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LOCAL HARNACK ESTIMATE FOR MEAN CURVATURE FLOW

IN EUCLIDEAN SPACE∗

JIE WANG†

Abstract. We obtain the local Harnack estimate of mean curvature flow in Euclidean space
R

n+1, under the condition −m(t)g
ab

≤ h
ab

≤ Mg
ab

, s.t. 0 ≤ m(t) ≤ M , and Dtm(t) ≥ (n+3)mM2,

on t ∈ [0,
π
2

4(n+1)M2 ]. As a corollary, we get a sharp gradient estimate of mean curvature in some

directions.
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1. Introduction. The differential Harnack estimate of mean curvature flow was
done by R.Hamilton in [1]. Recently, Hamilton find a new method to get local Harnack
inequality for Ricci flow in [2].

Theorem 1. (Hamilton’s Local Harnack estimate for Ricci-flow) Let Mn is a
Riemannian manifold. (M, g(t)) is the solution of the Ricci-flow equation

∂

∂t
gij = −2Rij , t ∈ [0, T ).

U ⊂ Mn is an open set. On U × [0, t0], t0 < T it satisfies the following curvature
condition: ∃C0, ∀M > 0, where M is a positive constant











−m(t)(gacgbd − gadgbc) ≤ Rabcd ≤ M(gacgbd − gadgbc),

0 ≤ m(t) ≤ M t ∈ [0, t0]

m′(t) ≥ C0mM t ∈ [0, t0]

O ∈ U , set C1 = Mr2, s.t.Br(O, t0) ⊂⊂ U , then for ∀(p, t) ∈ B r
2
(O, t0) × [t0 − r2

4 , t0]
and ∀V ∈ TpM

n, we have

DR(V )2 ≤ CM2(Rc(V, V ) + Cm|V |2).

Where C only depends on n, C1 is a positive constant.

Then by using the inequality, Hamilton get a theorem of curvature bound at finite
distance for Ricci-flow in [3].

Motivated by his work, the author do a similar work in mean curvature flow.
Maybe the work will be used in mean cuvature flow as the same way.

Let Mn be a smooth manifold without boundary, and let F0: Mn → R
n+1 a

smooth immersion. Let

F (·, t) : Mn × [0, T ) → R
n+1,
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be a one-parameter family of smooth hypersurface immersions in R
n+1. We say that

it is a solution to mean curvature flow if

∂

∂t
F (x, t) = H(x, t)−→ν , x ∈ Mn, t > 0,

where H and −→ν are mean curvature and unit inward unit normal respectively, so H−→ν
is the mean curvature vector.

Set U ⊂ Mn is an open subset, and on U × [0, t0], s.t. t0 < T , we have the
curvature condition −Mgab(t) ≤ Hab(t) ≤ Mgab(t). Let 0 ≤ R ≤ π

2
√

n+1M
, O ∈ Mn,

BR(O, t) is a geodesic ball centered at O, R is the radius at time t, s.t. BR(O, t)
⊂⊂ U at t ∈ [0, t0]. So we can set MR = C0. Set dt(x) = dt(x, O) is the geodesic
distance function from O to x respect to gij(t).

Through out the paper, we call the curvature condition

(⋆)











(1) − m(t)gab(t) ≤ Hab(t) ≤ Mgab(t)

(2) 0 ≤ m(t) ≤ M on t ∈ [0, R2]

(3) Dtm(t) ≥ (n + 3)mM2 on t ∈ [0, R2]

.

Main Theorem 1. If on BR(O, t)× [0, R2] the condition (⋆) is satisfied, then at
∀(x, t) ∈ BR

2

(O, t) × [0, R2], ∀V ∈ TxMn, we can find some constant B > 0, depend

only on n and C0, then the local Harnack estimate holds, DtH +m(t)H2 +2DH(V )+

(Hab + m(t)gab)VaVb + BM(1 + R2

(R2−4d2)2 + 1
t ) ≥ 0.

Then we get a sharp gradient estimate of mean curvature:

Corollary 1. Under the same condition of Main Theorem1, at point (O, R2),

we have






























(1) |DH(V )|2 ≤ CM3(Hab + m(t)gab)VaVb, M ≥ 1

(2) |DH(V )|2 ≤ C(Hab + m(t)gab)VaVb, 0 ≤ M < 1

(3) |DH(V )| = 0

if [DtH + m(t)H2

+BM(1 + 1
R2 + 1

t )](O, R2) = 0

or (Hab + m(t)gab)VaVb(O, R2) = 0

,

C is depend only on n and C0.

Now we introduce the structure of the paper. In section 2, we introduce the
notations and conventions. In section 3, we use the Huisken-Ecker gradient estimate
in [4] to get a proper form of gradient estimate of curvature under the curvature
condition (⋆). In section 4, we introduce a good extra term, it has positive lower
bound and it play an important role in the local Harnack estimate. In section 5, we
estimate the lower bound of another extra term in Harnack calculation, using the
gradient estimate we got in section 3. Then we use the good extra term to get local
Harnack estimate under condition (⋆) in section 6. In section 7, we have some remarks
to verify the inequality and the method are not trivial.
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2. Notations and conventions. M is an n-dimensional manifold without
boundary immersed in Euclidean space R

n+1, it is parametrized locally by X = {xi}
in R

n, which (i = 1, ..., n). We denote Y = {yα} in R
n+1 (α = 1, ..., n + 1), M is

locally by yα = Fα(xi). The tangent vectors on M in R
n+1 is denoted by DiY = ∂Y

∂xi .
The Euclidean metric is I = {Iαβ}, then the induced metric G = {gij} on M is

gij = I(DiY, DjY ) = IαβDiy
αDjy

β .

The unit normal −→ν = {Nα} is defined by

IαβNαNβ = 1 and IαβNαDiy
β = 0.

On the convex surfaces we take −→ν to be inward. The metric G = {gij} induces a Levi-
Civita connection Γ = {Γi

jk} on M . So we can take covariant derivatives D = {Di}
of tensors on M .

We denote A = {hij} be the second fundamental form of M , H = gijhij is the
mean curvature.

3. Gradient Estimate of second fundamental form. In this section, we will
use Hessian comparison theorem and Huisken-Ecker gradient estimate in [4] to get the
gradient estimate in a proper form.

We know on U × [0, t0], we have −Mgab(t) ≤ hab(t) ≤ Mgab(t), then Rabab =
HaaHbb − HabHab. So we have

−(n + 1)M2 ≤ Rabab ≤ (n + 1)M2.

We now use the Hessian comparison theorem in Chapter6 in [5].

Theorem 2. (Hessian comparison theorem) Assume that (M, g) satisfies k ≤
sec ≤ K. If gr represents the metric in the polar coordinates, then we have

Sn′
K(r)

SnK(r)
gr ≤ Hess(r) ≤ Sn′

k(r)

Snk(r)
gr,

where

SnK(r) =















1√
K

sin(
√

Kr) if K > 0

r if K = 0
1√
|K|

sinh(
√

|K|r) if K < 0

.

By this theorem, we get

(n − 1)
Sn′

K(r)

SnK(r)
≤ ∆r ≤ (n − 1)

Sn′
k(r)

Snk(r)
.

Lemma 1. If U ⊂ Mn is an open subset, and on U × [0, t0], s.t. t0 < T , we
have the curvature condition −Mgab(t) ≤ hab(t) ≤ Mgab(t). Let 0 ≤ R ≤ π

2
√

n+1M
,

O ∈ Mn, BR(O, t) is a geodesic ball centered at O, R is the radius at time t. Set
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dt(x) = dt(x, O) is the geodesic distance function from O to x respect to gij(t). Then
on BR(O, t) × [0, R2] we have

|d∆d| ≤ (n − 1)π

2
· eπ + 1

eπ − 1
.

Proof. Because −(n + 1)M2 ≤ Rabab ≤ (n + 1)M2, then

(n − 1)d
Sn′√

n+1M
(d)

Sn√
n+1M (d)

≤ d∆d ≤ (n − 1)d
Sn′

−
√

n+1M
(d)

Sn−
√

n+1M (d)
,

so we get

(n − 1)(
√

n + 1Md)ctg(
√

n + 1Md) ≤ d∆d ≤ (n − 1)(
√

n + 1Md)
e2

√
n+1Md + 1

e2
√

n+1Md − 1
.

It is easy to verify that limx→0 xctgx = limx→0 x coth(x) = 1, and on [0, π), xctgx
is a decreasing fuction, x coth(x) is a increasing funtion. When d ≤ R ≤ π

2
√

n+1M
,

then x =
√

n + 1Md ≤ π
2 , so 0 ≤ d∆d(x, t) ≤ (n−1)π

2
eπ+1
eπ−1 , (x, t) ∈ BR(O, t)×[0, R2].

Lemma 2. On (x, t) ∈ BR(O, t) × [0, R2],

|( ∂

∂t
− ∆)d2| ≤ C, |∇d2|2 = 4d2,

where C is a positive constant depend only on n.

Proof. Because ∂d2

∂t = 2d∂d
∂t = 2d d

dt

∫

γ

√

gijxixjds = 2d
∫

γ −HHijx
ixjds. So

| ∂
∂td

2| ≤ nM2d2 ≤ nπ2

4(n+1) . In another hand, |∆d2| = |2|Dd|2 + 2d∆d| = |2 + (n −
1)π

2
eπ+1
eπ−1 | ≤ C. So we have

|( ∂

∂t
− ∆)d2| ≤ C.

And |∇d2|2 = |4d2|∇d|2| = 4d2.

Now we state the Theorem3.7 in [4] as follow.

Theorem 3. (Theorem 3.7 in [4]) Let r = r(x, t) ≥ 0, satisfies

|( ∂

∂t
− ∆)r| ≤ C(n), |∇r|2 ≤ C(n)r.

Let R > 0, s.t.{x ∈ Mt|r(x, t) ≤ R2} is compact for t ∈ [0, T ]. Then for 0 ≤ θ < 1,
t ∈ [0, T ] and integers l ≥ 0, we have the estimate

sup
{x∈Mt|r(x,t)≤θR2}

|∇lA|2 ≤ C(n, θ) sup
{x∈Mt|r(x,t)≤θR2,s∈[0,t]}

|A|2(1 +
1

R2
+

1

t
)l.

We see if r(x, t) = d2
t (x, O), θ = 1

4 , then
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sup
{x∈Mt|dt(O,x)≤R

2
}

|∇lA|2 ≤ C(n)M2(1 +
1

R2
+

1

t
)l.

So we get the gradient estimate in a proper form as follow.

Corollary 2 (Derivative estimates of second fundamental form). If on
BR(O, t) × [0, R2], where 0 ≤ R ≤ π

2
√

n+1M
, holds the curvature condition (⋆), then

we have on BR
2

(O, t) × [0, R2]

|∇A|2 ≤ CM2(1 +
1

R2
+

1

t
),

|∇2A|2 ≤ CM2(1 +
1

R2
+

1

t
)2.

Where C is a positive constant depend only on n.

4. Good extra term. In this section, we will change the Harnack quantities in
[1], then we will find a good positive extra term.

We now recall the Harnack quantities in [1].

Xa = DaH + HabVb,

Yab = DaVb − HHab,

Z = DtH + 2VaDaH + HabVaVb,

Wab = DtHab + VcDcHab,

W = DtH + VcDcH,

Ua = (Dt − ∆)Va + HabDbH.

(Dt − ∆)Z = |Hab|2Z + 2XaUa − 2HbcYabYac − 4WabYab.

We now change the Yab to ˜Yab = DaVb − HHab + ˜Eab.
Then

(Dt − ∆)Z

= |Hab|2Z + 2XaUa − 2Hbc
˜Yab

˜Yac − 4Wab
˜Yab + 4Hbc

˜Eac
˜Yab + 4˜EabWab − 2Hbc

˜Eab
˜Eac.

We set ˜Eab = H−1
bc Wac. So

−4Wab
˜Yab + 4Hbc

˜Eac
˜Yab

= −4Wab
˜Yab + 4HbcH

−1
ce Wae

˜Yab

= −4Wab
˜Yab + 4Wab

˜Yab

= 0,
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and

4˜EabWab − 2Hbc
˜Eab

˜Eac

= 4H−1
bc WacWab − 2HbcH

−1
be WaeH

−1
cf Waf

= 4H−1
bc WacWab − 2H−1

bc WacWab

= 2H−1
bc WacWab.

So

(Dt − ∆)(Z + ϕ) = |Hab|2(Z + ϕ) + 2XaUa − 2Hbc
˜Yab

˜Yac

+[(Dt − ∆)ϕ + 2H−1
bc WacWab − |Hab|2ϕ].

When 0 ≤ Hab ≤ Mgab, we see 2H−1
bc WacWab ≥ 2

M WabWab. So it is a good

positive term to make [(Dt − ∆)ϕ + 2H−1
bc WacWab − |Hab|2ϕ] positive. We will show

the details in section 6.

5. Estimate of another extra term. Under the condition (⋆), we will have
another extra term, we call it CNS. So in this section we will estimate it.

First, under the condition (⋆), we change the quantities in last section again as
follow.

˜Hab = Hab + m(t)gab,

˜Xa = DaH + ˜HabVb,

˜Yab = DaVb − HHab + ˜Eab,

˜Z = DtH + m(t)H2 + 2VaDaH + ˜HabVaVb,

˜Wab = DtHab + mHHab + VcDcHab,

˜W = DtH + mH2 + VcDcH,

˜Ua = (Dt − ∆)Va + ˜HabDbH.

We will define ˜Eab later.
Recall the equation

(Dt − ∆)Z = |Hab|2Z + 2XaUa − 2Hbc
˜Yab

˜Yac − 4Wab
˜Yab

+4Hbc
˜Eac

˜Yab + 4˜EabWab − 2Hbc
˜Eab

˜Eac.

We hope (Dt − ∆) ˜Z have following form,

(Dt − ∆) ˜Z = |Hab|2 ˜Z + 2˜Xa
˜Ua − 2˜Hbc

˜Yab
˜Yac − 4˜Wab

˜Yab

+4˜Hbc
˜Eac

˜Yab + 4˜Eab
˜Wab − 2˜Hbc

˜Eab
˜Eac + CNS.
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So we get

CNS = (Dt − ∆)( ˜Z − Z) + |Hab|2(Z − ˜Z) + 2(XaUa − ˜Xa
˜Ua) + 2(˜Hbc − Hbc) ˜Yab

˜Yac

+4 ˜Yab(˜Wab − Wab) + 4(Hbc − ˜Hbc)˜Eac
˜Yab + 4˜Eab(Wab − ˜Wab)

+2(˜Hbc − Hbc)˜Eab
˜Eac.

Now we calculate them carefully as follow.
1.

(Dt − ∆)( ˜Z − Z) = (Dt − ∆)(mH2 + m|V |2)
= (Dtm)H2 + (Dtm)|V |2 − 2m|DH |2 − 2m|DV |2

+2mH(Dt − ∆)H + 2mVa(Dt − ∆)Va.

2.

|Hab|2(Z − ˜Z) = −m|Hab|2H2 − m|Hab|2|V |2.

3.

2(XaUa − ˜Xa
˜Ua)

= −2m|DH |2 − 4mHabVbDaH − 2mVa(Dt − ∆)Va − 2m2VaDaH .

4.

2(˜Hbc − Hbc) ˜Yab
˜Yac = 2m ˜Yab

˜Yab.

5.

4 ˜Yab( ˜Wab − Wab) = 4mHHab
˜Yab.

6.

4(Hbc − ˜Hbc)˜Eac
˜Yab = −4m˜Eab

˜Yab.

7.

4˜Eab(Wab − ˜Wab) = −4mHHab
˜Eab.

8.

2(˜Hbc − Hbc)˜Eab
˜Eac = 2m˜Eab

˜Eab.

So we get

CNS = (Dtm)H2 + (Dtm)|V |2 − 2m|DH |2 − 2m|DV |2 + 2mH(Dt − ∆)H

+2mVa(Dt − ∆)Va − m|Hab|2H2 − m|Hab|2|V |2 − 2m|DH |2

−4mHabVbDaH − 2mVa(Dt − ∆)Va − 2m2VaDaH + 2m ˜Yab
˜Yab

+4mHHab
˜Yab − 4m˜Eab

˜Yab − 4mHHab
˜Eab + 2m˜Eab

˜Eab.

Because

2m ˜Yab
˜Yab − 4m˜Eab

˜Yab + 2m˜Eab
˜Eab = 2m( ˜Yab − ˜Eab)

2

= 2m(DaVb − HHab)
2

= 2m|DV |2 − 4mDaVaHHab + 2mH2|Hab|2.
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and

4mHHab
˜Yab − 4mHHab

˜Eab = 4mDaVbHHab − 4mH2|Hab|2.

So

2m ˜Yab
˜Yab + 4mHHab

˜Yab − 4m˜Eab
˜Yab − 4mHHab

˜Eab + 2m˜Eab
˜Eab

= 2m|DV |2 − 2mH2|Hab|2.

On the other hand

−4mHabVbDaH ≥ −2mHacHabVcVb − 2m|DH |2

≥ −2mM2|V |2 − 2m|DH |2,

and

−2m2VaDaH ≥ −m3|V |2 − m|DH |2.

So we get on BR
2

(O, t) × [0, R2]

CNS = (Dtm − m|Hab|2)H2 + |V |2(Dtm − m|Hab|2 − 2mM2 − m3) − 7m|DH |2

≥ (Dtm − nmM2)H2 + |V |2(Dtm − (n + 3)mM2) − 7m|DH |2

≥ −CmM2(1 +
1

R2
+

1

t
).

The last inequality is hold by curvature condition (⋆).

6. Local Harnack estimate for curvature condition (⋆). In this section we
will prove the local Harnack estimate for curvature condition (⋆).

If we add some fucntion ϕ, and set ˜Eab = ˜Hbc

−1
Wac, then we get the equality

(Dt − ∆)( ˜Z + ϕ) = |Hab|2( ˜Z + ϕ) + 2˜Xa
˜Ua − 2˜Hbc

˜Yab
˜Yac + 2˜Hab

−1
˜Wac

˜Wbc

+CNS + (Dt − ∆)ϕ − |Hab|2ϕ.

If −m(t)gab(t) ≤ Hab(t) ≤ Mgab(t), then 0 ≤ ˜Hab ≤ (M + m(t))gab, so ˜Hab

−1 ≥
1

M+m(t)gab.

So

2˜Hab

−1
˜Wac

˜Wbc ≥ 2

M + m(t)
˜Wab

˜Wab

=
2

M + m(t)
(˜Wab +

ϕ

n
gab)

2 − 4

M + m(t)
(˜W + ϕ)

ϕ

n

+
2

M + m(t)

ϕ2

n
.

Then

(Dt − ∆)( ˜Z + ϕ)

≥ |Hab|2( ˜Z + ϕ) + 2˜Xa
˜Ua − 2˜Hbc

˜Yab
˜Yac +

2

M + m(t)
|˜Wab +

ϕ

n
gab|2

− 4

M + m(t)
(˜W + ϕ)

ϕ

n
+ [(Dt − ∆)ϕ +

2

M + m(t)

ϕ2

n
− |Hab|2ϕ + CNS].
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Now we prove Main theorem 1.

Proof of the Main Theorem 1. Let ϕ = BM(1 + R2

(R2−4d2)2 + 1
t ), B will be

chosen later. We see ϕ = +∞ at BR
2

(O, 0) ∪ ∂BR
2

(O, t), t ∈ [0, R2]. If ˜Z + ϕ

attain zero in BR
2

(O, t) × [0, R2] at (x0, t0, V ) for the first time, then it must be

(x0, t0) ∈ int(BR
2

(O, t)) × (0, R2]. And we know

0 =
∂( ˜Z + ϕ)(V + s˜V )

∂s
|s=0 = 2

∑

a

˜Xa
˜Va, for ∀˜V ∈ Tx0

Mn.

So ˜Xa = 0. On the other hand, we see ˜Z+ϕ−˜XaVa = ˜W+ϕ = 0. We set the expansion
of V as ˜Yab = 0, and we see CNS ≥ −CmM2(1+ 1

R2 + 1
t ) on BR

2

(O, t)× [0, R2]. Now
we get

(Dt − ∆)( ˜Z + ϕ) ≥ (Dt − ∆)ϕ +
2

M + m(t)

ϕ2

n
− |Hab|2ϕ − CmM2(1 +

1

R2
+

1

t
).

If we can hold the right hand side > 0, then the theorem holds. We calculate the
R.H.S. as follow.

1. Dtϕ = Dt[BM(1 + R2

(R2−4d2)2 + 1
t )] = BM( 16R2dDtd

(R2−4d2)3 − 1
t2 ). Because |Dtd| =

|Dt

∫

γ

√

gijxixjds| = |
∫

γ −HHijx
ixjds| ≤ CM2d, so

Dtϕ ≥ BM(−16R2d2CM2

(R2 − 4d2)3
− 1

t2
)

≥ BM(−16R2d2(R2 − 4d2)CM2

(R2 − 4d2)4
− 1

t2
)

≥ BM(− CR4

(R2 − 4d2)4
− 1

t2
)

≥ − C

BM
ϕ2.

2.

−∆ϕ = −BM(
16R2|Dd|2 + 16R2d∆d

(R2 − 4d2)3
+

384R2d2|Dd|2
(R2 − 4d2)4

)

≥ −BM(
CR2

(R2 − 4d2)3
+

CR4

(R2 − 4d2)4
)

≥ −BM(
CR4

(R2 − 4d2)4
)

≥ − C

BM
ϕ2.

3. 2
M+m(t)

ϕ2

n ≥ 1
M

ϕ2

n .

4. −CM2ϕ ≥ − C
BM ϕ2.

5. −CmM2(1 + 1
R2 + 1

t ) ≥ − C
B2M ϕ2.
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So we get

(Dt − ∆)( ˜Z + ϕ) ≥ − C

BM
ϕ2 +

1

M

ϕ2

n
− C

B2M
ϕ2

≥ ϕ2

nMB2
(B2 − nBC − nC)

> 0,

when B > nC+
√

n2C2+4nC
2 .

Now we can prove the corollary 1.

Proof of Corollary 1. At (O, R2), for ∀V ∈ TOMn, we have

DtH + m(t)H2 + 2DH(V ) + (Hab + m(t)gab)VaVb + BM(1 +
1

R2
+

1

t
) ≥ 0.

Then |2DH(V )| ≤ DtH + m(t)H2 + ˜HabVaVb + BM(1 + 1
R2 + 1

t ). And if V = 0,
we see DtH + m(t)H2 + BM(1 + 1

R2 + 1
t ) ≥ 0.

Case 1. If DtH + m(t)H2 + BM(1 + 1
R2 + 1

t ) > 0, ˜HabVaVb > 0, then we can

find λ ∈ R
+, s.t. [DtH + m(t)H2 + BM(1 + 1

R2 + 1
t )](O, R2) = λ2

˜HabVaVb(O, R2).
So

|2DH(λV )|2 ≤ [DtH + m(t)H2 + 2DH(V ) + λ2
˜HabVaVb + BM(1 +

1

R2
+

1

t
)]2

≤ 4(DtH + m(t)H2 + BM(1 +
1

R2
+

1

t
))λ2

˜HabVaVb,

so

|DH(V )|2 ≤ (DtH + m(t)H2 + BM(1 +
1

R2
+

1

t
))˜HabVaVb.

Case 2. If DtH +m(t)H2 +BM(1+ 1
R2 + 1

t ) = 0, ˜HabVaVb > 0, then for ∀ε > 0,

we can find λ ∈ R
+, s.t. ε = λ2

˜HabVaVb(O, R2). So

|2DH(λV )|2 < [ε + λ2
˜HabVaVb]

2

= 4ελ2
˜HabVaVb,

let ε → 0, we have |DH(V )| = 0.

Case 3. If DtH+m(t)H2+BM(1+ 1
R2 + 1

t ) > 0, ˜HabVaVb = 0, then for ∀ε > 0,we
an find λ ∈ R

+, s.t. DtH + m(t)H2 + BM(1 + 1
R2 + 1

t ) = ελ2gabVaVb(O, R2).
So

|2DH(λV )|2 < 4[DtH + m(t)H2 + BM(1 +
1

R2
+

1

t
)]ελ2gabVaVb

let ε → 0, we have |DH(V )| = 0.

Case 4. If DtH+m(t)H2+BM(1+ 1
R2 + 1

t ) = 0, ˜HabVaVb = 0, then |DH(V )| = 0.
For at (O, R2)
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DtH + m(t)H2 + BM(1 +
1

R2
+

1

t
)

= ∆H + H |Hab|2 + m(t)H2 + BM(1 +
1

R2
+

1

t
)

≤ CM(1 +
1

R2
+

1

t
) + CM3 + BM(1 +

1

R2
+

1

t
)

≤ CM + CM3.

So for M ≥ 1,

|DH(V )|2 ≤ CM3
˜HabVaVb,

and for 0 ≤ M < 1 ,

|DH(V )|2 ≤ C ˜HabVaVb.

Remark1. If we set m(t) = 0, then it is obviously satisfies the condition (⋆), then
we also get the local Harnack under the conditon 0 ≤ Hab ≤ Mgab as a corollary.

7. Conclusion remarks.

1. The inequality

DtH + m(t)H2 + 2DH(V ) + (Hab + m(t)gab)VaVb + BM(1 +
R2

(R2 − 4d2)2
+

1

t
) ≥ 0,

cannot be got from gradient estimate directly.

Set Va = −˜Hab

−1
DbH , then

DtH + m(t)H2 + 2DH(V ) + (Hab + m(t)gab)VaVb + BM(1 +
R2

(R2 − 4d2)2
+

1

t
)

= DtH + m(t)H2 − ˜Hab

−1
DaHDbH + BM(1 +

R2

(R2 − 4d2)2
+

1

t
),

we know BM(1 + R2

(R2−4d2)2 + 1
t ) can control DtH + m(t)H2 by gradient estimates,

but −∞ ≤ −˜Hab

−1
≤ − 1

M+m(t)gab, so −˜Hab

−1
DaHDbH can’t find the lower bound.

2. It is hard to get DtH + m(t)H2 + 2DH(V ) + (Hab + m(t)gab)VaVb + BM(1 +
R2

(R2−4d2)2 + 1
t ) ≥ 0 directly without using “good extra term”. We can have some

calculation to show the hard point.
If we set

˜Hab = Hab + m(t)gab,

˜Xa = DaH + ˜HabVb,

Yab = DaVb − HHab,

˜Z = DtH + 2VaDaH + ˜HabVaVb.,
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Wab = DtHab + VcDcHab,

W = DtH + VcDcH,

˜Ua = (Dt − ∆)Va + ˜HabDbH.

Then

(Dt − ∆) ˜Z = |Hab|2 ˜Z + 2˜Xa
˜Ua − 2˜HbcYabYac − 4WabYab

+(Dtm)|V |2 + 2m(Dt − ∆)VaVa − 2mYabYab

−2mH2|Hab|2 − 4mHHabYab − m|Hab|2|V |2

−2m|DH |2 − 4mHabVbDaH − 2mVa(Dt − ∆)Va

−2m2VaDaH + 2mYabYab.

≥ |Hab|2 ˜Z + 2˜Xa
˜Ua − 2˜HbcYabYac − 4WabYab − 4mHHabYab

+(Dtm − (n + 3)mM2)|V |2 − 5m|DH |2 − 2n3mM4.

From conditon (⋆), m′(t) − (n + 3)mM2 ≥ 0. When ˜Z + ϕ attains zero for the

first time, we have ˜Xa = 0, we can let Yab = 0. Then

(Dt − ∆)( ˜Z + ϕ) ≥ (Dt − ∆)ϕ − 5m|DH |2 − |Hab|2ϕ − 2n3mM4.

We see, all these terms have non-positive lower bound, so we need a “good” term
which has big positive lower bound to cancel these terms, this term is in our method.

3. The additive term m(t)H2 is used to make the calculation easier, but it it not
the only way, one can add something else.
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