ASIAN J. MATH. (©) 2008 International Press
Vol. 12, No. 1, pp. 035-046, March 2008 002

RIGIDITY OF CYLINDERS WITHOUT CONJUGATE POINTS*

HENRIK KOEHLER/'

Abstract. During the last decades, several investigations were concerned with rigidity state-
ments for manifolds without conjugate points (some results can be found in the references). Based
on an idea by E.Hopf [H|, K.Burns and G.Knieper proved in [BK] that cylinders without conjugate
points and with a lower sectional curvature bound must be flat if the length of the shortest loop at
every point is globally bounded.

The present article reduces the last condition to a limit for the asymptotic growth of loop-length
as the basepoint approaches the ends of the cylinder (Thm. 18). Along the way, the shape of cylinders
without conjugate points is characterized: The loop-length must be strictly monotone increasing to
both ends outside a — possibly empty — tube consisting of closed geodesics (Thm. 10).
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1. Preliminaries.

1.1. Conjugate points, Riccati equation. Let M be a smooth, complete
surface with a Riemannian metric (,) and sectional curvature K; furthermore T'M
the tangent bundle and 7 : TM — M the footpoint-projection, M the universal
Riemannian covering of M and 7 : M — M the projection.

Given X C M note by SX :={v € TM | w(v) € X; ||v|| = 1} the unit vectors with
footpoint in X; let A for every p denote the Lebesgue-measure on S, M, pt = volpyr X A
the Liouville-measure on SM and ¢* : SM — SM,v — dis }s:t XD () (sv) the geodesic
flow at time t.

For v € SM regard the geodesic 7, (t) := exp,(,(tv), parameterized by arclength,
with sectional curvature K (t) := K (v,(t)); the Jacobi equation related to 7, is then

(Jo) y'(t) + K(t)y(t) = 0.

DEFINITION 1. M is called without conjugate points, if for any v € SM, every
non-trivial solution of (.J,) vanishes once at most.

If M is a surface without conjugate points, then for all v € SM, s € R there exists
a solution y(v, s,t) of (J,) with boundary values y(v,s,0) = 1 and y(v, s,s) = 0. The
next theorem characterizes this property (for the 3rd part, see [H]).

THEOREM 2. The following criteria are equivalent:
1. M has no conjugate points;
2. any two geodesics in M can intersect once at most, in particular all geodesics
in M are minimal;
3. the stable resp. unstable solutions of (J,), defined by
y—(v,t) = limgoo y(v, 8,t) and y4(v,t) := lims_, o y(v, s,t) respectively,
exist V. v € SM on the entire R.
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The Riccati equation related to 7, is
(Rv) u(t) +uP(t) + K(t) =

it is obtained from (J,) by transformation u = y’/y. In general, the zero locus of y

must be excepted. In absence of conjugate points y1+ > 0, and u_(v,t) := Z:EZ;; and

ug(v,t) := Zigzg solve (R,) on R for every v € SM. Set U(v) := u4(v,0).

1.2. Comparison theorems. The existence of a lower curvature boundary al-
lows us to compare M with surfaces of constant curvature:

PROPOSITION 3. Suppose M is free of conjugate points and K > —b* for some
b > 0. For A,B,C € M let A C M denote the triangle with vertices A, B,C,
whereas the edges are minimal geodesic segments. If M’ is the plane with constant
curvature K' = —b? and ' C M’ is the geodesic triangle spanned by A’, B',C’,
and if d'(A’,C") = d(A,C),d' (A", B") = d(A,B) and £(C'A'B") = ZL(CAB), then
d(B',C") > d(B,C).

Proof. This is an application of a triangle-comparison-theorem.

LEMMA 4. Forv € SM, b > 0 and r < s let K(t) > —b*> Vt € [r,s]. If
y is a solution of (J,) with 0 < y(t) Vt € [r,s], then y(t) < y(r)cosh(b(t —r)) +

y'(r)sinh(b(t — r))/b and Z((tt)) < beoth(b(t — 1)) hold for all t € [r, s].

Proof. Set z(t) := y(r) cosh(b(t—r))+y'(r) sinh(b(t —r)) /b and w(t) := y'(t)z(t) —
y(t)z'(t); remark, that z cannot vanish twice and w(r) = 0. Also set § := sup{t €
[r,s] | z(t) > 0}; then for all ¢ € [r, §]

w'(t) =y (t)z(t) — y(t)2" (t) = (—K(t) — b*)y(t)z(t) <0
_ ) wt) _ )
‘/ WSO T = =
= y(t)=y(r)exp (/ %) < y(r)exp / %) = z(t).

)
Therefore § = s, as otherwise 0 < y(§) < z(§) = 0. The second inequality now results
from

y'(t) < Z'(t) _ by(r) sinh(b(t — r)) + y'(r) cosh(b(t — 7)) < beoth(b(t — 1)).

z(t)  y(r)cosh(b(t —r)) 4+ y'(r) sinh(b(t — r))/b

Using a similar method, Hopf [H] showed:

COROLLARY 5. Let M be free of conjugate points, then U is u—measurable. If in
addition there is a b > 0 with K > —b?, then |U| < b.

The flatness-condition is mainly based on [BK], Lem. 1.3:

LEMMA 6. Let M without conjugate points and QQ a compact subset of M with
0Q piecewise smooth. Then

/SQU%)du(v)g—zw/gmp)dvon<p>+2/8 /SM 0)] dA(v) dL(p)
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2. Cylinders.

2.1. Geodesic loops & closed geodesics. Consider a smooth cylinder C (i.e. a
complete surface diffeomorphic to R x S!) equipped with a Riemannian metric (-, -)
without conjugate points and curvature K. Denote by C ~ R? the universal Rie-
mannian covering for C. The fundamental group is m(C) ~ Z; let ¢ : C — C be a
generator of the deck transformation group of C.

DEFINITION 7.
1. For I > 0, an arclength-parameterized geodesic segment ¢ : [0,]] — C with
¢(0) = ¢(l) is called geodesic loop with basepoint c(0).
2. If further ¢/(0) = ¢/(I) (and so c(t +1) = ¢(t) Vi), ¢ is a closed geodesic.

Remark that closed geodesics cannot have transversal self-intersections: If c(u) =
c(v) for some v < v € [0,]] and ¢ : R — C denotes a lift of ¢, there would be
m, z € Z\ {0} such that p*c(t) =¢(t +1) V¢ and ¢(v) = ¢™¢(u)

= c(v+nl) = "*¢(v) = " T¢(u) = " c(u +nl) Vn € Z
=ct+v—u)=¢mct)VteR

by Thm. 2; hence ¢(t + v — u) = ¢(t) Vt. Therefore we may always assume closed
geodesics to be simple, for | should be the (least) period of c.

PROPOSITION 8. A geodesic loop is a closed geodesic, iff it has minimal length in
the set of non-contractible loops in C.

Proof. Take ¢ : [0;1] — C' to be a simple geodesic loop of length [. If ¢ is minimal,
(1) = ¢/(0); as it could be shortened by variation if it would contain a vertex at ¢(0).

On the other hand, if ¢ is a closed geodesic, let o : R — C be a lift; w.l.o.g. suppose
o(l) = ¢o(0). Also take an arbitrary non-contractible loop a : [0; \] — C' of length A
with a lift o : [0; \] — C. Then a(X) = ¢*a(0) for some z € Z\ {0}.

As ¢ operates isometrically on C, the triangle-inequality implies

nl|z| = d(a(0), o(nzl))
n—1
< d(0(0),@(0)) + d(¢™*(0), ™3 (0)) + Y _ d(¢’*(0), 7 D*a(0))
=0

n—1
=2d(0(0),a(0)) + Y _ d(¢’a(0), ¢’ a(A)
=0
= 2d(0(0), «(0)) + nd(a(0),a(N)) <2d(0(0),a(0)) +nA VneN,
which proves A > |z|l > | as n — oo.

Let v : R — C be an arclength-parameterized geodesic s.th. C'\ v is simply-
connected, with v, a lift to C and Y2 = y1. 71 and 2 cannot intersect, because then
~ would contain self-intersections and C'\ v could not be connected.

Set I(s) := d(v1(s),72(s)) and denote by o the arclength-parameterized geodesic
through o5(0) = v1(s) and 04(I(s)) = 72(s) and by ¢s := 7 0 05 the projection of o
onto C; then ¢, |[0;1(s)] is a geodesic loop with basepoint 7(s).

Let a5 := Z(0%(0),v1(s)) and s := Z(v4(s), —o%(l(s))) denote the angles between
1 resp. 2 and og; obviously 0 < ag, 0, <71 Vs €R.
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F1c. 1. Geodesic loops and their liftings

For each interval I = [¢,r] or I =]g,r[ C R with —oo < g < r < oo define
GI :={cs(t) | se1,t€0;l(s)]} CC.
For fixed s consider the geodesic variation

H:ls—e,s+e| x [0:l(s)] — C, H(r,t)=o.(tl(r)/I(s)).

The related Jacobi-vectorfield is Ys(t) := %} _,H(r,t), and its normal component

ys(t) = ||Ya(t) — (Ya(t), 0 (t))o(t)]|. ys is strictly positive since it could vanish at

most for a single ¢ € [0,1(s)] — while y(0) = sin as(t) > 0 and y,(I(s)) = sin Gs(¢) > 0.
The 1st variation formula claims

i(s)
I'(s) = (Ys(t),0k(t)) . = — cos B — oS g = —2co8 =2

- ﬁs coS e + ﬁs
2 2

REMARK 9. Because of —7 < ag — G5 < 7, the following holds:
U'(s) =0 as+ fs =7 < (l(s)) = c,(0) < ¢ is a closed geodesic.

THEOREM 10. There exist —co < ¢ < r < 00, such that all geodesic loops in
Glgq, ] are closed geodesics of constant length I =1(q), and I'(s) > 0 for s €]r, 00| and
'(s) <0 for s €] — o0, q].

Proof. Since C'\ v is contractible, every closed geodesic must be intersected by ~
in some point and is thus a loop to this basepoint.

If there don’t exist any closed geodesics, I’ has the same sign everywhere according
to Rem. 9; in this case set ¢ = r = 00 depending on whether I’ < 0 or I’ > 0.

In the other case, take ¢, and ¢, to be closed geodesics for some a < b. Due to
Prop. 8, I(a) <1(b) < l(a) = l(a) = 1()).

Furthermore [ > [(a) on the entire R; let m € [a,b] be a maximum locus for | on
[a,b]. Then I'(m) = 0, i.e. ¢, is a closed geodesic. Thus the same argument states
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I(m) = l(a), so |l must be constant on [a,b]. As!’ =0 on [a,b], all geodesic loops G{s}
with s € [a,b] are closed geodesics.

The claim now follows by setting ¢ := inf{s € R | I'(s) = 0} and r := sup{s €
R | I'(s) = 0}.

Fic. 2. Two types of cylinders: with and without closed geodesics

REMARK 11. Thm. 10 provides a classification of cylinders without conjugate
points in types with resp. without closed geodesics.

To simplify the notation, mainly in section 2.3, assume that the choice of the
parameterization for v complies with either of these conditions:

1. If C possesses closed geodesics, ¢o shall be one of them. This effects I’ < 0
on R_ and I’ > 0 on R;.
2. If C doesn’t contain closed geodesics, suppose that I’ > 0 everywhere.

2.2. An integral inequality for U?2.

LEMMA 12.

1. The geodesic vy can be chosen minimal in C'.
2. Ifliminfs_.4 o I(s)/|s| < 2 then GR = C.

Proof. The 1st claim is proved in [BK], p. 630. For the 2nd part, suppose that
there exists some p € C'\ GR with lift p € C~’, which is w.l.o.g. situated in the half-strip
between 71|R+, 72|R+ and og. Let 11 and 92 C C be the geodesic segments from
D to v1(0) and ~2(0) respectively. o, varies continuously in s, thus (as it does near
s = 0) for every s > 0 it intersects ¢); in some point p1(s) and 9 in another point

pa2(s).
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The triangle-inequality states

2s = d(71(0),71(s)) + d(72(0),72(s))
< d(71(0), p1(s)) +d(p1(s),71(s)) + d(72(0), p2(s)) + d(p2(s), 12(s))
< L) + L(y2) + (s
= 2< lisrgg.}fl(s)/s

V)

— the 2nd claim is just the negation.

REMARK 13. For every s € R, t € [0,1(s)], ys(t) is the density of the Riemannian
volume with respect to the product measure of the length on ¢; and that on 7.

To prove this, set Jy(s,t) = %as(t) and Oi(s,t) = %as(t) = ol(t). Using

let(t)]] =1 and %Us(t) =Y, (t) — ol (t)'(s)t/l(s) compute

d*volc(s,t) (0s,0s) (Os, O%)

Thd - Vd%<%@>®haw g
= 110s(s,t) = (Bs(s, 1), o () oy (B)]]
= [1Ys(t) = (Ya(t), oc () o (D)l = ys ().

In the sequel, abbreviate

I(s)
= / / U?(v) dA\(v) ys(t) dt > 0.
0 Secs(t)

LEMMA 14. For fized ¢ < r € R,

( /q Q/(s) ds)2 < 327 (V(q) /0 l(q)yjé) +V(r) /0 lmyf&) + 872 (o + Br — g — Bg)°.

Proof. Lem. 6 gives

[ vod <o [ K)o +2/ .L% Dl
+2/z(r) /SCT(t) )| dA(v) dt 1)

wherein the curvature-integral is

/ K (p) dvolc(p) = aq + By — o — B, (2)
Glq,r]

due to Gauss-Bonnet. Applying the Cauchy-Schwarz-inequality twice, the other inte-
grals can be estimated by

(/“L% )| dA(w) dt YS/M<LMJ(NMUY%mﬁAM¥£)
I(s I(s
<[], romomon [0

1(s)
=V o ®
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On the other hand, Rem. 13 allows to write

/SGM U?(v) du(v) =/qT/0l(S/SCS(t) U?(v) dA(v) ys (t) dtdSZ/qTV(s)ds, (4)

The inegs. (1) to (4) gather to

. @) 1w
/q V(s)ds < \/87rV(q)/0 yj(tt) + \/87rV(r)/O y:l(tt) (5)

+2m(ay + By — g — Bg)-

Since 0 < (ya—+/¢)? = a+c+2y/ac < 2a+2c = Ja++/c < +/2(a+ c) for arbitrary

a,c > 0 the right-hand side of (5) can be estimated again by

I(q) I(r)
\/ 87V (g) /O yd—ft) n \/ 8V (r) /O yd—(tt) 1 2m(an + By — o — )

Wa) g Ur) ar
< \/167TV(q)/0 O] + 167TV(7")/0 ) + 21 (o + B — g — By)

<\/32 V()/M) di + 32 V()/lm di + 872 (e + Bq)?
T Tv(r — (o r— Qg — R
= U]y et ) “

which leads to the claimed inequality.

2.3. Flatness condition in case of bounded curvature. During this section,
suppose that K > —b? for some b > 0 and that v is minimal (cf. Lem. 12).

LEMMA 15. |cosagl, |cosfs| < tanh(bl(s)/2) V s €R.

Proof. For every r, the geodesic segment from ~2(s) = o5(I(s)) to y1(s + r) is
longer than do(y(s),v(s + r)) = r, because it is a lift of a geodesic segment in C
between y(s) and v(s + ), and 7 is minimal.

In a plane of constant curvature —b2, consider a geodesic triangle, where two
edges, one of length [(s) and one of length r, span an angle of «,. The length of the
edge on the opposite side shall be a. Comparing this triangle with the geodesic triangle
in C' with vertices 71 (s), y1(s+r) and y2(s), Prop. 3 implies a > d(y2(s), y1(s+7)) > r.

Hence the hyperbolic cosine-theorem holds for any r > 0

cosh(bl(s)) cosh(br) — cosh(ba)  (cosh(bl(s)) — 1) cosh(br)

oSt = sinh(bl(s)) sinh(br) < T sinh(bl(s)) sinh(br)
cosh(bi(s)) =1
= cosas < “Snh(i(s) tanh(bl(s)/2),

as 7 — o0o. The same estimation, applied to s and the opponent angles m — a5, ™ — (35
proves the claim.

COROLLARY 16. [ dt/y,(t) < T cosh®(bl(s)/2) ¥ s € R.

Proof. First, claim

__cosh(b(t —1(s)/2))
ys(t) = as(t) == cosh(01(s)/2) Vs €R,t€[0,(s)].
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In accordance with Lem. 15,

Ys(0) =sinay = /1 —cos?ag > /1 — tanh? blés) = cosh(b;(s)/2) = x,4(0)

V s € R and as well ys(I(s)) > 1/ cosh(bl(s)/2) = zs(I(s)) (cf. [BK] Lem. 2.4). Fix
0 < 0 < 1 and assume that there are s,t s.th. ys(t) < dz(t). Then define 7 := inf{t €
[0,1(5)] | ys(t) < dxs(t)}; obviously 7 > 0, ys(7) = dzs(7) and yi(7) < dzl(7). As
ys > 0 on [0,1(s)], by Lem. 4 get for 7 <t <I(s)

sinh(b(t — 7))
b
sinh(b(t — 7))
b

Ys(t) < ys(1) cosh(b(t — 7)) + y4(7)

< dxs(7) cosh(b(t — 7)) + o’y (7) = dz(t)
— where the last equality refers to the fact, that both sides solve the Jacobi equation
with K = —b? and coincide in 7 in their values and 1st derivatives.

But that leads to the contradiction ys(I(s)) < dzs(I(s)) < x5(1(s)) < ys(I(s)),
which shows y, > dz,. Since § can be chosen arbitrarily, y, > sups.; 0z, = xs.

Thus

O dt M) cosh?(bi(s)/2) dt ("% cosh?(bl(s)/2) dt
/0 ys(t) S/o cosh(b(t — I(s)/2)) _/_us)/a cosh(bt)

bl I(s)/2 2ebt dt bl RUCYVE:
= COSh2 ﬂ / 2it — COSh2 (S) /
2 —Us)/2 €7+ 1 2 Je

2dx
—bi(s)/2 b(:Z?2 + 1)

2 arctan(e®) He)/2

- < T cosh®(bi(s)/2).

= cosh?(bl(s)/2)

—1(s)/2

LEMMA 17.

/Oo los + Bs — | ds < 27>
—oo cosh?(bl(s)/2) b~

Proof. Since |as — 35| < m, the 1st variation formula acquires the form

l/(s) as + fs . s+ B —m
= — = E—— V R.
2 cos((as = B/2) cos —— sin 5 s €

Here, COS%T% becomes minimal, when |as; — (35| is maximal; meanwhile due to
Lem. 15 arccostanh(bl(s)/2) < ag, 8s < m — arccos tanh(bl(s)/2) and so

o ; Bs > cos m—2 arccos‘;anh(bl(s)/Q)

= \/1 — tanh?(bl(s)/2) = 1/ cosh(bl(s)/2).

= sin arccos tanh(bl(s)/2)




RIGIDITY OF CYLINDERS WITHOUT CONJUGATE POINTS 43

Now if I’ > 0 on [g, r] then

st Bs— wl'(s)
< —-m< -
0<as+fs—m<msin 2 2cos((as — Bs)/2)
!
< TH) COS;(bl(S)/Q) Vg<s<r
N /T las + Bs — | ds </T ml'(s) ds /l(r) mdl
o cost?(bl(s)/2) ~ Jy 2eosh(bl(5)/2) ~ Jugg) 2cosh(bi/2)
_ 2marctan e/ )"

b q

just as computed in the proof of Cor. 16. In case that I’ < 0 on [g,r], deduce
analogously

as+0s—m S 7' (s) cosh(bl(s)/2)

0>as+fs —m>msin

2 - 2
/T las + s — | ds < /T —nl'(s)ds ~ —2marctane®(®)/2|"
s cosh?(bl(s)/2) ~ J, 2cosh(bi(s)/2) b .

In light of Rem. 11,

®  9xarctanell(s)/2|° 272
- ST

o b

/Oo las + Bs — | ds o2 arctan e?!()/2
—oo cosh?(bl(s)/2) b

— 00
if C contains closed geodesics; while for cylinders without closed geodesics even
oo 2

<7T
b

/°° las + Bs — | ds o 2m arctan e?(s)/2
—o cosh®(bl(s)/2) ~ b

holds.

THEOREM 18. Let C be a cylinder free of conjugate points and K > —b*. If
limsup,_, 4o LSS)‘ < 1/b, then C is flat.

In|
Proof. For r > 0 define L(r) := max(I(r),I(—r)) and W(r) := [" V(s)ds. Using
Cor. 16, Lem. 14 states

I(—r) i(r)
W2(r) < 32 <v<—r> | Smeve [ ) 8720y 4 fr — acy — )’

yr(t)
< 322 coshZ(bL(T)/2)

(V(=r) + V(1) + 87 (o + B, — ey = ).
The triangle-inequality yields

(ar + ﬁr — Oy — 6—7‘)2 S 27T|ar + ﬁr — Oy — 6—r|
< 27T(|O‘T + By =7+ |y + B — 7T|)
<2 < [ + Br — 7 + la—r + B-r = 7T|> cosh? bL(r)
cosh?(bl(r)/2)  cosh?(bl(—1)/2) 2
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— which together with V(—r) 4+ V(r) = W/(r) implies

2 _ _
o 32 (W’(r bl + B — 7| brla—, + B, 7r|) cosh? bL(r)

W2(r) < b 2cosh?(bl(r)/2) ~ 2cosh®(bl(—r)/2) 2

Now assume that W(R) > 0 for some R > 0 — so by the monotonicity of W also
W(r)>0Vr>R. Then

wW'(r) - b B b ( | + By — | n |ar—|—ﬂr—7r|)
W2(r) = 32x2cosh?(bL(r)/2)  2W?2(r) \cosh?(bl(r)/2)  cosh?(bl(—r)/2)

for all » > R; and integration leads to (cf. [BK], Lem 3.12)

1 -1 |~ W' (r)dr

R R W2(r)

>/°° bdr
~ Jr 32n2cosh®(bL(r)/2)

br ©(ar+ 6 —7  |a—, + B_r — 7
T2WR(R) /R <cosh2(bl(r)/2) * cosh2(bl(—r)/2)) dar

>/°° bdr B bmr /°° |as + Bs — | ds
~ Jr 32n2cosh®(bL(r)/2) 2W2(R) J_. cosh?(bl(s)/2)

- /OO bdr _ 3
r 32w2cosh®(bL(r)/2) W?2(R)

according Lem. 17.
But by the assumption, bL(r) < Inr for r > R, R sufficiently large, so

/OO dr S /OO 4dr S /Oo 4dr
- _ =00
r cosh?(bL(r)/2) r LM +3 7 Jp r+3

— a contradiction. So W = 0. Using Lem. 12, this proves

/ U?(v) du(v) = / V(s)ds = limsup W (r) = 0.
sC —o00 —00
Hence U = 0 p-a.e. and therefore K = 0 by Riccati equation, as K is continuous.
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