lﬁpylw
N(V)¥=! —= H{,(Qy, V)
1—¢ (Col¥)

(P"N(V))¥=0 s Ag, (Go)®?

where Col® are the Coleman maps constructed in [Kob03] and [Lei09]. In other
words, if i = 1,2 and we define Col, : N(V)¥=! — Ag, (G) to be the composition of
Jo(1—¢) with the projection of Ag, (Gso)®? onto the i-th component, then we recover
the constructions in op.cit. In Sections 5.2 and 5.3, we use this new description of the
Coleman maps to give alternative proofs of their main properties.

When vp(ap) > L%J, we define the maps Col; in the same manner, and it it
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follows from Proposition 3.24 that the following diagram is commutative:

1
hoy 1w

N(v)»=t Hi (@, V)

1-¢ (Col,,Col,)

(" N(V))#=0 —— Ag, (Goo)®?
M M L1,5;®(1+m)
(Bl ,)"=") " 2 H(Goe)®?

pr; pr

(B:gg,(@p)wzo m H(Goo)

Here, the map pr, is the projection onto the i-th component in H (G )®2. In partic-
ular, this diagram allows us to translate (1) in terms of Ag, (G ):

THEOREM 1.3 (see Theorem 3.25). Fori = 1,2, define L, = Col,(z%*%°). There
exists a 2 X 2-matriz M € M3(Q, ®q, H(Gw)) depending only on k and a, such that

L L,
) “pa) — g (2P
( ) (Lpﬁ) T <Lp,2)

We show in Proposition 5.10 that this decomposition reduces to the decomposi-
tions of Ly, Lp s given by Pollack when a, = 0.

Assume now that V; is the p-adic representation associated to a modular form
f which is good ordinary at p, and let V' = V;(k — 1). By choosing a suitable basis
for Deyis(Vy) (c.f Section 3.6) and applying Theorem 3.5 to (p*N(V))¥=C, we can
prodeed analogously to the supersingular case discussed above to construct Coleman
maps Col; : N(V)¥=! — Ag,(G). Let a and 3 be the unit and non-unit eigenvalues
of the Frobenius respectively. The Kato zeta element gives rise to two p-adic L-
functions f/p,a and [~/p, g, where f/p, g conjecturally agrees with the critical-slope p-adic
L-function constructed by Pollack and Stevens in [PS09] when V; is not locally split
at p. The analogue of (2) becomes

0 (27) = Come,e ) (22)

L,z —alog, ;. *) \Lpa) "
for some @ € Ap(Goo)™ (c.f. (37)). Note that a similar decomposition can be obtained
from works of Perrin-Riou for elliptic curves with good ordinary reduction at p (see
[PR93, Section 1.4]). The decomposition (3) allows us to show that L,1,Lp2 # 0
under some technical assumptions.

As in the cases studied in [Kob03] and [Lei09], we can use the maps Col; to
construct Selmer groups Sel,, (f/Qw) (see Definition 6.4), and we prove the following
results. Define assumptions

(A) (when f is supersingular at p) k > 3 or a, = 0;

(A’) (when f is good ordinary at p) k > 3 and V} is not locally split at p.
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THEOREM 1.4 (see Theorem 6.5). Under assumption (A) (if f is supersingular at
p) or assumption (A’) (if f is good ordinary at p), the group Sel,,(f/Qu) is Aoy (Goo)-
cotorsion for i = 1,2. Moreover, there exist some n; > 0 such that

w' EZJ S ChaerE (T) (Selé(f/(@oo)vm)

where 1 is any character on A when i = 1 and it is the trivial character when i = 2.

COROLLARY 1.5 (see Corollary 6.6). Letn be a character on A as in Theorem 1.4.
If either assumption (A) or assumption (A’) is satisfied, and the image of Gal(Q/Qoo)
in GL(V}) contains a conjugate of SLa(Zy), then Kato’s main conjecture is equivalent
to

Chary,,_(r)(Selh(f/Qe)"") = Chary,, (r)(Im(Col,)"/ (L1 ).

Note that in the ordinary case, L, 2 agrees with the usual p-adic L-function of
f up to a unit in Ag(Gs). It will be shown in a forthcoming paper of the first and
third authors [LZ10] that the corresponding Selmer group is the usual Sel,(f/Qoo);
whereas the first Coleman map gives a new p-adic L-function f/p,l and a new Selmer
group. The new p-adic L-function f/p,l and its relation to the critical-slope L-functions
mentioned above will be studied further in a forthcoming paper [LoeZ10] of the second
and third authors.

An alternative approach to Iwasawa theory for supersingular modular forms can
be found in the work of Pottharst [Pot10]. His approach is very different from ours;
while we modify the L-functions to produce elements of the Iwasawa algebra, he works
directly with the unbounded L-functions I?,W and f/p, 8, and constructs modules over
H(Gs) whose characteristic ideals contain these functions. As noted in [Pot10], the
relationship between the two constructions is not straightforward, with the Wach
module construction having the advantage of preserving integral information, while
Pottharst’s construction loses this information but applies to modular forms which
are not necessarily crystalline at p.

1.3. Notation. Throughout this paper, let p be an odd prime. Fix embeddings
of Q into @p, and into C. For n > 0, write Qp,, = Qp(ppn) (resp. Qpn = Q(upn))
for the extension of Q, (resp. Q) obtained by adjoining the p™-th roots of unity. Let
G, denote its Galois group. Let Qp o0 = |J Qp,n, and write G for the Galois group
of Qp,o0 over Q. We identify G, with the Galois group of Qs = J,,~; Qn over Q.
Then Goo = A x I where A is a finite group of order p — 1 and I' = Z,,, the Galois
group of Q, o over Q,(u,). We fix a topological generator v of I' and write x for
the cyclotomic character of Go. Let Gg, = Gal(Q,/Q,) and Hg, = Gal(Q,/Qp,c),
where @p denotes an algebraic closure of Q.

Given a finite extension K of Q, with ring of integers O, Ao, (Goo) (respectively
Ao, (T)) denotes the Iwasawa algebra of G (respectively I') over Og. We further
write AK(Goo) = AOK (Goo) ® Q and AK(F) = A@K (F) ® Q.

Given a module M over Ap, (Gs) (respectively Ax(Go)) and a character 7 :
A — Z;, M" denotes the n-isotypical component of M. For any m € M, we write
m' for the projection of m into M".

2. Representations of Gg,. In this section we review some aspects of the the-
ory of p-adic representations of Gig,. Most of our account is reproduced from [Ber(04]
and [BLZ04, §2]. Let E be a finite extension of Q, with ring of integers Og. An E-
linear representation of Gg, is a finite dimensional E-vector space V' with a continuous
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FE-linear action of G@p. We similarly have the notion of an Opg-linear representation
of Gg,, which is a finitely-generated (not necessarily free) Og-module with a contin-
uous Op-linear action of Gg,. Define Repy(Gq,) (respectively Repy, (Gg,)) to be
the categoy of E-linear (respectively Op-linear) representations of G, .

2.1. p-adic Hodge theory. In this section, we recall the definitions of some of
Fountain’s rings of periods. Let C, be the completion of Q,, for the p-adic topology,
endowed with the usual valuation v, normalized such that v,(p) = 1. Let

E= lim C, = {(=@,2W, ...): (20 =z},

and let ET be the set of 2 € E such that 2(® € Oc,. We can equip E naturally
with the structure of an algebraically closed field of characteristic p: if x = (z(*)) and
y = (y), define = + y and zy by

(@+y)@ = lim (200 4 y(i+j))f’]

Jj—+oo

()@ = 2Dy,

Define a complete valuation on E by vz(z) = v,(z(@) if 2 = () € E. Let

A* = W(E*) be the ring of Witt vectors of E*, and let B¥ = A*[p~1]. An element
xz € BT can then be written uniquely in the form

T = Z pi[wi]v

i>>—00

where z; € ET and [z;] denotes the Teichmiiller lift. The ring BT is equipped with
the Witt vector Frobenius map ¢ (lifting the map x — 2? on ET), and with a map

9:1@"'—»@1,

via 0 (3 ,s oo P lEi]) = Diseo pz'?. Fix an element ¢ = (¢() € B+ with ¢© =1
and eM £ 1. Let m=[e] — 1, m = [¢" ()] — 1 and w = =

The ring B is defined as BI; = @B* /ker(0)™. It is a discrete valuation ring,
and its maximal ideal is generated by ¢ = log([e]). Define Bar = BI;[t~!] to be the
fraction field of IB%(TR, which is equipped with an action of G, and a filtration defined
by Fil' Bqr = t'B];.

Define the ring Bjris as

n
Ejﬂs = { Z an% where a,, € BT is a sequence converging to 0},
n>0

and Bepis = Bjﬂs [t71]. The ring B.s injects canonically into Bqr, and it is endowed
with the induced Galois action and filtration, as well with a continuous Frobenius ¢
which extends the map ¢ : Bt -5 Bt. If Visa Qyp-linear representation of Gq,, then
Deis(V) = (Ve Bcris)GQp is a filtered p-module of dimension < dimg, (V). We define
V to be crystalline if equality holds.

If V is a Qp-linear representation of Gg,, say that V' is Hodge-Tate, with Hodge-
Tate weights hq, ..., hg, if we have a decomposition C, ®q, V = @ Cp(h;). Say that
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V is positive if its Hodge-Tate weights are negative. It is easy to see that a crystalline
representation V' is Hodge-Tate, and that its Hodge-Tate weights are those integers
h such that Fil ™" Deyis (V) # Fil' ™" Deyig (V).

If V is an E-linear representation of Gg,, then we define its Hodge-Tate weights
to be the weights of the underlying QQ,-vector space, and we say that V' is crystalline if
and only if the underlying Q,-linear representation is crystalline. In this case, Deyis(V)
is an E-vector space, and the filtration and Frobenius are E-linear.

2.2. Crystalline representations and Wach modules. Let A= W(IF]), and
let Ag, be the completion of Z,[[x]][r~!] in A in the p-adic topology, so Ag, is a
complete discrete valuation ring with residue field F,((e—1)). Let B be the completion
of the maximal unramified extension of Bg, = Aq, [p~!] in B, and define A = BN A
and BT = BNB*. These rings are endowed with an action of G, and of the Frobenius
operator . One can show that (B*)#% = 7Z,[[r]][p~!], which we denote by IB%QSP.

We define a left inverse ¢ : B — B by o — ¢! (p7! Trg um)(2)). If = f(7) €
Bg,, then the value of ¢)(z) can also be calculated by

¢Ow(x):% S ¢+ 1) —1).

¢r=1

Since the residual extension I~E/ cp(fE) is inseparable of degree p, v preserves A and
Ag,.

An étale (¢, Gso)-module over Ag, is a finitely generated Ag, -module M, with
semi-linear ¢ and a continuous action of G commuting with each other, such that
(M) generates M as an Ag,-module. In [Fon90], Fontaine constructs a functor
T — D(T') which associates to every Zy-linear representation of Gg, an étale (¢, Goo)-
module over Ag,. Moreover, he shows that this functor is an equivalence of categories.
By inverting p, one also gets an equivalence of categories between the category of Q,-
linear p-adic representations and the category of étale (¢, G )-modules over By, . The
left inverse 1) of ¢ extends to the (¢, G )-module.

If E is a finite extension of @, we extend the Frobenius and the action of G to
E ® Bg, by E-linearity. We then get an equivalence of categories from the category
of E-linear (or Op-linear) representations to the category of étale (¢, Goo)-modules
over £ ® Bq, (resp. over E® Aq, ).

If V is a crystalline representation, we can say more about the (¢, G )-module.
Let Aap = Zy|[[n]] and Eap = Aap [p~!] as above. The following result is shown
in [Ber03, §II.1 and §II1.4] and [BLZ04, §2]: If V is an E-linear representation, then V'
is crystalline with Hodge-Tate weights in [a, b] if and only if there exists a (necessarily
unique) E®q, Bap—module N(V) contained in D(V') such that the following conditions
are satisfied:

1. N(V) is free of rank d = dimg(V') over £ ®q, Eap;

2. the action of G preserves N(V') and is trivial on N(V)/7N(V);

3. o(n"N(V)) € 7°N(V) and 7°N(V)/¢*(7°N(V)) is killed by ¢*~® where q =
@. (If M is a R-module equipped with a Frobenius ¢ where R is any ring,
then ¢* (M) denotes the R-module generated by ¢(M).)

If V is crystalline and positive, then we can take b = 0 above, so ¢ preserves
N(V). In this case, if we endow N(V') with the filtration Fil'N(V) = {z € N(V) |
o(z) € ¢'N(V)}, then N(V)/aN(V) is a filtered E-linear p-module, and as shown
in [Ber03, §III1.4] we have an isomorphism N(V')/7N(V) 2 De,is(V).
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If T is a Gg,-stable lattice in V, then N(T") = N(V)NID(T') is an O ®z, Aap—
lattice in N(V'), and by [Ber03, §I11.4] the functor T' — N(T') gives a bijection between
the Gg,-stable lattices 7" in V' and the Op ®z, Aap—lattices in N(V) satisfying

1. N(T') is free of rank d = dimg (V') over O ®z, A6p5
2. the action of G preserves N(T');
3. (p((ﬂ')bN(T)) C 7N(T) and 7°N(T)/p*(#°N(T)) is killed by ¢*~¢ where q =
o(m
Let Bzg@p be the set of f(m) € Qp[[x]] such that f(X) converges for all X in
the open unit disc in C,. Note that ¢ € IB%;Zg’Qp. If V is a positive representation of
Gq,, then as shown in [Ber03, §1.5], we can recover De,is(V') from N(V') as De,is (V') =

(Bj;g@p ®Bap N(V))G“’, Moreover, the inclusion Deys(V) C IB%;'Eg,Qp ®Bap N(V') gives

rise to an isomorphism

L B:gg,(@p [til] ®Qp Dcris(V) = B:gg,(@p

[t @52 N(V).
In [Ber02, proposition 2.12], Berger shows that for all n > 0 there is an injective map
cp*"(IB%;';g Qp) — IBIR, which is compatible with the natural map ¢~ "(B*) — IBIR. It
is characterized by the fact that it sends 7 to e(™ exp(t/p™) — 1. Define a derivation
g, B;Eg,Qp by 0 = (1 + 7)-L. Under the map B;gg@p — Qpl[t] given by
m — exp(t) — 1, O corresponds to the derivation %.
If z € Qpn((t) ®q, Deris(V), denote the constant coefficient of z by dv(z) €

Qp,n ®@p Dcris (V)

2.3. Iwasawa cohomology and the Fontaine isomorphism. If T €
Repp,. (G, ), define

HIIW(Q:D?T) = yLnHl(mevT)v
where the inverse limit is taken with respect to the corestriction maps. As shown
by Fontaine (unpublished — for a reference see [CC99, Section II]), for any T €

Repp, (Gq, ), there is a canonical isomorphism of Ao, (G )-modules
(4) hiy, 1w D(T)Y=H — Hi(Qp, T).

Similarly, for V € Repg(Gyg, ), define H},,(Qp, V) = HL, (Qp, T) ®z, Qp, where T
is any Gg,-invariant lattice of V'; this is independent of the choice of T', and h@p’lw

extends to an isomorphism of Ag(Goo)-modules D(V)¥=1 2 HL (Q,, V).
3. The Coleman maps.

3.1. Positive crystalline representations. In this subsection, we shall define
d Coleman maps for a d-dimensional positive crystalline representation V', depending
on a choice of basis of the Wach module N(T') for a lattice 7' in V.

Let E be a finite extension of Q. Let V' be a positive crystalline d-dimensional E-
linear representation of G, with Hodge-Tate weights —ry < —rg_1 <.+ < —r; <0.
We assume that V' has no quotient isomorphic to E(—rq) and fix an Og-lattice T
in V' which is stable under Gg,. Write N(T') for its Wach module, which is a free
Or® Aap—module of rank d, whereas N(V) = N(T') ® Q) is a free E® Bap—module of
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rank d. Choose an O ® Aap—basis ni,...,nqg of N(T') and write P for the matrix of
¢ with respect to this basis. Then

p(n1) L

¢(na) nd
where AT denotes the transpose of A if A is a square matrix. Moreover, by [BB09,
section 3], the determinant of P is ¢" ™ "¢ up to a unit, where q = @ as above.

Let m = Y% r;. Then, for z € D(T(m))¥=!, we have 2 € N(T(m))¥=! by

1=

[Ber03, appendix A]. But N(T'(m)) = 7~"N(T) ® e,,, where e,, is a vector space

basis of Z,(m). Hence, there exist unique z1,...,24 € O ® A&p such that
ni

(5) r=m"(x1 - zq)| : |@em.
na

LEMMA 3.1. For any x € D(T(m))¥=!, the entries of the row vector
Col(z):= (z1 -+ wa)q"(PT)™' = (p(z1) -+ ¢(za))
are elements of (O ® Aap)wzo.

Proof. Recall that the determinant of P is ¢"™ up to a unit in O ® Aap, so the
entries of Col(x) are indeed elements of O ®A6P. Since ¢(m) = 7q, (5) implies that

¢(n1)
xr = (931 xd) qm(PT)—l(p(ﬂ—m) ® .
¢(na)
Hence,
U(x) = ((21 2q) g" (P ™| | Qe
ng

Therefore, ¢(x) = x implies that
Hence the result. O

DEFINITION 3.2. For 1 < ¢ < d, we define the i-th Coleman map Col; :
D(T(m))¥=! = (O ® Aap)wzo by sending x to the i-th component of Col(z).

ni
LEMMA 3.3. Let ny,...,nq and nf,...,n}; be two bases of N(T') with | @ | =
nd
ny
M" | @ |. Then, the Coleman maps defined by these two bases, Col and Col’ are
g

related by Col(x)p(M") = Col'(z) for all x € D(T(m))¥=!.
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Proof. For any z € D(T(m))¥=1, write = 101 + -+ zang = z\0) + - /).
Then,

(@ - w)=(x1 - za) M
Let P and P’ be the matrices of ¢ with respect to ny,...,nq and nf,...,n}, respec-
tively. Then PTM" = p(M")P'". Therefore,
Col'(z) = (zy -+ xj)q"(P")” (<P(93'1) ()
=(z1 - za)q mM” P’T = (pl@1) - plza)) p(M")
=(z1 - xa)q™( p(M") = (plz1) - plxa)) p(M").

Hence the lemma. O

It is clear that we can extend Col; to a map from D(V (m))¥=! to (E® IB%@WZO.
By an abuse of notation, we will write this map as Col; as well. We now relate Col(z)
o (1 — ¢)(z). By writing down ¢(x), we have the following:

(6) (1—¢)(x) = Col(z) - p(r)™PT | : | ®em

g

REMARK 3.4. We see from (6) that for any x as above, (1 — p)x €
(" N(T(m)))*=°.

Note that the maps Col; are not A(Go)-homomorphisms under the canonical
action of G on (IB%QSPWZO because G, acts non-trivially on the basis {n;}1<i<a
of N(V). We deal with this problem using Theorem 3.5 below. Its proof is due
to Laurent Berger; we quote it with his permission. In the case when V is the
p-adic representation associated to a modular form with v,(ap,) > L%J, we have
independently found a proof of this result which uses the basis of N(V) constructed
in [BLZ04]. It is more explicit than Berger’s proof, and we give it in Section 4 since it
will be needed to analyse the images of the Coleman maps. For notational simplicity,
we take I/ = @, for the time being. Conceptually, there is no difficulty in extending
the result to an F-linear representation.

THEOREM 3.5. Let V' be a crystalline p-adic representation of Gg, of dimension
d, and let T be a Gg,-stable lattice in V. Then (¢*N(T))¥=" is a free A(Goo)-
module of rank d. Moreover, if nd,. .. ,ng is a basis of N(T'), then there exists a basis
n1,...,nq such that n; = nd mod 7 for alli and (1+m)p(n1), ..., (1+7)p(ng) forms

a A(Gs)-basis of (*N(T))¥=0.

Note that in this theorem we do not assume that V' is positive. The proof of this
result requires several preliminary lemmas. We assume without loss of generality that
x(v) =14 p. For k > 0, define

)1—k

pr=1=7)1=x(")"")...(L=x(1)""y),

which is an element of A(T).

LEMMA 3.6. Ifa€Z, and x € N(T) and f € Aap and g € Goo, then

(1 —ag)(fz) = (1 —ag)f)z + ag(f)((1 — g)x).
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Proof. Immediate. O

LEMMA 3.7. The map M : A(G) — (Aap)wzo given by f — f(1+m) is an
isomorphism of A(Gs)-modules, which takes prA(Go) to go(w)k(A&Sp)w:O.

Proof. The first assertion is standard (we recall the relevant theory in section 5.1
below). Note that v(7) = x(y)7 + O(x?), which implies that the image of pA(Gs)
is contained in @(ﬂ)k(Aap)wzo. Hence the surjection A(Goo) — (Aap)wzo gives a
surjection A(Goo)/pr — (Aap)wzo/ap(ﬂ)k. Since both are free Z,-modules of rank
k(p — 1), this must be an isomorphism. 0

REMARK 3.8. Following the terminology of [Ber03, §11.6], we refer to the inverse
of M as the Mellin transform.

Let n9,...,nY be a basis of N(T'). Since the action of Goo on N(T)) is trivial
modulo 7, we have (1 — g)n? € 7N(T) for all 1 < i < d and for all g € Gu.

LEMMA 3.9. Let g be a topological generator of G, and write (1 — g)n? = mm;

for some m; € N(T). If we put n; = n — 1’_”;(;), then n1,...,nq is a basis of N(T),
and (1 —~)n; € ©2N(T).

Proof. Note that since p # 2 and g is a topological generator of G, 1—x(g) € Zf,
so n; € N(T') for all 4, and they are obviously a basis. Since g(m) = x(g9)7 + O(7*),
this basis is designed such that (1 — g)n; € 72N(T'), and this implies that (1 — g)n; €
mN(T). O

Let N be the A(Gu)-submodule of (¢*(N(T))¥=" generated by (1 +
m)p(n1), ..., (1+m)e(na).

LEMMA 3.10. Let y € (¢*N(T))¥=%. Then there exist n € N and z €
(@*(N(T))¥=0 such that y = n+ p(m)z.

Proof. Write y = Z?zl yip(n;) with y; € (A&p)wzo. By Lemma 3.7 we can

write y; = b;(1 4+ 7) for some b; € A(Gw), and Lemma 3.9 implies that b;n; = n;
mod 72N(T). Therefore, we have

d d
Z bi((1+m)p(ni)) — Zyz'so(m) € p(m)*(¢"N(T))" =",

which is slightly better than the lemma. O
Lemma 3.10 can be generalized to all k£ > 0:

PROPOSITION 3.11. Let k > 0 and y € p(m)*(p*N(T))¥=C. Then there exists
n € ppN and z € (9*N(T))¥=° such that y = n+ ¢(m)F*1z.

Proof. The case k = 0 is just Lemma 3.10. Assume that k£ > 1, and that the
result is true for k — 1. If y = Z?zl yip(n;) with y; € ga(w)k(Agjp)w:O, then we can
write y; = b;(1 + ) with b; € pprA(Gs) by Lemma 3.7. By the definition of py, we
can write b; = (1 — ay)c; with a = x(7)'~* for some ¢; € A(Gs). Moreover, px_1|c;
for all i. Let x; = ¢;(1 + 7), then

d d
Zyi<ﬁ(”z‘) = Z((l —ay)z;)p(n;)
d

d
=(1-ay) <Z fCW("i)) —aY (@) (1= 7)p(n:))

=1
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by Lemma 3.6. Let zg := 2?21 ¥(z;)((1 = v)¢(n;)). By Lemma 3.9 and the fact that
pr—1lci (50 o(m)F1|x;), we have z € op(m)* 1 (p*N(T))¥=0.

Consider the element Z?zl zip(n;) where z; = ¢;(1 + ) is divisible by ¢(7)k~1
by Lemma 3.7 as px—_1|c;. Therefore, by induction, we can write 2?21 xip(n;) as
7+ p(m)*w with 2 € pr_1 N and w € (¢*N(T))¥=0. If we set

n=(1—ay)(x),
p(m)* 1z = 20+ (1= x(7) ™) ()
pyr = (X(0)'F = x(0) ) (p(m) ),

—k k

w) and

then y = n + p(m)** 12 + py; with n € pN, 2 € (p*N(T))¥=C and y; €
() (" N(T)) ¥ =0,

Iterating this gives us y; € (¢*N(T))¥=% and converging sequences n; € A" and
zn € (@*N(T))¥=Y such that

k+1

y=nj+o(m) 1z + ply;.

The proposition follows by taking n and z to be the limits of n; and z;, respectively.
d

Proof of Theorem 3.5. 1f y € (¢*N(T))¥=Y, the iterating Proposition 3.11 shows
that for all £ > 0 we can write

y=ng+n; 4+ +np+om)tz

with n; € p;N. Passing to the limit over k shows that y = > .. n; € N, which
shows that (1+7)p(ny),. .., (1+7)p(ng) form a generating set of the A(G o )-module
(¢"N(T))»=0.

Finally, the map A(Goo)®/prA(Ga)® — (9*N(T))P=0 Jip(m) (0" N(T))=0 is
a surjective map between two Zj,-modules of equal rank, so that it is injective, and
therefore the kernel of A(Goo)®? — (¢*N(T))¥=0 is equal to (> PEA(Goo)? = 0.
This finishes the proof. O

We now resume our assumption that V is a positive crystalline E-linear repre-
sentation of Gg,, with Hodge-Tate weights —r; such that ), 7; = m, and T'C V an
Op-lattice, as above. Applying theorem 3.5 to the representation V(m), we find that
for any basis n{, ... ,ng of N(T), there is a basis n1, . . ., ng of N(T') with n; = n? mod «
such that the vectors (1 + )¢ (7~ ™n; ® e,,) are a basis of (p*N(T'(m))¥=% as a Ao -
module. With respect to such a basis ni,...,ngq, we make the following definitions:

DEFINITION 3.12. Define the Iwasawa transform to be the Ao, (G oo )-equivariant
isomorphism

3 (¢*N(T (M)~ — Ao, (Goc)®

determined by sending (1 + m)p(n; @ 7 ™ey,) to (0,...,0,1,0,...,0), where the 1 is
the i-th entry.

DEFINITION 3.13. Define Col : N(T'(m))¥=! = Ao, (G)®? as Jo (1 — ), and
for 1 <i<d, let Col;, : N(T(m))¥=! = Ao, (Gw) be the composition of Col with the
projection onto the i-th component.

NOTE 3.14. For all 1 <i < d, the map Col; is Ao, (G )-equivariant.
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3.2. Comparison with D.is. We now give an alternative formula for the Cole-
man maps of the previous subsection using the comparison isomorphisms between the
Wach module N(V') and De,is(V).

Recall from section 2.2 that for any positive crystalline representation V' we have
a canonical isomorphism N(V)/7N(V) = De,i5(V) ([Ber03, § IIL.4]).

LEMMA 3.15. Let V' be a positive crystalline E-linear representation of G, .
Given any basis v1, . ..,Vq of Deris(V) over E, we can lift it to a basis of n1,...,nq of
N(V) over E® Bap. Moreover, we may assume that (1 +m)p(n"™n1 @ ep), ..., (1+

(T ™™g @ em) is a Ap(Goo)-basis of (p*N(V(m)))¥=0.

Proof. Let T' be a Gg,-stable Og-lattice in V. By theorem 3.5 above, we may
choose a O ® Aap—basis f1,...,7q of N(T) such that (1 + m)p(r~"n; @ e,) is a
Ao, (Goo)-basis of (¢*N(T'(m)))¥=". Hence these elements are also a A (G )-basis
of (¢*N(V(m)))*=°.

By the comparison isomorphism, the elements {7; := ; mod w : ¢ = 1,...,d}
give a basis of Deyis(V) over E. Let A € GLy(E) be the change of basis matrix from
Vi,...,Vqto Dy,...,04. On applying A~! to fiq,...,Rq, we obtain a basis ni,...,ng

of N(V) lifting v4,...,v4. Now it is clear that (1 + m)o(m ™n1 ® em),..., (1 +
T)P(T ™ ng @ em) is a Ap(Go)-basis of (¢*N(V(m)))¥=0, since it differs from the
original basis by the scalar matrix A1, which is clearly invertible in Ag(Gw). O

With respect to such a basis nq,...,nq of N(V'), we can clearly define an Iwasawa
transform and Coleman map as above but with E-coefficients,

[

(" N(V(m)) =0 — Ap(Go)®
Col : N(V(m))¥=' — Ap(Gso)®?,

which are homomorphisms of Ag (G )-modules.

REMARK 3.16. If T is an Og-lattice in V stable under Gg, and the Og-lattice
in Deris(V) spanned by va,...,vq is the reduction of N(T'), then we can define the
Coleman maps integrally, as in the previous section. In section 4 below we will work
with a specific basis v; for which such a lattice T' can be explicitly constructed.

Now, let v1,...,vq be a basis of Deis(V) over E, and nq,...,nq a basis of N(V)
lifting v1, ..., vq as in lemma 3.15. We write A, for the matrix of ¢ on Des (V') with
respect to the basis v4,...,v4. Again by [BB09, section 3|, E ® Bj;g@p is a Bézout
ring and

t\" t\"™
(1) (B&BY,0,)®pens NV) - (BOBf, )@ pDai(V)] = K;) o (;) } .
In other words, there exists £ ® Bj;g@p—bases wy,...,wq and vq,...,vq for (E ®

rig,Qp
(t/m)"w; for i = 1,...,d. Therefore, the change of basis matrix M’ € MAE@IB%I&QP)
with

B: ,) ®E®ng N(V) and (E ® IB%:Qg’Qp) ®F Deris(V) respectively such that v; =

141 ny
(8) =M

Va ng
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has determinant (¢/7)” up to a unit in F ® B:gg g, Moreover, since 1, ..., ng lifts
V1,...,Va, we have M'|z—o = I, the identity matrix. The compatibility of the action
of ¢ implies that

9) p(M")PT =AM,

where P is the matrix of ¢ on N(V') with respect to the basis ni,...,ng as in the
previous subsection. We can now rewrite (5):

t\"™ "
(10) T = (931 IEd) . (;) ML : @t Me,,
Vd

with (t/m)™"M'~" € My(E ® Bf, o) and v; ® t7™ep, @ = 1,...,d a basis of
Deris(V (m)).
Rewriting (6) using this, we see that

1551

(11) (1 —¢)(z) = Col(x) - (%q) PTM=H o | @t "em.
Va

3.3. Supersingular modular forms. We now apply the theory of Coleman
maps developed above to the Galois representations attached to modular forms.

Let f = > anq™ be a normalized new eigenform of weight & and character €. Let
p be an odd prime which does not divide the level of f. For simplicity, we will always
assume that e(p) = 1. In particular a, = a,. We write E = Qp(an : n > 1), which
is the completion of the coefficient field F' of f at the prime above p determined our
choice of embeddings. Then, by Deligne [Del69], we can associate to f a 2-dimensional
E-linear representation Vy of Gg. Moreover, when restricted to Gg,, Vy is crystalline
and its de Rham filtration is given by

. El/l@Ellg leSO
(12) D (Vi) =< Eu if1<i<k-1
0 ife>k

for some basis v1, v over E. We further assume that v,(a,) # 0, i.e. f is supersingular
at p. Then 14 is not an eigenvector of ¢ by [Kat04, Theorem 16.6] and we may choose

vo = p*~*p(11) so that the matrix A, of ¢ with respect to the basis v1, vs is given

by
pkfl ap

since p? — ayp + p*~t = 0 (c.f. [Sch90]). We call such a basis a ‘good basis’ for
]D)cris(Vf)-

Let 77 and 7> be a ‘good basis’ of ]D)Cfis(Vf). Then, the matrix of ¢ with respect
to this basis is equal to A, also since a, = ap.

Note that V has Hodge-Tate weights 0 and —k + 1, so it is positive. Fix a basis

n1,n2 of N(Vj) satisfying the conditions in Lemma 3.15, so (;1) =M (Zl) with
2 2
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M'|z—o = I. We obtain two pairs of Coleman maps associated to f:
Col; : D(Vy(k — 1))V=" — (E @B )=,
Col, : D(Vi(k —1))"=" — Ap(Goo),

fori=1,2.
Recall the isomorphism (4) above:

Wy s D(Vi(k = 1)Y=" = HY(Qp, Vi(k = 1)).

We can therefore consider the localization of Kato’s zeta element zX8° from [Kat04]
(see section 6.1 below), which a priori is an element of Hf (Qp, V7(k — 1)), as an
element of D(V¢(k — 1))¥=!. We can now define two pairs of p-adic L-functions:

DEFINITION 3.17. For i = 1,2, define L,,; = Col;(z"**°) € (E ®IB%6P)“’:0 and

f/pﬂ- = Col; (z8%°) € Ap(Gu) where z5%° is the localization of the Kato zeta element.

The reason why we consider Vy instead of Vy will become apparent in section 3.4
below. In addition, below is a list of assumptions which we will need later when we
prove different results.

e Assumption (A): k>3 or a, = 0.

e Assumption (B): a, is not of the form p/ + p*~27J for some integer 1 <
j<k-3.

e Assumption (C): vy(ap) > [(k—2)/(p—1)].

e Assumption (D): p >k — 1.

3.4. Relation to the Perrin-Riou pairing. Let o and 3 be the roots of the
quadratic X% — a,X + p*~1. By the work of Amice-Vélu and Vishik cited in the
introduction, we can associate to a and 3 p-adic L-functions L, and L, g respec-
tively; see [MTTS86, §11] for an account of the construction. We will relate them to
Ly:, i = 1,2, as defined above. We first prove some preliminary results on general
crystalline representations.

Let v be a topological generator of I'. Define

H(Goo) ={f(v = 1) | F(X) € Q[A][[X]]
such that f converges for all X € C, with |X| < 1}.

We can identify H(G o) with (IB%;';&QP

)¥=Y via the map
: — (B

(13) M : H(Goo) (B,
for=1) — fiy=D(x+1),

)V

where any g € G acts on 7 by (7 + 1)X(9) — 1. As shown in [PRO1, B.2.8], this map
is a bijection, extending the isomorphism A(Gos) — (Aap)wzo of Lemma 3.7. For
r > 1, define

tem n . : |c"1<7|10 _
H P = E E CneoX™: lim ——= =0

n—+oo N’
c€EAN>0

Let H'mP = |, M, and define H'™P(Goo) = {f(y — 1) | F(X) € H'™P).
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Let V' be any crystalline E-linear representation of Gg,, and let h be a positive
integer such that Fil™" Deris(V) = Deyis(V). Denote by

Qv+ (K (Goo) @ Deris (V)™ —— HP(Gog) @ng, Hiy(Qp, V)

Perrin-Riou’s exponential map as constructed in [PR94]. Here,

h
¥ By g, @0, Deris(V) = €D (Peris(V)/ (1 = 2"9)) (k)
k=0
is the map sending f € B;Eg@p ®q, Deris(V) to the class of @9*(f)(0), where 9 =
(1+7)-L is the derivation on B:Eg,Qp defined in §2.2. Since Qyj, is a homomorphism
of H'*™P (G )-modules, we can extend scalars to get

_ »=0
(14) Qv ((Bxg,@p)w—o ® Dexis (V) — H(Goo) Onq, Hiy(Qp, V),

where we identify (Bj}g’Qp)wZO with H(Gs) via M.

REMARK 3.18. We will only apply (14) to elements in which lie in the image of
H©MP (G o) @ Deris (V) under M, so we can refer to [PRI4] for the properties of Qy .
The reason for extending scalars to H(G o) is that we want to be able to use Berger’s
description of the exponential map in [Ber03, §I1.5].

Recall that we have chosen a p-power compatible system (™, n > 0, of p-power
roots of unity.

PROPOSITION 3.19. Assume that V' is a crystalline representation of Gg,. Let
h > 1 such that D (V) = Deyis(V) and p~7 is not an eigenvalue of ¢ on Deyis(V)
for j € Z with 0 < j < h. Then, for all v € Deyis(V), the projection to the n-th local
cohomology H(Qp ,, V) of ﬁﬁv,h((l +7) ®v) is given by

pexpp, v (S e ™ @ W) + (1= 9) 7 (v)) a1

U gy ((1-22) - 90) ifn=0.

Proof. Let g € (B

rlg7(@1))1":0 ®q, Deris(V). We write Aj(g) = 87(¢)(0) and

By [PR94, section 2.2], the sum > >~ ¢"(g) converges. A solution to (1 — ¢)G =g
with G € (Bj;g@p ®q, ]D)Cris)wz1 is given by

0o h
- 1.
G= Z ©"(g) + Z i log, v;
n=0 7=0
where v; € Deyis(V) is such that Aj(g) = (1 — p’¢)v;. Now, take g = (1 +7) ® v, so
Aj(g) = v for all j. Let n be a positive integer, then

(n—m) _q m if
mo )y (e )@ e™(v) fm<n
(16) "™ (9)(e 1) = { 0 otherwise.
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Therefore, we have

Ge™ — 1) = Z_: (€™ =1 @ ™)+ (1—¢) "} (v)
m=0
_ i gln=m) o O™ (W) + (1 — ) L™ (v).
m=0

Hence, by the main result in [PR94], the n-th component of ﬁﬂv,h((l +7) @)
is given by the image of

17 p e "GE™ —1) = ]% (  cn-m) Q™" (v) + (1 - so)_l(v)>
m=0

under the map expg, v~ For the 0-th level, it is given by the image of

1 1 - _
Trg, ./Q, (Z;SD 'Ge™ — 1)) == Trq,, /0, @ (v) + (1 — ) (v))

= (-1 ' W)+ (-1 -¢) ' (v)

=) - o),

AAANRIIET

under the map eXpg,,y; SO We are done. O
Define the Perrin-Riou pairing ( , )y by
(, v Hiy(Qp, V) x Hiy (Qp, V(1)) — Ap(Gu),
((@n), (yn))v = PLHETGGQP/%Z (T(%0) U yn)T.

REMARK 3.20. In [PR9/], the pairing is defined by
((@n)s (g))v =M 2 o gr (77 (@n) Uya)T.
We use the different convention so that the map Ly, . defined in (18) below is a A(Go)-

homomorphism.

We can extend the pairing ( , )y to
(v (HUGoo) @ng, H(@p V) ) X (H(Goc) Ong, Hiu(@, V(1)) — H(Gox):

Any z € (B, o )V " ® ]D)C,iS(V))Ezo therefore defines a map

rig,Qp
(18) Lh..: H,(Qp, V*(1) —> H(Gwo),
(yn)nZO — <Qh,V(Z)a (yn)>v

As recalled in section 2.3 above, for any p-adic representation V' of Gg, we have a
canonical isomorphism

hbp,lw : D(V)wZI = Hllw(@lh V)
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LEMMA 3.21. For all j € Z and for ally € D(V)¥=! and y' € D(V*(1))¥=!, we
have

aj<hé}p,lw(y)7 h(l@p,lw(yl»v = <hé}p,lw(y ® ej)) hé}p,lw(y/ ® e—j)>V(j)'

Proof. See Lemme ii) Section 3.6 in [PR94]. O

We now return to the setting in Section 3.3. We will apply Perrin-Riou’s the-
ory that we recalled above to the crystalline representation V(1). In particular,
Vi(1)*(1) = Vg(k — 1). By (12), we can take h = 1. Note that ¢ acts on Deyis(Vy(1))

-1
by (pkO_Q p_pla ) with respect to a ‘good basis’ v; ® t7teq, i = 1,2 as chosen in
P

Section 3.3. But ap # p + p*~2 by the Weil bound, so both 1 — ¢ and 1 — py are
isomorphisms on Deis(Vy(1)) and ¥ = 0. Let ;, 72 be a ‘good basis’ for Dcris(Vf).
We can identify Deyis(Vy) with Deris(Vi (1)) (resp. Deris(Vy) with Deyis(Vi(k —1))) via
v, = v et ! (resp. U; = 7; ® ek,ltl_k). Under these identifications, the natural
pairing

(19) [, ] Denis(Vy(1)) x Dcris(Vf(k; —1)) = Dais(E(1)) = E - et !

satisfies [v1, 1] = 0. By applying ¢, we have [va, 2] = 0, too. We also have [vq, 7] =
—[v2, 1] # 0. Without loss of generality, we may assume that [vq, 2] = —[v2, 1] =1

Let z € D(VF(k — 1))¥='. It follows from the construction of the Coleman maps
in Section 3.3 that if we let

k—1
(20) M= (mu m12) _ (i) PTMI—17
ma1  Ma2 ™q
then, by (11), (1 — ¢)(x) can be written as
(21) (1—¢)(x) = (y1mi1 + yoma1) 7 @ ' Fep_1 + (y1maz + yomao) o @ ' Fep_1,
where y; = Col;(z) for i =1, 2.

PROPOSITION 3.22. On identifying with their images under M, we have

(22) Qv ) ((1+7) @v1), 2)v, (1) = y1maz + yamaa,
(23) —(Qv; ) (L +7) @ v2), 2)v, (1) = y1ma1 + yamar.

The rest of this section is devoted to proving this result. We follow closely Berger’s
proof of Perrin-Riou’s explicit reciprocity law in [Ber03]. We first make the following
definition: let V' € Repg, (Gq,). For an element = € Hy, (Q,, V), define h(bp,v(x) to
be the image of = under the projection map H{, (Qp, V) — HY(Qp, V).

Recall also the map Oy defined in subsection 2.2: for z € Qp »((t))®q, Deris(Vy (1+
7)), we denote the constant coefficient of z by Oy, (14)(2) € Qpn ®q, Deris(Vy (1 + 7))

‘ =1
LEMMA 3.23. Let i € {1,2}, and choose y; € (B;gg@p ®0, Deris(V(1))) such
that (1 —)y; = (1 +7) @ v;. Then

gy, vy (145 s (1) 14 (07 (L) @ vy @t ey) =
1
: ® . .
Jtexpy,, vy (145) ((1_ P )0v; (14) (07 70s @t ]eﬂ')>'
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Proof. By Proposition 3.19, we need to prove that 0Vf(1+j) (0_jlji & t_jej) =
(1—¢) ' (vi®t Je;). Note that ¢ commutes with dy, 145y and pod™7 =p'd 7 o g,
)

(1= )0y, (145 (0779 @177 ¢j) = Oy 14y (0 (L4 M) @ vy @t e5).

Note that 9(1 +7) = 1+ 7, 50 Oy, (144) (8*3'(1 +7T) QY ® t*jej) =v; @t ej. Also,
as observed above, 1 — ¢ is invertible on Dgyis(Vy(1)), which proves the result. O

We can now prove Proposition 3.22. We will only prove (23) here; the proof
of (22) is analogous.

. Pp=1
Proof. For i = 1,2, let vy; € (E;ﬁg@p ®q, Deris(V5(1))) such that (1 — p)y; =
(1+ 7) ® v;. By p-adic interpolation it is sufficient to show that

aj(<QVf(1)71((1 + ) @ v2), h(bp,lw(x»‘/f(l))(o) = 9 (y1ma2 + yama2) (0)
for all 7 > 0. We have

24) & ((Qv, 1)1 ((1+7) @), x>vf(1))
= ()1 (L+7) @) ®ej, hllw,Vf(kflfj)(x ® e—j)>vf(1+j)
= (114011 (07 L+ m) @v2 @ t70€5), hig vho1- 5 (T €)1 )

by Lemma 3.21 and the properties of Q (c.f. p. 119, Théoreme (B)(ii) in [PR94]).
Hence

o (<QVf(1),1((1 + 7") ® V2)7'T>Vf(1))(0)
(25)

= (=1(hgy vy 040 Qa4+ (07T L+ 71) @12 @t ey), hézhvf(k—l—j)(m ® e—j)>vf(1+]-)
(26)

—1

. o o
=J’<exp@p,w(1+j> ((17 P )8vf(1+j)(8 2 @1 ]ef))’hépvvf(k**ﬂ(‘”@e*")>

(27)

Vi (1+5)

—1

= [(1 - %)8Vf(1+j) (07792 @177 e;), expy, ve 115y by vy h-1-p) (@ @ e—j)]
(28)
-1 _ _ -1
= ]' |:(1 — %)avf(1+j) (8_]1)2 ® t_]ej'), (1 - %)avf(kflfj) (fL' ® e,j)]

(29)
=J

Vi (1+5)

Vi (1+5)

Hov, 40 (077 (14 m) @v2 @17 €5), 0v; 01— (1= @)z © ej)] 14

The equalities can be explained as follows:
o the first equality is immediate from (25) and the construction of ( , )v;
e the implication (25)= (26) follows from Lemma 3.23;
e the implication (26)= (27) is the duality between exppy, 14; and
XDEv, (145)]
the implication (27)= (28) follows from [Ber03, Theorem II.6], and
(29) follows from (28) since 1 — ¢ is the adjoint of 1 — “’T?l under the pairing

Lo ]
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Now d(1+m) = 1+, which implies that 077/ (14+7)@ve®@tJe; = (1+7) @@t Je;
and hence

Ny (7L +m) @@t e;) =@t e;.
By (21), we can write
(1 =)z = (y1ma1 + yama1)v1 + (y1maz + yamaz)vo.

Recall that by construction, we have [vs,71] = —1 and [v;, 7] = 0 for i = 1,2. Tt

follows that if we write —(y1m11 +yama1) = Xi>ocit’ with ¢; € Q,, then (29) is equal

to jlej. Since also —&7 (y1mi1 + y2moa1))(0) = jle;, this finishes the proof of (23). O
We can summarize the results of this section by the following corollary:

COROLLARY 3.24. We have a commutative diagram

1
hop 1w

N(V)¥=1

Hi, (@, V)

1—¢ (Col, Col,)

(P*N(V))»=0 ——> Ag, (Goo)®?

M M L1,5;@(1+m)
—_o\®2m~!
((Bigq,) =) —=H(Gx)®?
pr; pr,
+ =0 M
(Brig,(@p )"L’ 0 H(GOO ) .

Here, pr; and pr, denote the projection maps onto the respective i-th components, and
for an element x € (p*N(V))¥=0, M.z is defined as follows: if v = x1p(m' Fny @
ek—1) + 22p(m' " Fny @ e 1) with w1, x5 € (B )¥=, then M.x = M il

2

3.5. Bounded p-adic L-functions. We now establish some basic properties of
Lp,i and Lp,i-

3.5.1. Decomposition of p-adic L-functions. Recall that o and 8 are the
roots of the quadratic X2 — a,X + p*~!. By [Kat04, Theorem 16.6], there exist
eigenvectors 1, and 7 of ¢ in E(a) ® g Deris(Vy) with eigenvalues o and 3 respectively
such that [na, 71] = [ng, 71] = 1 and we have

(v, (1,1 (1 +7) @1a), zKat°>Vf(1) = Lpa,
(v ((+7) @ng),25%) ) = Ly
It can be verified that
Na = Q "V — Uy,

ng = Bt — v,
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Therefore, by Definition 3.17 and Proposition 3.22, we have

im(i/p o) = (@ tmya +my1) Ly + (@ tmag +mar) Ly 2,

’

M(Lp,g) = (B~ miz +m1)Lp1 + (B maz + ma1) Ly 2;
in the notation of Section 1.2, we have

a"tmig+mi1 o tmaeg + moy
M — —1 —1 .
B mig +mi1 BT mas + man

The functions L, ; and L, 2 can therefore be written as

(B 'mas + may)M (L pa) = (@ 'mgg + mo1)IM(Ly p)
B0 s (5T —a 1) det(M)

(B mas + mi)M(Lp.a) — (@ tmaz + ma)M(Ly 5)
(31) Lpo = (=t — B=1)det(M) )

Let # € D(V(k —1))¥='. On the one hand,

(1 )z = Coly () - [(1+ m)p(r'*n1 @ er—1)] + Coly(2) - [(1 + m)p(mFnp @ egp-1)].
On the other hand, Proposition 3.22 says that

(I—@)z =MoLy ), 001+n) (@2 @ ' Fep_1 — Mo L1 004+ (T)01 @ tFep .
Therefore, we have

(®1($) @2(30)) A+ mM] = (—93? 0 L1 vyem)(®) Mo Ly ot (55)) .
Let M = (m;;) = MM L[(1 + 7)M], then as elements of H(Gx)
(32) (Coly(z)  Coly(2)) M = (—L1e0+m (@) Liyearn (@) -

Therefore, by exactly the same calculation as above, we have the following theo-
rem:

THEOREM 3.25. Define

—1 —1
M = QO Mg+ My; O Moy + Moy
=\ B ' m,+myy By F My )
22012 22011 1822 2821

Then we have the decomposition

()t
Lyp Ly,
Again, in the notation of Section 1.2, we have

—1 —1
Q7 Mg+ My O Mgy + My

M= __ _ )
- (5 "myy +my; B Mg, Jrm21)
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3.5.2. Interpolating properties. We calculate the values of our new p-adic L-
functions at characters modulo p. We first state a lemma concerning such characters.

LEMMA 3.26. If A € (B} rie,Qp )¥=0 is divisible by p(r), then M~L(A) is zero when
evaluated at any character with conductor p.

Proof. This is a special case of Theorem 5.4 as proved below. O
NOTATION 3.27. For any element x € C, ® (B rig,Qp )¥=% and n a character on
Goo, we write n(z) for n(M=1(z)).

PRrOPOSITION 3.28. Let n be a primitive character modulo p, then

7'(77) . L(f'rflv 1)
pkfl Q?(fl)

n(Lp2) = 0.
Similarly, if n is the trivial character, then

ap_pk_2_1 . L(fal)

W(Lp,l) =

)

77([’11,1) = pkfl Q}r )
1 L(f,1
N(Lp2) = (2—) - 1) : ;}r )-

Proof. Since
= (t/mq)* ' PTM'™ = (t/nq) (M) AL

and M'|z—o = I, we have M| —c_1) = Ag for any p-th root of unity ¢. In other
words, we have M = AT mod ¢(7). Therefore, (30) and (31) imply that,

(34) Lp,l = (ﬁ_ )mg(ﬂ[’ 1, — ( )pka’lf — 1)m(l’p,ﬁ) mod 90(77)
(35) L,o= ([(/Z’az ﬂ*l) (LP’B) mod (7).

Therefore, we are done by Lemma 3.26 and the values of (L, o) and 1(L, 5) given
in [MTT86] for example. O

COROLLARY 3.29. If k > 3, then L,,; # 0 for i € {1,2}. Moreover, if n is a
character of A, then L)), # 0.

Proof. Since k > 3, the result follows from the fact that L(f,-1,1) # 0 (by [Shi76,
Proposition 2]). O

REMARK 3.30. Ifk = 2 and ap, = 0, we will show that under the Mellin transform,
L,1 and Ly, o agree with Pollack’s plus and minus p-adic L-functions up to a unit.
Therefore, by [Pol03, Corollary 5.11], it is in fact enough to assume that assumption
(A) holds in order for Corollary 3.29 to hold.

REMARK 3.31. We see that the interpolating properties of L,1 and Lyo at a
character modulo p are independent of the choice of ni,na as long as we have fized a
pair of ‘good bases’ for Deyis(Vy) and Dcris(Vf).
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LEMMA 3.32. Ifz € Ag(Gu) and f € (E @ Bq,)¥=°, then z - (fn;) = (z- f)ny
mod ¢(m) fori=1,2.

Proof. Tt follows from the fact that if ¢ € G, g(¢N(V)) C p(m)N(V) for any V.

COROLLARY 3.33. Proposition 3.28 (and hence Corollary 3.29) still hold after
replacing L, ; by Ly ; fori=1,2.

Proof. By definitions, we have
Kato 21 —k = 7 (14 m)n
(1= 9)(@) = (Lpy Lp2) M <) @t o1 = (Lpa Lpa): <<1 + m)

where zKato

This implies

is the localization of the Kato zeta element and M is as defined in (20).

(n 1) (2) = s 2o (7).

Therefore, by Lemma 3.32, we have L, ; = sm(ip,i) mod ¢(m) and hence M~1(L, ;)
agrees with Em at a character modulo p by Lemma 3.26. O

3.5.3. Infinitude of zeros. Let n be a character of A. Mazur proved that
at least one of L, , and L, 3 has infinitely many zeros if v,(a) # v,(8). This has
been generalized to the case a, = 0 ([Pol03, Theorem 3.5]). We show that our
decomposition of L, , and L, s can be used to give an alternative proof to Mazur’s
result as well as generalize Pollack’s result to the case a, # 0.

PROPOSITION 3.34. If f is a modular form as given in the beginning of Section 3.3

and n a character of A, then either L} ., or f/Z’B has infinitely many zeros.

Proof. Assume not, then [Pol03, Lemma 3.2] implies that f/g,a and Ii;’y 5 are O(1).

By [BB09, Lemmas 3.3.5 and 3.3.6], the entries of M are O(log,") where m =
max{vy(a),vy(B)} < k — 1. Therefore, with the notation above, m;; = O(log,") for
i,7 € {1,2}. In particular, the n-component of

(87 maz +ma1)Lp.a — (@ mag +ma1) Ly g

is O(log,)™. By (30), the quantity above is divisible by (t/mq)k—1 ~ log’;_1 which
forces LZ’1 = 0 contradicting Corollary 3.28. O
As with [Pol03, Theorem 3.5], we have:

COROLLARY 3.35. If a ¢ E(n), then both EZ,Q and f/;’ﬁ have infinitely many
2€eros.

3.6. Good ordinary modular forms. We now assume that f is good ordinary
at p. We will pick different bases from the supersingular case to define our Coleman
maps. Let o be the root of X2 — apX + p*=1 which is a p-adic unit and 8 is the
one with p-adic valuation k — 1. By a result of Deligne and Mazur-Wiles (see for
example [Kat04, Section 17] for an exposition), there exists a 1-dimensional Gg,-
subrepresentation V)é in Vy. Moreover, V)é has Hodge-Tate weight 0 and ]D)Cﬂs(V)é)

can be identified with the a-eigenspace of ¢ in DcriS(Vf). We fix a nonzero element
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= ]D)CfiS(Vfi). Then, by (7), ny = 1 is a basis of N(V]é) over F ®IB%5P. Let 5 be a
nonzero f-eigenvector of ¢ in Deyis(Vy).

PROPOSITION 3.36. We may find ny € N(Vy) lifting vy such that ny,ny is an
E® Eap -basis of N(Vf), and (1 + m)p(r'~Fny @ er_1), (1 4+ m)p(r' Fny @ e_1) is a
Ap(Goo)-basis of (¢*N(Vi(k —1)))¥=0.

Proof. Let N = N(Vf) and N’ = N(V)ﬁ). Then the quotient N” = N/N' may
be identified with the Wach module of the quotient Vf/ VI, and we have an exact
sequence

0 — (¢*N'(k = 1))"= — (¢*N(k = 1))*=" — (¢"N"(k — 1))*=" — 0.

It is clear that (1+7)p(n; @ 7t Fe,_1) is a basis of (¢*N'(k —1))¥=°, and the result
now follows on applying theorem 3.5 to N”. O
Hence the change of basis matrix M’, with

Dl _ M/ n
vy nz )’
is lower triangular, with 1, (¢/7)*~! on the diagonal. With respect to this basis, the

Coleman maps given in Section 3.1 enable us to define:

DEFINITION 3.37. For i = 1,2, define L,; € (E ®B5p)w20 to be the image of
the localization of the Kato zeta element (on using the identification as given by (4))
under Col;. Similarly, define Ep,i to be the image of the localization of the Kato zeta
element under Col,.

Since p(n1) = ani, the matrix P as defined in Section 3.1 is upper triangular and
there exists a unit v in £ ® B&p such that

a o ox
P= (0 uqk_l) '

(36)  (1—¢)(x) = (Coly(z) Cola()) (O‘(wiq)“ 0) (”1) @t ke

Therefore, (10) becomes

* U 1)

LEMMA 3.38. Let vi, va be a basis of Deris(Vy) such that (1) = o and
o(ve) = Pra. Then

[V,L' ® t_lel, v; ® tl_kek_l] =0

fori=1,2 where [ , | is the pairing defined in (19).

Proof. Assume mq := [v1 @ t"le, 5 @ t'"Fe,_1] # 0. Since [ , ] is compatible
with ¢, we have

ol @t e, @t Fep 1] = [p(v1 @t ter), (i @t Fep )]

pimy = [ap Tty @t ey, ap' TR @ t1Fey ]

pk*1m1 = a2m1.
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Hence, a? = p#~!, which is a contradiction. The proof for ¢ = 2 is similar. O
As in Section 3.4, we may assume that [v1, 2] = —[ve,71] = 1 and an analogue
of Proposition 3.22 says that

1 1 a(z)*t 0
m (*£u2®(1+7r) ohy, Ly e+ o° hlw) = (Coh COIQ) 7”1 u)

In particular, if we apply this to the Kato zeta element, we have
- - a(L)=1 0
(_m(Lp,B) m(pra)) = (Lp,l Lp72) ( i

where L, 3 = L,, (25**°). Similarly, we have

@) (Lo Dpe) = (s Ty (505 0)
where log, . = 1525 log, (x(7)™77)/(x(v) 77 = 1) and @i € Ap(Goo)*.

Therefore, as in Section 3.4, we can decompose I~/p,5 into a linear combination
of Ep,l and Ep’g, whereas f/p,a = z/p’g, up to a unit. We now say something about
[~/p,1. When V; is not locally split at p, f% g is conjecturally equal to the critical slope
p-adic L-function constructed in [PS09]. We itemize this condition since we will need
it again later.

e Assumption (A’): V; is not locally split at p and k > 3.

In this case, [Kat04, Theorem 16.4 and 16.6] imply that ip,g has the same inter-

polating properties as f/p,a, namely:

Coor - Cnor
(38)  X'n(Lpa)= ﬁL(fn—l,r+ 1)  and  X"n(Lpp) = gn L(fy-1,m+1)
where 7 is a finite character of conduction p™ > 1, 0 < r < k — 2 and ¢, is some
constant independent of a and 3. Note that the values given by (38) do not determine
L, s uniquely. However, they allow us to show that Ly 1, Ly, 1 # 0.

PROPOSITION 3.39. If assumption (A’) holds, then E;’,DLZJ # 0 for any char-
acter n on A.

Proof. As in the proof of Proposition 3.28, M'|,—o implies that M|,__1) = Ag
for any (¥ = 1, where A, = (g 2) is the matrix of ¢ with respect to vy, vs.

Therefore, M(L, 5)(¢ — 1) = aL, (¢ —1). Since V; is not locally split and k > 3,
by the above discussion, (L, 5) = %L(fnfl7 1) # 0 as in the supersingular case.

Therefore, L, 1({—1) # 0. The statement about f%l then follows as in Corollary 3.33.
O

We sce from the proof that the interpolating properties of 9M~1(L, 1) and L, ; at
characters modulo p are the same as that of L, g after multiplying a constant.

REMARK 3.40. If V} does split locally at p, we can choose ny = vy and both P and
M' would be diagonal. Therefore, we have Ly g = M ((t/mq)* 1 Ly1) = log, 1, Lp,1-
But it is not known that whether L, g is nonzero or not.
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4. Coleman maps for the Berger—Li—Zhu basis. In this section, we will
prove some results on the images of the Coleman maps under the assumption that
vp(ap) > L%J, using the explicit basis of N(Vy) written down in [BLZ04]. We shall
also give an explicit proof that this particular basis satisfies the conclusions of theorem
3.15.

Write m = |(k —2)/(p —1)] and define

log" (1 +7) = H e _ H Pn(1+m)

n>0 p n>1 p
n éven

and

-y
—
A
3
_
+
2

and log(14+m) = H L =
n>1
n odd
where ®,(X) is the p™-th cyclotomic polynomial. Let z; be elements of @, such that
k—1
m ((log” (1+ ﬂ)) i
— = 2zt
b <log+(1 + ) ;

then as shown in [BLZ04, Proposition 3.1.1],

k—2
=Yz € Ly[[n]).
=0

By [BLZ04], under assumption (C), i.e. v,(ap) > m, there is a lattice T in V and a
basis of N (Tf) such that the matrix of ¢ with respect to this basis, P, is given by

0 -1
@1 oz

where ¢ = a,/p™. In particular, the reduction of this basis modulo 7 is a “good
basis” in the sense of §3.3, and hence the Coleman maps may be defined integrally as
in remark 3.16. By construction, for any x € D(Tf(k — 1))¥=" with

_ 1-k ni
z=1"" (21 22) (ng) ® ex-1,
we can express Col;(z), i = 1,2, in terms of z7 and xs:
(39) Coly(x) = 29 — (1) + dzxy,

(40) Coly(z) = —¢" Loy — p(x2).

REMARK 4.1. The representation constructed in [BLZ04] is really Vi twisted by
an unramified character. But since we assume that €(p) = 1, it does not affect the
action of P and our calculations later on.
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4.1. The image of Col;. We first give a few preliminary lemmas.

LEMMA  4.2. For all m > 0, we have @"(M'")(AD" =
oY PTY . o(PTYPTM'~Y. Moreover, as n — oo, the quantity above tends
to 0.

Proof. The equality follows from (9) and induction. For the limit, note that
M'|z—o = I, hence ¢"(M') = I as n — oo. The eigenvalues of A, are o and . But
a™, B — 0 as n — oo, so we are done. 0

LEMMA 4.3. Let v = 7'~ F (:L'l :cQ) (Zl) ® er—1. Then, ¥(x) is given by
2

((w10z +22)  —P(¢" aq)) wtH (nl)

n2

Proof. Recall that ¢(7) = mq, we have

p=ml (2 3) (PT)! (Wﬂ)

hence the result O

LEMMA 4.4. For all n > 1, the constant term of 1(q") is p"~*.

Proof. Induction. O

LEMMA 4.5. If f(n) € EQBY , then there exist unique a; € E for 1 <i<k—1
such that f(r) = Z;:ll a;(m+1)° pmod k1,

Proof. Note that
(1) (r+1) ="+ D o (D) (1) + (1) mod 7F
Suppose now that there exist a1, ...,ax_1 € E such that (7 + 1)*¥ = Z;:ll a;(m+ 1)
mod 7%. Subtracting this sum from (41) shows that

((5) = o) (74 D (CDF2(5) — )+ 1) + (<1 =0,

But this gives a contradiction since {(m + 1)"}o<i< is a basis of the vector space of
polynomials of degree < k — 1. 0

PROPOSITION 4.6. Under assumption (C), the map (7*"10p ® Aqu)w=O C
Coly (D(T7(k — 1))¥=1).
Proof. Recall that (6) says

1=z =(y1 u2) (mq)* *PT (Z;) ® €p_q-

For any y; € (7¥"10p ® Aap)wzo, we have

yim (1 0) - (rq)*PT (Zi) Senr=(0 yi/m) (Z;) ® et
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Then,
") = (0 @"(n/m" 1) " THPT) - p(PT)PT (Z;) D e
= (0 ¢"(yr/7t1)) (pn(M/—l)(Ag)"M/ (n;) ® ep_1.

Hence, Lemma 4.2 implies that ¢" (y) — 0 as n — oo and the series x := 3 -, ¢"(y)
converges to an element of D(T7(k—1))¥=" with (1—¢p)x = y. Therefore, y; = Col; ().
a

PROPOSITION 4.7.  Under assumptions (B), (C) and (D), the map Coly
D(Vi(k—1)) = (E® B&p)wzo is surjective.

Proof. By Proposition 4.6, if y; € (7*"'E ® B&pw:o, then y; € Im(Coly). For

an arbitrary y1 € (E® Eap)wzo, by Lemma 4.5 there exists 4’ in the E-linear span

of {(1 4 m)"}1<i<k such that y; + ¢(y’) is divisible by 7*~1. Hence, by the same
argument as above, the sum

> o¢" ((0 (1 +(y))/m* ) (Z;))

n>0

converges to an element x € N(V¢(k—1)). By Lemma 4.3 and the fact that ¢ (y;) = 0,
we have

Y(a) -z =1 ((0 (y1 + ¢ () /7" ) <n1)>

n2

n
Let o/ =g+ 7l k (CUI :EQ) <n;> Then

P(@') -2 =7 F (Y —z + (2162 + 22)  —x0 — Y(¢F ) (m) :

n2
Hence, 2/ € D(V;(k — 1))¥=" if and only if

T2 = —¢(qk71$1)

42
“2) Y = a1 — (2162) + 3 (¢" o).

Assume that such z; exists in the E-linear span of {(1 + 7)"}1<i<k, and let a be its
degree in 7. Since the degrees of 6z and ¢"*~! are at most k — 2 and (p — 1)(k — 1)
respectively, the degrees of 1 (z16z) and ¥?(¢*~1x;) are at most (k — 2 + a)/p and
((p—1)(k — 1) + a)/p? respectively. But we assume that p > k — 1, so the right-hand
side of (42) has degree < a. Since 3’ has degree at most k—1 and 7 is in the E-linear
span of {(1+ m)"}1<i<k, both 1 (x162) and 92 (¢*~1x1) are scalar multiples of (1 + ).
We write

S

—1 k—1 k—2
v = a(l+n),  wm=) B(l+n) and  5z=) yw(l+7)
1 =1 =0

-
Il
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where «;, i, 7; € E. Then (42) says that
a; = 5 fori>2
a=B1— Y Bivj+ By—(k-1)(p-1)
i+j=p

wherev; = 8; = 0ifi < 0. But p>—(k—1)(p—1) > 1 and y,—1 = 0, the matrix relating
(avi)1<i<k—1 and (B;)1<i<k—1 is upper triangular with non-zero entries on the diagonal.
Therefore, there is a bijection between (a;)1<i<k—1 € E¥"1 and (8;)1<i<k—1 € EF L.
In other words, given any y’ as above, there exists a unique 7 (and hence x2) such
that 2/ € D(Vp(k —1))¥=!. For any 0 < j < k — 2, we can therefore choose y (and
hence ') such that z1 = 7/ mod 7771, In this case,

Coli(a") = y1 + @(y') = ¥(¢" a1) — p(a1) + 2162
= —(¢"txy) — o(21) + 2162 mod 77!
=(—p"?7 —p +ap)r’ mod T,
where we deduce the last line from the previous one using Lemma 4.4 and the ob-
servation that mg = ¢(m). Therefore, our assumption on a, implies that for all
n€E® Bap)wzo’ there exists some x € D(Vy(k — 1))¥=! such that Col™(z) = 1
mod 771! by induction. Hence we are done. O

COROLLARY 4.8. Under assumptions (B), (C) and (D), the image of Coly :
D(T7(k —1))¥=' = (Op ® Aap)wzo is pseudo isomorphic to (Op ® Aap)wzo.

Proof. Tt suffices to show that the said image has finite index in (Op ® Aap)wzo.
The proof of Proposition 4.6 shows that (7*"1Op ® A&p)lﬁo lies in the image and
for all 0 < j < k — 2, there exists z; € D(TF(k — 1))¥=! such that Coly(z;) = o,
mod 7+ for some a; # 0. Therefore, the quotient lies inside Hf;g Op/a;Og, so we

are done. O

4.2. The image of Col,. We now describe the image of Col,. We will show
that it is generated by two elements.

LEMMA 4.9. Let x = 7'~k (xl xg) (Zl) ® ex—1 and v a topological generator
2
of ', then

for some G € I + 1M (2,Z,][n]]).
Proof. By [BLZ04, Proposition 3.1.3], there exists G, € I + mMa(Zy[[x]]) such

that (7(7“)) =GT <Zl> Therefore,
2

v(nz2) i

) =2 (1) 2(e) 6 (72) ©x(0) e

1-k

_ (%) (v(z1) (2)) GT (Z;) ® en_1.



506 A. LEI, D. LOEFFLER AND S. L. ZERBES

But x(v) € 1+ pZ,, which implies ((1+ m)X(") —1)/x(v) € 7(1 + pZ,[[r]]). Hence
the result. O

LEMMA 4.10. Let z = 7'7% (21 x2) (Zl) ® ex—1 € D(Vi(k — 1))¥=t. Write
2
T =50 a; jm. Then x1 has order < k — 1 if and only if T2 has order < k — 1. If

this is the case, they have the same order which we denote by d,. Moreover, as 4, =

k—2—d
P ai,d, -

Proof. Since x € D(Vi(k — 1))¥=!, we have x5 = —(¢*~*z1), hence the result
by Lemma 4.4. O

PROPOSITION 4.11.  Under assumptions (C) and (D), the image of Coly :
D(Vi(k—1)) — (E®B6p)w=0 contains ((p(ﬂ)k_lE®IB5p)w=0 and the quotient of the
containment is a cyclic Ag(T')-module under the action of T’ described in Lemma 4.9.

Proof. For any ys € (p(m)* 1E® Eap)wzo, we have

y:=(0 yo)-(mq) *PT <Z;) ®er 1 =(m)' " (—y2 y202) <Z;> ® €k—1-

Hence, as in the proof of Proposition 4.6, Y ., ¢"(y) converges which implies that
12 lies in the image of Cols. B

Recall that if ¢ = w1~k (:El :Eg) (Z;) ® eg_1, then — Coly(x) = ¢* Loy + ¥ (x2).

For i = 1,2, write z; = )_ ;5 a; ;77 and

C(z) = ¢" o1 — p(z2) mod p(m)"!
= (¢" "a1,0 + az0) + @(7)(¢" ar,1 + az,1)
+ - o(m) "2 (gay g—2 + az p—2) mod p(m)F L.

We now construct a generator f for C(D(V)¥=1) over Ag(T) inductively. By the proof
of Proposition 4.6, there exists z; € D(V)¥=! of order i for all 0 < i < k — 1. Let
fo = xg. For ¢ > 0, suppose that we have constructed f;. Write

i

f=T11 O =x07)(f)

j=0
_ L 1—k (g / ni
=T ( i1 i,2) <n2> X er—1

then it follows from Lemma 4.9 that f/ is of order > i+1. Let ;41,1 and a;41 2 be the
coefficients of 7#+! in the power series expansions of fi1 and f;,, respectively. There
are two possibilities: either both ;1 ; are non-zero, in which case we let fi11 = f;.
Or both of them are zero, in which case we let fi11 = fi + ziy1.

Let f = fr—2. Then for all 0 < i < k — 1, the order of H;‘:O (v = x())(f)
is 4. To finish the proof, it is now sufficient to observe that by Lemma 4.10, for
all z € D(Vy(k — 1))¥=" there exist scalars a; € E for 0 < i < k — 1 such that

D Daer H;Zl('y —x(7)?)f is of order > k —1. 0
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4.3. The Iwasawa transform.

CONVENTION 4.12. For the rest of this section as well as in Sections 4.4 and 4.5,
we assume without loss of generality that x(v) =1+ p.

LEMMA 4.13.

(43) —L_—1 mod (pm, 7P h).

v(q)

Proof. We have ¢ = %, and y(1 4+ 7) = (1 +7)(1 4+ ¢(n)). Hence

¢ _  1+a+e)
(@) 1+ () + ¢*(n)

It remains to notice that ¢ = 7?~! mod p. Moreover, the constant term of ¢ (and
hence of ¢(q)) is p, and jzog(fp)] is the multiplicative inverse of 1+ p, which implies
the result. O

log™t log™
and —
v(log™) v(log™)

(and hence in particular congruent to 1 mod (pr,72) since we assume p > 3).

COROLLARY 4.14. Both

are congruent to 1 mod (pm, 7P~1)

Proof. Clear from Lemma 4.13 and the definition of logi. d

Define
( logJr )k_l 0
_ log™
ng 1) _ 7(log™) ke
0 o8
(v(log’)>

LEMMA 4.15. ngil) ~ ((1) (1)) mod (pr, 72).

Proof. Immediate from the definition and Corollary 4.14. O
Let wg be a uniformizer of E.

PROPOSITION 4.16. G ~ (é (1)) mod (wgm,72).

Proof. We first review the construction of G as in [BLZ04, §3.1]. For | > k, we
define recursively

G =gl V4 tH0

for some H € M (2,Z,[[X]]) where X = a,/p™ and m = L%J Note that X € mg

by assumption (C). The matrix G, is then given by the limit of G,(Yl) as | — oo.
Therefore, when k > 2, the result is immediate from Lemma 4.15.

When k = 2, it suffices to show that H(? = 0 mod wg. By construction (see
[BLZ04, Lemma 3.1.2 and Proposition 3.1.3]), H®) satisfies the following:

(44) H® — PyH® (pPy) ™' = —RM  mod 7
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1

for some matrix RV € XM(2,Z,[[r, X]]) and Py = (2 u
P

hii  hi2
ho1  hao

>. If we write H =

>, then (44) says that

(hu hi2 + hay

hoy By ) =0 mod X,

and hence we are done since wg|X. O
Let n} = @(n; @ 7' Fep_q) for i = 1,2. Let T = T(k — 1) and V = V(k — 1).
(In fact, the proof works for 7' = T'7(m) for any integer m.) Recall that x(v) = 1+p.

PROPOSITION 4.17. We have v[(1 + m)nf] = (1 + o(m)(1 + m)n}
mod (wre(r), p(n)?) fori=1,2.

n

/
Proof. We know that (Z}) = pPT (nl) ® p(m)Fej_1. Since the actions of v
2 2

and ¢ commute, we have v(PT)GL = o(GT) P, which implies

(nf) xors (555) wien ().

Now
™ x()
X3 = 1o+ o
(45) =1 mod (pr,7?)

where the congruence comes from the fact that the constant term of ¢ is p, and
hence the constant term of m is ijog(fp)j, which is equal to x(v)~!. Hence
7 (Xv((’ir))”) =1 mod (pp(r), p(7)?). Moreover, y(1 4+ ) = (1 + m)X(0) = (1 4+ 7)(1 +
(7). Hence

Y[+ m)ni] = (1L + () (1 + 7m0y mod (wre(r), ¢(r)?)

by Corollary 4.16 O
We will now show that we can adapt the arguments form Proposition 4.17 to pass
from o(7)(1 + m)n’ to p(7)?(1 + m)n} mod (wrp(n),(m)?) for i =1,2.

LEMMA 4.18. We have (v — D]e(m)(1 + mn}] = (™)1 + m)n}
mod (wre(r), p(n)3) fori=1,2.

Proof. We have y(7) = (1+m)(1 4+ (7)) —1 =7+ (1) + mp(7), so
)

p(y(m)) = @(m)(1 + »(q) + p(m)p(q))
o(m) mod (wep(r), o(r)?).

Therefore,

—

@(m)(1 +m)nt ]
(m) (1 + o(q) + o(m)e(q)) (1 +7)(1 + ¢(m))n] mod (wep(r)?, o(r)?)
(m)(L+ 7)1+ @(m))ny mod (weep(r),o(r)?)

v

¥
4
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and hence

(46) (v =D [e(m) (1 +mni] = e(m)*(1 4+ m)ny mod (weep(r),¢(r)?).

The lemma generalizes as follows for arbitrary r > 1.

PROPOSITION 4.19.  We have (y — 1)[p(m)"(1 + m)n}] = ()" (1 + m)n}
mod (wre(T)", o(m)"+2) fori=1,2.

Proof. Be the same calculations as in Lemma 4.18, we have

vle(m)" (1 + m)ny]

p(m)" (1 + 0(a) + @(m)p(g)" (1 +m)(1 + @(m))n}  mod (wrep(m) 1, p(m)+?)
p(m)" (L +m)(1+@(m))ny  mod (wre(m)",p(m)" ).

I =

O

DEFINITION 4.20. For all v > 2, denote by I, the ideal of o(Op ®z, Aap)
generated by the elements

@y o), wy 2e(n), . wpe(m) T e(n)
and let 3, = I.(¢*N(T))¥=°
Note that J, is stable under the action of G
LEMMA 4.21. We have (y —1)3, C Jpp1.

Proof. 1t is enough to show that (y — 1) [z¢(m)™ (1 + m)n}]| € Jy41 for any m > 0,
any v € I, and ¢ = 1, 2.
Let © = @y, Yp(m)? where 1 < j <r — 1. By Proposition 4.19, we have

(v =D [@g Te(m) ™ (1 +m)ni]
= ol T o(m)™ (1 4+ mn) mod (why T o(m) ™ @l p(m) M)

=0 mod J,41

for all m > 0. Similarly, the same holds for x = <p(7r)’“+1. Hence the result. O

PROPOSITION 4.22. We have
(v=1)"[(1+m)nj] = (r)" (1 4+ m)n; mod I,

for allr > 2.

Proof. We proceed by induction on r. Let r = 2. By Proposition 4.17, we have
(v = D[A +mni] = p(m)(1 +m)n;  mod (wpe(n), @(m)?).
It therefore follows from Lemma 4.18 and Proposition 4.19 that
(v = D?*[A+m)n] = p(m)? (L + m)n; mod (wrep(m), (7))
Assume now that the result is true for r — 1 > 2, so

(v=1)"""A+mni] =) 1+ m)n; mod Jp_i.
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Now

(v = D@ 1+ m)nj] = ()" (1 +7)n; mod (wee(r)" ", o(r)"*1)
= (7)™ (1 + 7)n, mod 7,

by Proposition 4.19. The result therefore follows from Lemma 4.21. O

To simplify the notation, let X = p(Op ®z, Aap)(l +m)ny + (O ®z, Aap)(l +
m)nk.

COROLLARY 4.23. For all x € X, there exist wi,ws € Ao, (T') such that

w1 ((1+mnt) + w2 (14 m)nh) —z € wpX.

Proof. (¢*N(T))¥=Y is complete in the (wwg, p(r))-adic topology, and the J,,
r > 1 form a neighbourhood of zero in (p*N(T))¥=C. Hence the result follows from
Proposition 4.22. O

Note that (¢*N(T))¥=0 is the A-orbit of X. The previous corollary therefore
implies the following result:

THEOREM 4.24. (0*N(T))¥=" is a free Ao, (Go)-module of rank 2, and a basis
is given by (1 4+ m)ny and (1 + m)n},.

Proof. Let y € (¢*N(T))¥=0. It follows from Corollary 4.23 and the fact that
Ao, (Gx) is p-adically complete that there exists wi,ws € Ag(Goo) such that y =
w1 ((1 + mnf) + w2 ((1 + 7)nh). As shown in [PR94], N(T)*=! is a free Ag(Goo)-
module of rank 2, and the map 1 — ¢ : N(T)¥=! — (¢*N(T))¥=0 is injective since
VHer = {0}. Hence the result. O

It therefore follows that after tensoring with @, there is an isomorphism of
Ap(Gs)-modules (the Iwasawa transform)

J: (@ NV — Ap(Go)®?

which satisfies the following condition: if y = y1(1 4+ m)n} + y2(1 + 7m)nf with y; €
o(E ®q, IB%Z)TP) (write y = (y1,y2)) and (21, 22) = J(y1,¥2), then y = z1[(1 + 7)n]] +
zo[(1 + m)nb]. In particular, J is additive and linear over E.

4.4. An algorithm for J. We now summarize the results of the previous section
to give an explicit description of J when restricted to ¢(E®q, Eap)(l +m)n) ®p(E®q,
Bapt)(l +m)n] = o(F ®q, B&p)@? For a non-zero y = (y1,%2) € (£ ®q, B&p)eﬂ, we
write

Y1 = Z anp(m)" and Yo = Z bn(m)".
n=0 n=0

On multiplying by a power of wg, we may assume that y € ¢(Op ®z, A@))692 but
wg ty. For such a y, we define the order ord(y) of y to be the minimum integer n
such that either a,, or b, is a unit in Og.

PROPOSITION 4.25. For y as above, there exists 2™ € (v — 1)"Ap, (T)? such
that y — 31 (™) has order strictly greater than n.

Proof. This is simply a reformulation of Proposition 4.22. In particular, one could
take

2 = (an(y = 1)", bu(y — 1)"). O
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COROLLARY 4.26. For y as above, there exists a sequence z(© 21 .. in
Ao, (T)92 such that 2 — 0 as i — oo and

(o)
y=37" <Zz(i)> € wup(Op @2, Ag,)”

=0

We write y(©) =y and u(®) for the infinite sum given by Corollary 4.26. Define a
sequence y(™ recursively: for n > 0, let y*+1) = (3™ — 371 (u™)) /wp where u(™
to be the sum given by Corollary 4.26 on applying it to y(™). Then, we have

) =) wpul).
1=0

4.5. The image of Col,. Throughout this section, we assume that assumptions
(B), (C) and (D) are satisfied.

DEFINITION 4.27. Let Col = Jo Col : N(T)¥=! — Ao, (G)®?, and fori=1,2,
define

Col;

T

CN(T)Y=! — Ao, (Go)

as the composition pr; o Col, where pr; is the projection from Ao, (Goo)®? onto the
i-th coefficient.

By abuse of notation, we also write Col; for the natural extension N(V)¥=! —
Ap(Gs). The aim of this section is to prove the following theorem.

THEOREM 4.28. The map Col, : N(V)¥=! — Ap(G.) is surjective.

The idea of the proof is to translate Proposition 4.7 using the explicit description
of J given in Section 4.4. Note that since J is a A (G )-homomorphism, it is sufficient
to show that w’} € Im(Col, ) for some m € Z.

PROPOSITION 4.29. Let y2 € ¢(Op ®z, Aap). Then there exists a sequence

2 € Ao, (') tending to 0 as i — +o0o and & € N(T)¥=! and y} € (O @2z, Aap)
such that

3(0,42) = 3o Col(#) = Y (0,2") + @5I(0, 45).
i>0

Proof. If (0,y2) = +00, then wg|y2 and we are done. Assume that ord(y2) = n
and write y = Zrzo bro(m)". Then, by Lemma 4.25,

(47) 30, y2) = IV, y8) + (0, ba(y — 1))

where yg) has order strictly greater than n. By applying J~! to (47), we see that

ya(1+m)ny = g3 (1 m)ng + 45" (L m)ms +baly — 1)1+ m)my).
Since G, is diagonal mod 7=, this implies that yil) =0 mod ¢(m)*!. In partic-
ular, the proof of Proposition 4.6 implies that there exists z; € N(7)¥=! such that

(1-@)zy = y§1)(1 + m)n}. Hence, we have

3(0,52) — J o Col(z1) = J(0,5") + (0, 21)
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where z(1) = b, (y — 1)™.
On applying the above to yél) and repeat, we obtain sequences {x,, € N(TW:I},
{z(" € Ap,(T")} and {yén) € @(Aap)} such that

300,94 ) = 3o Col(wa) = 3(0,55") + (0, 2),

the sequence m,, = ord(yé")) is strictly increasing, 2™ € (y — 1)™ 1A, (T) and
Col(zy) + (yén) - yénil))(l + mnb = zM[(1 + 7)nb]. Now Col(z,) € ¢(Of ®z,
Aap)(l + m)nf, so (i) &, — 0 and (ii) (yén) - yénil)) — 0. By completeness, (ii)
implies that yén) converges to an element in wrp(Op ®z, Aap). (The limit must be

in wpe(OF ®z, Aap) because the order of the limit is +o00 by construction.) Now,
on taking sums, we have for all n > 1,

i=1

i=1
We obtain the result by letting n — oco. O

COROLLARY 4.30. Let y2 € ¢(Ok ®z, Aap). Then there exists a sequence
2 € Ao, (T) tending to 0 as i — 400 and & € N(T)¥=" such that

J3(0,y2) = J o Col() = 2(07 2(0),
>0

/

Proof. Tterate the result in Proposition 4.29 for J(0,y}) etc. and use that both
Ao, (T) and ¢*(N(T))¥=0 are p-adically complete. [0

COROLLARY 4.31. Let y € (*N(T))¥=Y be of the form y = yanl for some
Y2 € (Op ®z, Aap)wzo. Then there exists a sequence 29 € Ao, (Gs) tending to 0 as
i — +oo and ¥ € N(T)¥=! such that

3(y) = Jo Col(@) =y _(0,21).

i>0

Proof. Immediate from the previous corollary and the observation that (O ®z,
A6P)¢=0n’2 is the A-orbit of p(Of ®z, Aap)(l +m)n,. O

We can now prove Theorem 4.28. By Proposition 4.7 there exists » € N(T')¥=!
such that Col(z) = wi (1 + 7)n} + y2ns for some yo € (O @z, Aap)d’:o, It is clear
that J(wF (1 + m)n}) = (w,0). Also, we know by Corollary 4.31 that there exists a
sequence z(Y) € Ap,(Gu) tending to 0 as i — +oo and & € N(T)¥=" such that

J(yany) —Jo Col(z) = Z(o, 2(0).
i>0

Hence J o Col(z) — J o Col(Z) = (w},0) + 32,54(0, 20) e,

JoCol(x —2) = (wh,0)+ Z(O’ 2(9).
i>0
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REMARK 4.32. Alas so far we don’t know how to translate Proposition 4.11 into
a statement about Im Col,.

REMARK 4.33. In a forthcoming paper [LLZ10], we give a description of the
1mages of the Col; using Perrin-Riou’s p-adic regulator.

5. Relations to existing work.

5.1. Fourier transforms. In this section, we prove a compatibility result in
p-adic Fourier theory (theorem 5.4 below) which will allows us to relate divisibility
of elements in H (G ) and of their images in (IB%Ig’Qp)wZO under the Mellin tranform.
This will allow us to compare our results above to the ones in [Kob03], [Lei09] and

[Spr09]. Throughout, E is a complete extension of Q.

5.1.1. The Fourier transform for Z, and Z,. We recall some standard re-
sults of p-adic Fourier theory. These results are due to Amice [AV75]; see also [Col10]
for a more modern account. We denote by C'*(Z,, E) the space of locally analytic F-
valued functions on Z,, with the topology it acquires as the locally convex direct limit
as n — oo of the Banach algebras of functions analytic on cosets of p"Z,. A distribu-
tion on Z, is a continuous E-linear functional C'*(Z,, F) — E; we write D'*(Z,, E)
for the space of distributions.

PROPOSITION 5.1 ([Col10, theorem 2.3]). There is an isomorphism between
D'%(Z,, E) and the subset of functions f € E[[T]] converging for all T in the open unit
disc of Cp, given by p— F,(T) =3 o T"n ((1)) The value of F,, at a pointx € £

n

(with |x| < 1) is p(kg), where ks is the unique character of Z, such that k(1) = 1+=x.

Thus we may identify D'*(Z,, E) with E ® B:gg@p. Under this identification, the

subspace Dla(Z; , /) of distributions supported in Z corresponds to (E®B;§g,@p)w:o
[Col10, §2.4.5].

Suppose p # 2. An alternative description of Dla(Z];< , E) is given by the isomor-
phism Z) = (1+pZ,) x A = Z, x A, where A is the group of (p — 1)st roots of unity
in Z,. If we fix a topological generator v of 1 + pZ,, we thus have an isomorphism

D*(Z),E) =2 E ® H(Go),

where as in section 3.4 above, H(G) is the ring of formal series f(y — 1), for f €
Qp[A][[X]] converging for all | X| < 1.
Thus for a distribution p on Z;, we obtain two power series

+ + \e=0
F‘;t (,/T) € (E ® IBrig,Qp)

and
Fi(X) e E@H(Gx).
These are related by the Mellin transform of lemma 3.7: we have 9MM(F, (7)) = F;

5.1.2. Step functions. Let n > 0 be an integer. We say a function f : Z, -+ E
is a step function of order n if it is constant on any coset a+p"Zy; the space Step,,(Zy)
of such functions is clearly a subspace of C’la(Zp, E) of dimension p™.

For each n we have an inclusion Step,,(Z,) — Step,,;(Z,). A section of this is
given by the “averaging” map I : Step,,,(Z,) — Step,,(Z,) defined by

1(f)(x) = }9 S fat ).

yEL/pL
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For n > 1, we say a function f € Step,,(Z,) is a primitive step function if it is in the
kernel of this map, and write PStep,,(Z,) for the space of such functions, which clearly
has dimension p"~!(p — 1). For consistency we take PStep,(Z,) = Step,(Z,) = K.

LEMMA 5.2. Let n > 0 and suppose E contains a primitive p™-th root of unity
Con- Then a basis for Step,,(Z,) is given by the functions x — ((pn)™, as t varies
through Z/p™Z. The subset corresponding tot € (Z/p™Z)* is a basis for PStep,,(Z;).

Proof. This follows immediately from the fact that = —
# 2 rezpnz(Gpr) ™ (Gpn) 7% is the characteristic function of a + p"Z,. O

We also have a “multiplicative” version. For n > 1, we define Step,,(Z,') as the
functions in Step,,(Z,) which are supported in Zy. For n > 2 the averaging map
restricts to a map Step,,(Z;) — Step,(Z; ), and we define PStep,, (Z,) to be its
kernel. We take PStep; (Z,5) = Step;(Z,; ), so for all n > 1 restriction to Z defines a
surjective map PStep,,(Z,) — PStep,,(Z,’).

LEMMA 5.3. A basis for Stepn(Z;) is given by the Dirichlet characters modulo p™.
For n > 2 the subset of primitive characters modulo p™ gives a basis for PStep,, (Z;).

Proof. Similar to the previous lemma. O

5.1.3. Relating the additive and multiplicative transforms. We now sup-
pose we are given a distribution pu € Dla(Z;< ,E). Let F . and F, j be the corresponding
transforms.

THEOREM 5.4. For n > 2, the following are equivalent:
1. Flf is divisible by the cyclotomic polynomial ®,,(1 4 ) in IB%;'Eg,Qp.
2. u annthilates PStep,,(Zy).
3. w annihilates PStep,,(Z ).
4. FMX (x) is zero for all primitive Dirichlet characters x mod p™.
5. F is divisible by @, 1(14 X) in E® H(Goo).

Forn =1, the same holds with the last two statements replaced by:
(4°) F\(x) is zero for all Dirichlet characters x mod p.
(57) F is divisible by X in E @ H(G ).

Proof. 1t is clear that (1) < (2) for arbitrary p € D'(Z,, E) (not necessarily
supported in Z; ), because of Lemma 5.2. Since restriction of functions gives a surjec-
tive map PStep,,(Z,) — PStep,,(Z,), we have (2) < (3). The equivalence (3) < (4)
follows from Lemma 5.3.

To show (4) < (5) for n > 2, let us write F = Zf;ll[r(z)]ﬂ(X), where F; €
E[[X]] and 7(i) € A is the Teichmiiller lift of 4. For any primitive p"~!st root of unity
(, there are exactly p — 1 primitive Dirichlet charcters modulo p™ mapping v to (,
and their restrictions to A are given by 7(i) + 7(i)* for k € Z/(p — 1)Z. So (4) is
equivalent to

4 T(i)*Fi(¢(—-1)=0

i=1

forall k =0...p — 2 and all primitive p”~'st roots of unity ¢, which is equivalent to
Fi(¢—1)=0foreachi=1,...,p— 1. In other words, each of the functions F;(X)
vanishes at every root of the polynomial ®,,_1(1 + X), which is clearly equivalent to
F being divisible by ®,,_1(1 + X) in £ ® H(Gw).
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(The only change necessary for n = 1 is to note that PStepl(Z;) is the linear
span of all Dirichlet characters modulo p, not just the primitive ones.) O

We also have an accompanying result:

LEMMA 5.5. Let F € (E®Br1g Qe )¥=0. Then ®1(1+ 7) divides F(x) if and only
if o(m) = 7®1(1 + 7) divides F(m).

Proof. Since 9 (F')(0) = 0, we have
F0)+ ) F(¢-1)=0.
CEpp

A1

Hence if F' vanishes at the points ¢ — 1 for primitive ¢ € pu,, then it must also vanish
at 0. 0

5.2. The case a, = 0. We now relate the construction of Coleman maps in this
paper to the construction given in [Lei09] for modular forms with a, = 0.

5.2.1. Construction of the Coleman maps. Consider f a normalized new
eigenform as in Section 3.3 with a, = 0. To ease notation, we assume that £ = Q,.
The plus and minus Coleman maps in [Lei09] are constructed as follows.

Let u = x(7). In [Pol03], Pollack defines the following elements of H (G ):

1og;;k H -

Jj=

log, . = H H P

’E»—l
+ﬁ»':18

k‘

Let v~ = i, vt = iy be the basis of Dcris(Vf) as in Section 3.3 and let n* =

1 +m) @vE € (B q,)? =" @ Deris(V). Let

Lyt Hiy(Qp, Vi(k — 1)) — H(Goo)
be the map defined by (18).
LEMMA 5.6. logik | L1+ (2) for any z € H{, (Qp, Vi(k —1)).
Proof. See [Lei09, Proposition 3.14]. O
One can therefore define
(48) Col™ : Hy,(Qy, Vi(k — 1)) — Ag, (Goc)
Ly (Z)

< > I
logp,k

In this setting, we can work out the matrix M in (20) explicitly. As in section

4 above, we let nq,n2 be the basis of N(V) constructed in [BLZ04]. The results of

op.cit. imply that the Op ® Aap—span of ny,no is N(Tf) for a Gg,-stable Opg-lattice
T C V7.
! f

Recall that M € Mg(@(Bngp)) is the matrix satisfying (ggg;g) =M (2)
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LEMMA 5.7. The matriz M is given by

( 0 (log™* (1 + w))kl)
—(log™ (14 7)/q)* 0 '

Proof. With respect to the basis n1,ng of N(Vy) over Bap, as chosen in [BLZ04],
the matrices of ¢ and v € G are given by

logt (147) k=1
_ (0 -1 (v(logﬂm))) 0
(49) P_(q’“ 0) and 0 (sheen )’H
~Y(log™ (14m))

respectively. Then,
71 = (logt (14 7)) 1n, and 7y = (log™ (14 7))* ny,

so the base-change matrix M’ (defined in (8)) is given by

(log™ (1 + 7))k—1 0
(50) ( " <log-<1+w»’“)

1
and the result follows from explicit calculations, using that M = (Wiq) PTM'—1,

O

LEMMA 5.8. We have o(log” (1 + 7)) = log" (1 + 7) and p(log™(1 + 7)) =
Blog™ (1 +).

Proof. Immediate. O
LEMMA 5.9. Forie{l,...,p— 1} we have

m-1 ((1 +)ilogt (1 + kL. ¢(1Ba;§g,@p)) = 7(i) log;, 4 (7) - H(T)
and
M (14 m) log™ (14+m) /g - (B, o)) = 7(0) logf, (7) - H(T),

where T(i) € A is the Teichmuller lift of i.

Proof. Let us suppose first that k = 2. Any element f € (1 + 7)"log™ (1 + 7) -
cp(IB%j;g Qp) is Flf for some distribution p on Zj, supported in i + pZ, C Z); hence
we have a corresponding multiplicative Fourier transform F; = M~L(f), lying in
7(1)H(T"). Moreover, we have the implications

logt(147) | fin Bj{g,@,,

< O,(1+m)| f for alleven n > 2
= @, (14 X) | M (f) for all odd n > 1 (by theorem 5.4)
<= log (14 X) | M ().
The second statement is similar, noting that ¢ = ®1(1 + 7) and hence log™ (1 + 7)/q

divides f if and only if f vanishes at the primitive p™-th roots of unity for all odd
n > 3.
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For general k > 2, we note that f € B;Eg,Qp vanishes to order £k — 1 at a point
z if and only if &7 f vanishes at z for j = 0,...,k — 2, where 0 is the differential
operator (1 + ﬂ)% introduced in §2.2. Applying the preceding argument to each of
the functions 07 f, we see that log™ (1 4 ) | f if and only if M~1(87 f) is divisible
by log™ (1 + X) for 0 < j < k —2. Since M YD f)(2) = M)W/ (1 +2) — 1)
where u = x(7), this is equivalent to the divisibility of f by log,, ;.- Again, the second
statement follows very similarly to the first. O

PROPOSITION 5.10. There ezists a* € Ap(Goo)* such that

_ 0 —a~ 1og];k
M= <a+ log;k 0 ‘

Proof. By Lemma 5.9, 9t restricts to an isomorphism of H (G« )-modules between
the subspaces X* = (1 + 7)p(logt(1 + m))F~1. @(E:Eg@p) and Y+ = 10gik H(Go)-
In particular, there exist a* € H(G ) such that

ML ((1 + 7m)plogE (1 + 7))k 1) = o log‘];'f,c .

Furthermore, (1 4+ 7)p(log=(1 + 7))*~! are Ag(Goo)-module generators of (1 +
m)p(log™ (1 + 7))k 1. @(Eap), by Proposition 4.24. Since any finitely-generated sub-
module of H(G ) is closed, they must be H (G« )-module generators of the closures of
these spaces, which are clearly X*. Therefore the images of (1 + ﬂ)(p(logi(l + )kt
under M~ must be generators of Y+, so the factors a* are units. [

Therefore, by (32), we have:

COROLLARY 5.11. Let a® be as in Proposition 5.10, then a~ Col; = Col™ and
at Col, = Col™.

5.2.2. Description of the kernels. The aim of this section is to give a simple
description of ker(Col;) for i = 1, 2. Recall that the basis 71, 5 of Dcris(Vf) determines
a basis of Dcris(Vf(k — 1)) via the map 7; — 7; ® ep_1t'~*. We first need to know
a bit more about N(V}). As stated in [Ber03, Section II.3], we have a comparison
isomorphism

L BE

rig,Qp [til] ®q, ]D)criS(Vf(k —1)).

[t @ N(Vy(k—1) =B q,

By (20) and (10), if z € D(Vz(k — 1))¥=!, then we can write ((z) = 21(h ®
ex—1t17F) + 29 (P2 ® e_1t'7F) where

for some 2, x} € IB%JFP.
We will need the following auxiliary lemma.

LEMMA 5.12. Let x be as above. Then p*=20(z1) + 0(z2) = 0.
Proof. By [Ber03, Theorem II.6], we have

(51) eXPikgp,vf—(kq) (hqlgp,vf—(kq)(fﬂ)) = (1 =p e Hoy(x).
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Since dy (z) = 0(x1)71 @ ef_1t'7F + 0(x2) e @ e,_1t' 7%, we have
(L—pto Moy (z) = (0(z1) — p '0(z2))v1 + (P 20(21) + 0(x2)) 10

The image of exp@p,vf,(k_l) is contained in Fil’ Deris(VF(k — 1)), which implies that

p=20(x1) + 0(z2) = 0. O

LEMMA 5.13. Let x € D(Vi(k — 1))¥=!, and write 1(x) = x1(1 @ ep_1t' %) +
12(Vs @ e_1t17%) as above. Then

(i) = € ker(Coly) if and only if p(z1) = —p*~1(z1);

(ii) = € ker(Coly) if and only if p(x2) = —p* 1 (x2).

Proof. We will prove the proposition for Col;; the proof for Coly is analogous.
Note that the condition that 1 (x) = z translates as ¥ (z1) = —p**zy and ¥(x2) = z;.
By Lemma 5.8, Coly (z) = 24 —¢(2}) = 0if and only if z2 = ¢(z1). Hence, Coly(z) =0
if and only if p(x1) = —pF~1ep(xq). O

PROPOSITION 5.14. Let x be as above, and write x; = f;(m) with f;(X) € Q,[[X]].
Then
(i) x € ker(Coly) if and only if

(52) Trq,. . /Qpn_1 (fl(Cpn — 1)) = 7p27k:f1(cpn—2 —1) for alln > 2, and
(53) Trg, /0, (f1(G — 1)) = =(1+p* %) 1(0);
(ii) x € ker(Coly) if and only if

Trq,,/Qpn 1 (f2(Gor — 1)) — > fo(Cpn — 1) for all n > 2, and
Trg, , /g, (f2(Gp — 1)) = =(1+p* %) f2(0).

Proof. We prove the proposition for Col;. Recall that

Y A+ T -1).

¢r=1

Hence, (1) = —p*~1¢(z1) implies that

(54) > A +m) —1) = —p> R (fi(m)).

¢r=1
Let n > 2. On applying 6 o =" to (54) implies that
Trg, . /gpn s (F1(Gn = 1) = > f1((pn — 1) = =p* Ff1(Gpn—2 — 1).
¢r=1

Similarly, we obtain the second condition by applying 8 to (54).
Conversely, assume that (52) holds for all n > 2, then ¢(f1) + p* 1 (f1) = 0 at
(pn — 1. Recall that x1 = 2 (log™ (1 + 7))*~! where 2 € IB%QSP. By Lemma 5.8,

p(a1) +p* (1) = (p(2)) + 9(¢" h)) (log™ (1 +m))* .

Hence, the power series in Q @ Z,[[X]] corresponding to (p(z}) + ¥(¢"~1a})) has
infinitely many zeros, so it must be zero itself and we are done. O
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As a corollary, we obtain the following descriptions of ker(Col;).

COROLLARY 5.15. For = € D(Vik — 1)Y=, write en(z) =
XPy, v, ©Pn oh(bp’lw(x) where Pr,, is the projection from H{, (Qy,, Vi(k —1)) to
HY(Qpn, Vi(k —1)). Leti =1 (respectively i = 2), then

ker(Col;) ={z € D(V(k — 1)Y= ep(x) =0 and enqq ()
=p e (x)V odd (respectively even) n > 1}.

Proof. Again, we only prove this for i = 1. By [CC99, Théoréme IV.2.1], we have

en(z) = p~ "0y (p~"(z)) for all n > 1. But ¢~ 2 is the multiplication by —p*~1 on

Deris(Vy(k — 1)). Using again that Im(exp;yf(kil)) C Fil’ Deyis (V), we see that
ean(®) = 72" - (—p)" BV f1 (Cpen — V)in @ 1 Fepy
eant1(x) = ])_277“_1 . (—p)n(k_l)fQ(Cp27L+l -1 ® tl_kek_l

and fa(Cpen — 1) = f1({pzn-1 — 1) = 0 for all n > 1. Therefore, (52) holds for 2n — 1
and for 2n if and only if es,(z) = Trp,, /5y, (€2n41(2)) = plean_1(x).

Now eg(x) = (f1(0) — p~1f2(0))71 @ t!~*ep_1 by (51) and pF~2f,(0) + f2(0) =0
by Lemma 5.12, so

eo(z) =1+ p" ) (0 @t Fepy = —*F +p7 ") f2(0)7 @ ' Fery

The condition (53) is therefore equivalent to f1(0) = 0, which in turns is equivalent
to eg(x) =0. 0

In the rest of this section, we will relate Corollary 5.15 to the description of
ker(Col®) in [Lei09, Section 6]. Recall that H}(me,Tf(l))i is defined by

{z e H}(prn,Tf(l)) L COTy /41T € H}((@p,m, Ty(1)) Ym even (odd),m < n}.
Denote by HL(Qp.n, T(k—1)) the annihilator of H}(Qp,,, Tf(1))* under the pairing
(55) [+ HY (Qpn, Tr (1)) % HY (Qpon, Tk = 1)) = Zy.

As shown in [Lei09, Section 4.4], we have ker(Col*) = lim HL(Qpn, Tf(k — 1)).
Hence, we can identify the kernels described in Corollary 5.15 with ker(Coli) de-
scribed in [Lei09] via the isomorphism hllw,Vf(kfl):

PROPOSITION 5.16. For any © € H'(Qpn, Tf(k — 1)) and m < n, let ey (z) =
exp;yf(kfl)(corn/m(m)). Then, HL(Qp,n, Tf(k—1)) coincides with the following set:

{z € Hl(prn,Tf(kfl)) ceo(x) =0 and e (z) = p~tem_1(2)Vm odd (even),m < n}

Proof. On the one hand, (55) factors through

H' (Qpn, Ty(k — 1))
Hi(Qpn, Tr(k — 1))

H(Qpn, Tr(1)) x — Zyp.

On the other hand, the pairing

Trn/o

[~ T (@ ® Do (V3 (1)) % (@i @ D (Vilk = 1))) = Q. =5 Q,
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factors through
(@ ® Deris(V(1)/DEis (V7 (1)) X (@ @ Dlse (Velk = 1)) = Q.

Hence, the compatibility of the two pairings, namely [exp,, v, (1)(~), ~]n = Try o[~
anp;,vf(k_n(N)];w implies that H1(Qp,n, Tf(k — 1)) is the expfhvf(k_l)—preimage of

1
(Qf © Dexis (V7 (1)) /D0 (V4(1)))  where
in ={2 € Qpun:Try/my1(x) € Qprn ¥m even (odd), m < n}.

But we have:
(00 © D Vs (1)/B0 V(1)) = (QF,)” © BlVylk — 1)

1
where ( §n> is the orthogonal complement of Q;‘fn under the pairing

Qpn X Qpn — Qp
(.ﬁ,y) = Trn/O(xy)

By simple linear algebra, we have

L
(@;‘fn) ={r € Qpn:Tryyo(z) = 0and Try/pmi1(x) € Qpom ¥m odd (even), m < n},

hence the lemma. 0

5.3. Elliptic curves with a, = 0. We now specialize to the case when f corre-
sponds to an elliptic curve £ over Q with a;, = 0. Then Vp(k—1) = V;(1) = Q,®z, T,
where T' = T},(E). Furthermore, E[p] is irreducible as a mod p representation of Gg,;
thus 7' is the unique Gg,-stable lattice in Q,®z, T,,(E) up to scaling, and in particular
we may take the lattice Ty(1) constructed in [BLZ04] (which is only defined up to
scaling) to coincide with T

In this situation, we can recover results of Kobayashi [Kob03] which give a precise
description of the images D(T)¥=! under the Coleman maps. Recall that if €
D(V)¥=1, say o = (x1n1 + 29n2) ® m~tey, then we have

Coli(z) = 22 — p(x1)
Coly(z) = qr1 + (1)

where we have replaced Cols by — Cols for simplicity.

PROPOSITION 5.17. The map Coly : D(T)¥=1 — (Aap)wzo is surjective.

Proof. We first show that (ﬂAap)wzo C Im(Coly). Ify € (ﬂAap)wzo, then the

series Zi>1(71)i% and Zpo(fl)i% converge in Aap to elements
x1 and z, respectively, and it is easy to see that ¥(qx2) = —x1 and ¥(x1) = z2. Tt
follows that if we let x = 21 log™ (1 4+ 7)v1 + @2 log+(1 + m)va, then z € D(T)¥=!, and
moreover Coly (z) = 22 — p(x1) = y.

In order to prove surjectivity of Colj, it is hence sufficient to show that
there exists y € Im(Col;) with y = 1 modw. Let y € A&wzo such that
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| (1 + 7P + y). As above, the series 2@1(—1)"%%@ and

s
Z ( )z () +* T (4m)

P) g7 (g converge in Aap. Let

21 1 )+()021(1+7T)
a=g | 0+m)+ Z 2i—2 ’
= %2 (q)
1 ¢*'(y) + ¢* (1 + )
72 =5 q(1+m) +Z ) 2i—1
2 e(q) ... v*1(q)

It is easy to see that ¥2(q(1 + 7)) = 0, so 1¥(qz1) = —z2 and ¥ (z2) = z1. It follows
that if we let z = z; log™ (147)v1 + 22 logT (1 47)v, then 2 € D(T)¥=', and moreover

Coli(z) =20 —¢(21) =1 modw. 0O

COROLLARY 5.18. The map Col, : D(T)¥=1 — A(G) is surjective.

Proof. By Proposition 5.17, there exists # € N(T)¥=! such that Col;(z) = 1 +
w. The result therefore follows by precisley the same argument as in the proof of
Theorem 4.28. O

PROPOSITION 5.19. The image of Coly : D(T)¥=! — (A@)wzo is equal to
(a57=")% + oAb =,
Proof. A similar argument to the one in the proof of Proposition 4.6 shows that
o(m )AJ“w:O C Im(Colz). In [Fon90], Fontaine shows that (A&p)A = Zyp|[mo]], where
To = =P+ D acr, €] o], Note that f(m) = 0 and 0 o p~!(mg) = —p, s0 T9 = —p + aq
for some a € A g, satisfying a =1 mod 7. Now {[e ]! ]}aE]F; is a basis for A&p over
@(Aap), so Y(mg) =1 — p, and hence g +p—1 € Aa},}w:o. In order to prove that

(A6;¢:0)A C Im(Coly), it is therefore sufficient to prove the following results:
1. mo +p — 1 € Im(Coly);
2. Ify e (A&;wZO)A, then y = ¢(mo + p — 1) mod ¢(7) for some ¢ € Z,,.

Proof of claim 1. Note that since mo+p—1= —1+¢ mod ¢(r), (a) is equivalent
to showing that there exists y € Im(Coly) such that y = —1+ ¢ mod (7). If i(x) =
x1log™ (147)v1+a2 log™ (1+7)v for some x € D(T)wzl, then Cola(z) = gx1 +¢(z2).
As shown in Lemma 5.12, we have 6(z1) = —6(z2), s

Cola(z) = 0(z2)(1 — ¢) mod ().
)

Suppose now that (z2) = 0 for all z € D(T)¥=L. Then, the fact that Coly (z) =
6(z2) — 6(z1) mod 7 implies that Coli(x) € 7rA+p for all z € D(T)¥=1, which con-
tradicts the surjectivity of Coly. O

Proof of claim 2. We will show that if y € (A&w=0)A, then
(56) y=c(—14+¢q) mod p(m)

for some ¢ € Z,. Write y = f(m) = g(m). In order to show (56), it is sufficient to
prove that g(0) = —(p — 1)g(¢, — 1). The condition that y € ker(s) translates as

LS H(-pt X e ) =0

5? 1 a€lFy
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Evaluating this condition at 7 = 0 shows that f(0)+ (p—1)f(—p) = 0. By definition,

we have mo = —p + > o (T + Dl so g(0) = £(0) and g(¢, — 1) = f(—p), which
finishes the proof. O

This completes the proof of proposition 5.19. O

Let n: A — (Z/pZ)* be a tame character. For a A(Go)-module A, denote by
A" the A(G)-submodule of A on which A acts via 7. The following result is an
immediate consequence of Proposition 5.19.

COROLLARY 5.20. We have

(A7) ifn=1
(@(W)A&wzo)n otherwise

m(Coly)" = {

We can translate Proposition 5.19 and Corollary 5.20 into a statement about

m(Coly).

PROPOSITION 5.21.  The image of Col, : D(T)¥=! — A(Gw) is equal to
(F56)A(Go) + (7 = DA(Geo).

Proof. Let y2 = o(m)(1 + m) € Im(Colz). As shown in the proof of Propo-
sition 5.19, y = (0,y2) € Im(Col); more precisely, there exists z € N(T)¥=! such
that Col(z) = y. Applying the algorithm for J (see Section 4.4) to y shows that
Coly(x) = (y — 1) mod (p, (v — 1)?), so the A(G)-submodule of A(Gx) generated
by Col,(x) is equal to the ideal generated by (v — 1).

Furthermore, y} Zf;ll (r + 1)* € Im(Coly) by Proposition 5.19, and every y €
m(Coly) is congruent to a scalar multiple of y5 mod (). If 2/ € N(T)¥=! satis-
fies Coly(2’) = y4, then again the algorithm for J implies that Col,(z) = >0~ !
mod (v — 1). This finishes the proof. O

COROLLARY 5.22. We have

cay - {AGR = (T NG =1
o) {(( DAG )) otherwise

Note that the results of Corollaries 5.18 and 5.22 are equivalent to Theorem 6.2
in [Kob03].

5.4. The case k = 2. In this section we consider the case of modular forms which
have weight 2 and are non-ordinary at p. For modular forms with trivial character
and coefficients in Q (hence corresponding to elliptic curves), but with a, # 0, this
case was studied in detail by Sprung.

5.4.1. Coleman maps via the Perrin-Riou pairing. We first review
Sprung’s construction of the Coleman maps for elliptic curves over Q with p | a,
but a, # 0, and explain how we can rewrite these Coleman maps using Perrin-Riou’s
pairing.

Let f be a modular form as in Section 3.3 with & = 2. Define for n > 1

(5 )= (5 M) (5 ) canuin,

Then, we have:
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LEMMA 5.23. Let i € Z and write

n -1 ap ey 1o
Then, A" converges in Ma(H(Goo)) as n — oo for a fized i. Write AL, for the

limit, then all entries of A’ are O(logzl,m). Moreover, if n is a character on G
which factors through G, but not Gy,_1, then n(AL)) = n(AL ™) for any m > n — 1.

Proof. [Spr09, Lemma 3.21] 0

PROPOSITION 5.24. For any z € H{, (V;(1)) and 0 # w € DL (Vy), the entries
of the row vector

(L1, 04mee@) (2)  —L101mew(2)) AL

are both divisible by log,(v)/(y —1).

Proof. For n € Z, write u, = (o™ — ")/(ac — ) where a and S are the roots of
X? —a,X + p. Then, ¢" = u,p — pu,_1 and

n
0 p\ _(~Pun-1 pun
-1 ap —Up, Up4+1)

Therefore, if n > 1 and 7 is a character of G5, which factors through G, but not
Grn—1 (so n(v) is a primitive p"~!-th root of unity), we have

—PU_pp _ 0 0 e! Tl
A—l _ PU—n—1 pPU—n n—2 n—2
n(A) ( —U_np, U_pt1 -1 a K @%_2 T%_Q
where the last matrix is the identity if n = 2.

By [Lei09, Section 3.2.1], we have

n(‘cl,(l-i-w)@'u(z)) = 7_(771_1)

S 0 @)l " W) expl s (D)l

ceG,

for any v € Deyis(Vy) and z € Hy,, (V7(1)). Hence, if w € D} ;. (Vy), then

1 ((GLLameee) (7). —L1aimes(2) AL) =0

because

1 _ —PU_pn—-1 PU—p 0 0\ _
(pu7n+1 ufn) ( s U—n+1> <_1 ap> =0,
which implies that
(lcp*"H(w) fcp*"(w)) “PU-n-1 Pl-n 0 0 =0 mod D! (V).
D —u_, U_pi1 -1 a, cris\ V' f

a
By [PR94], the image of £y (14m)gv is O(logzl,/Q) for any v € Deyis(Vy), so we
obtain two Coleman maps:
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DEFINITION 5.25. Fiz a non-zero element w € D!, (Vy). For x = Y,v and
z € Hllw(Vf(l))7 Col*(2) € Arp(Gw) is defined by
(57)
(Col”(z) Col’(2)) -log,(1)/p(y — 1) = (2Latmee@ (2) —Latmew(2)) A

In particular, we can define two p-adic L-functions
Ly = Col*(z%%%°) € Ap(Goo)

Kato

where z is the localization of the Kato zeta element and x = 9, v.

REMARK 5.26. The results above hold for any modular forms with k =2, pt N
and vp(ap) > 1/2. This setting is slightly more general than that in [Spr09).

5.4.2. Compatibility of Coleman maps. Since condition (C) holds and k =
2, with respect to the canonical basis of N(Vy) given above, P is simply

@ (4 )

Write BY (respectively B?) for the matrix obtained from A’  (respectively A?)
by replacing ®,,, () by ©™ 1(q) for all m. Then, we have:

LEMMA 5.27. Under the notation above, M’ = BY..

Proof. By (58), (B;;™)T = Pp(P)--- "1 (P)AJ". For v € Goo, we write G(y") =

n

(By™T -y ((B;™T) ™. Then,

n

Py (G(W”)) (Pt = G(W”'H).

Hence, if we write G, for the limit of ng) as n — 0o, then
P p(Gy) y(P)h =Gy,

It is easy to check that G, satisfies G4, = G, - 71(G+,) for any 71,72 € Guo.
Hence, we recover the action of G, on the Wach module N(Vy). In other words,
G, is the matrix of v with respect to the basis nq, no chosen in [BLZ04]. Since

G,=(BL)T -~ ((Bgo)T)_1 and G- |r=o = I, we have

B (™ e((E®B+ )®N(V))G°°—D W(V7)
%\ ng rig,Qp f = Yeris\Vf

and M’ = BY,. O
We write A¢ = det(A)A~! if A is an invertible matrix, then we have:

COROLLARY 5.28. The matriz M can be obtained from (A )¢ by replacing ®,

by o(q)™.
Proof. Recall that

t t
M = _PT M/ -1 _ ° lel AT.
Lprary = Lo Al
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By Lemma 5.27, det(M') = det(B%,) = [I,>0 ‘Pnp@ = t/m. But det A,, = p and
ALft = ATA? for all i. Hence, we have

M = ((AD)71BY)" = p(BLL)*

and we are done. O
On setting 11 = —w in (57), (32) implies that

(59) (Col, Coly) MAZ! = (Col” oh},, Col”ohl, )log,(v)/p(y — 1).
By [Spr09],
Im(Col”) = Im(Col”) = Ap(Gs)

and (59) implies that the matrix M A defines a A 5(G o )-linear map from A g(Goo )92
onto (log, (7)/p(y—1)Ap(Gs))®?. Hence, there exists A € GLy(Ap(Gw)), MAL =
[log, (7)/p(y — 1)]A. This implies

(Coly Coly) A = (Col’ oh, Col”ohh,) .

We also see that M and (A5})¢ agree up to an element in GL2(Ag(Gys)) which is a
generalization of Proposition 5.10 because of the description of M in Corollary 5.28.

6. Main conjectures.

6.1. Kato’s main conjecture. In general, if V is a p-adic representation of Gg
unramified outside a finite set of primes, and T is a Z,-lattice in V stable under G,
we write

Hl(T) = @Hét (SpeCZ[Cp"a %]J*T) )
H'(V) = Qp @z, H'(T).

for ¢ = 1,2; see [Kat04, §§8.2 & 12.2]. Here j is the natural map SpecQ({pn) —
Spec Z[(pn %] Note that H*(V) is independent of the choice of lattice T
We now continue under the notation of Section 3.3 and Section 3.6. Fix a uni-
formizer @ of Op. Let Z(Ty) C H'(Ty) denote the Ao, (G )-module generated by the
Kato zeta elements as defined in [Kat04, Theorem 12.5] and write Z(Vy) = Z(Ty) @ Q.
The following assumption will be needed for some of the results below.
e Assumption (E): there exists a basis of Ty for which the image of
Gal(Q/Qx) in GL2(OF) contains SLa(Z,).
THEOREM 6.1 ([Kat04, theorem 12.5]). Let n: A — Z, be a character, then:
(a) H?(Ty) is a torsion Ao, (Gs)-module.
(b) HY(T}) is a torsion free Ao, (Goo)-module and H' (V) is a free Ap(Goo)-
module of rank 1.
(¢c) The quotient H'(V})/Z(V}) is a torsion Ag(Gso)-module.
(d) Chary ) (B (Vy)?/Z(Vy)") © Chary vy (H2(V))7).
(e) If assumption (E) holds, then Z(Ty) C H'(Ty). Moreover, H'(Ty) is a free
Ao, (Gso)-module of rank 1 and

Chary,, () (H'(T7)"/Z(T7)") C Charp,, o) (H(T)").
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Kato’s main conjecture states that:

CONJECTURE 6.2. Let n: A — 75 be a character, then Z(Ty)" C H'(Tf)" and
Chary,, () (HY(Ty)")Z(T)") = Chary,, o (H(Tp)™).
REMARK 6.3. The above formulation of the conjecture can be found in [Kob03,

§5/; it is more convenient for our purposes than the original formulation (Congjecture
12.10 of [Kat04)).

6.2. Reformulation of Kato’s main conjecture. Let K be a number field.
The p-Selmer group of f over K is defined by

Sel,(f/K) = ker <H1(K, Vi/Tr(1) — | Hl(KwVf/Tf(l))>

where v runs through all the places of K.

We choose a “good basis” vy, v, of ]D)C,iS(Vf) in the sense of subsection 3.3. Lemma
3.15 shows that we may find a lift n;,n2 of this to a basis of N(V}) such that (1 +
(T i @er—1), (1+m)p(r' "Fna®ex_1) is a Ap-basis of N(Vz(k—1)). We choose
such basis (n1,ns2).

With respect to this basis, we write H}(Qpn, Vy/Tf(1))" for the annihilator of
the projection of ker(Col;) in H'(Qy,», T¢(k — 1)) under the pairing

HY(Qpon, Tk = 1)) x H'(Qpon, Vi /T1 (1)) = E/Op.
This enables us to make the following definition:

DEFINITION 6.4.

MWQWW=MG%W@W”%EQMWWMW

Sell (f/Quo) = limg Sel}(/Qyizn ).

n

mewmmw

By the Poitou-Tate exact sequence (see [Kob03, Section 7] and [Lei09, Section
4]), we have

(60) Hl(Tf(k —1)) =» Im(Col,) — Selé,(f/@oo)v — HQ(Tf(k -1)—0

where (-)V denotes the Pontryagin dual.

THEOREM 6.5. Under assumption (A) (if f is supersingular at p) or assumption
(A’) (if f is ordinary at p), Sel,,(f/Qw) is Aoy (Goo)-cotorsion. Moreover, there exist
some n; > 0 such that

@™ L), € Chary,, _(r(Sel;,(f/Qo0)"")
where 1 is any character on A when i = 1 and it is the trivial character when i = 2.

Proof. Assume f is supersingular at p. By Corollary 3.29, assumption (A) implies
that L), # 0. Hence, the cokernel of the first map in (60) is Ao, (G o)-torsion. But
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H?(Tf(k — 1)) is also Ao, (Goo)-torsion by [Kat04], so Sel;-)(f/(@oo)v is Ao, (Goo)-
torsion, too.

As in [Kob03, Theorem 7.3], the first arrow of (60) is now injective and there
exist n > 0 such that

0 — H'(TF(k = 1))/Z(Tf(k — 1)) = Im(Col;)/ (@™ Ly,;)
(61) — Sel! (f/Qo0)” — H*(T(k — 1)) — 0.

Hence, the second part of the theorem follows from Theorem 6.1(d) on taking 7-
components. The proof for the ordinary case is analogous. O

COROLLARY 6.6. Let 0 be a character on A as above. If assumptions (A) (or
(A’) depending on whether f is supersingular or ordinary at p) and (E) hold, then
Kato’s main conjecture is equivalent to

Chara,, () (Sely (f/Qu) ") = Charp,, vy (Im(Col;)" /(L] ;).

Proof. 1t follows immediately from (61). O

REMARK 6.7. We do not assume that ni,ns is an O ® Aap-basis for N(Tf).

Hence Im(Col,) need not be contained in Ao, (Go); but it is still clearly a Ao, (Goo)-
submodule of Ap(Goo).

By Theorem 4.28, if f is supersingular at p, then assumptions (B), (C) and
(D) imply that Im(Col;) = Ar(Gs). Therefore, we can reformulate Kato’s main
conjecture in the following form:

COROLLARY 6.8. If f is supersingular at p and assumptions (A)-(D) all hold,
then Kato’s main conjecture (after tensoring by Q) is equivalent to the assertion that
CharAE(p)(Selzl,(f/Qoo)V’”) is generated by L) ;.
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