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THE BAOUENDI-TREVES APPROXIMATION
THEOREM FOR CONTINUOUS VECTOR FIELDS*

SHIFERAW BERHANU'? AND JORGE HOUNIE?

Abstract. This article establishes the Baouendi-Treves approximation theorem for locally inte-
grable structures whose vector fields have continuous coefficients. As a consequence, some uniqueness
results are derived.

Key words. Lowly regular locally integrable systems, Baouendi-Treves approximation theo-
rem, Generic CR submanifolds

AMS subject classifications. Primary 35F15, 35B30, 42B30; Secondary 42A38, 30E25

1. Introduction. Let M be a C°*° manifold of dimension N and suppose L is
a continuous vector subbundle of CT'(M) with fiber dimension 1 < n < N and set
m = N —n. We will say that £ is locally integrable if every p € M is contained in an
open set 2 such that there exist m functions Z; : @ — C, 1 < j < m, of class C1,
satisfying:

(1) If L is a local section of £ defined on Q, then LZ; =0, 1 < j < m;

(2) dZi(p) N -+ NdZy(p) # 0.
When £ and the first integrals Z1, . .., Z,, are of class C*°, the approximation theorem
of Baouendi and Treves ([BT]) states that every distribution solution u of the sections
of L is locally the limit of a sequence of smooth solutions of the form Py o Z where
Z = (Z1,...,Zy) and the Py are holomorphic polynomials. In this latter smooth
category, the approximation theorem has had many consequences and has been a tool
in dozens of papers, mainly dealing with CR theory (approximation of CR distribu-
tions, extension of CR distributions, propagation of analyticity), local behavior of
solutions (local solvability, hypoellipticity, boundary behavior of solutions of homoge-
neous equations, uniqueness in the Cauchy problem) and miscellaneous topics like the
similarity principle, the F. and M. Riesz theorem, representation of solutions, etc. To
discuss uniqueness results, we recall that a submanifold ¥ C M is called maximally
real if for each p € X,

CT,(M) =CT,(2) @ L,.

In the CR case, that is, when £ N £ = 0, ¥ is maximally real if and only if it is
totally real of maximal dimension. In the smooth case, if ¥ is a maximally real
submanifold and w is a distribution solution, the approximating functions Py o Z
in the Baouendi-Treves approximation theorem are expressed in terms of the trace
of uw on ¥. Consequently, if u vanishes on X, then it vanishes in a neighborhood
of ¥. In particular, if ' C M is a noncharacteristic hypersurface and a solution
u vanishes on N, then it vanishes in a neighborhood of N since each p € N is
contained in a maximally real submanifold > C A. The unique determination of a
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solution by its trace on a noncharacteristic hypersurface has the further consequence
that the support of a solution propagates along the Sussmann orbits of Re L = {X :
X = ReL, L asmooth section of £} ([T]). In this paper we explore the validity of
the approximation theorem and the uniqueness results stated above for £ that is
assumed to be only continuous with C" local first integrals. When £ is only continuous,
we consider solutions u that are measures. In the smooth case, whenever X is a
maximally real submanifold and u is a distribution solution, it is well known that w is
a smooth function of variables transversal to 3 valued in the spaces of distributions on
maximally real submanifolds. In particular, the trace of u on ¥ —a key ingredient in
the approximation theorem— is well defined. When L is assumed to be only continuous
and u is a measure solution, we show in section 2 that near each p € M, there is a
nonvanishing continuous function a such that the trace of au on each noncharacteristic
hypersurface N is well defined. We also show that if the trace of au on A vanishes,
then u vanishes in a neighborhood of A/. This implies the propagation of the support
of u along the orbits of Re L. In section 3 we establish the approximation theorem for
measure solutions. The results in this article extend some previous work done in [CR]
(see Remark 2.6 for more on this).

2. Regularity and uniqueness for measure solutions. Since the problems
we study are local, we will assume that M is an open subset of RY. Consider a
continuous vector subbundle £ of CT (M) with fiber dimension 1 < n < N and set
m=N —n.

DEFINITION 2.1. We say that L is locally integrable if every p € M is contained
in an open set ) such that there exist m functions Z; : 0 — C, 1 < j < m, of class
C*! satisfying:

(1) 4f L is a local section of L defined on 2, then LZ; =0, 1 < j < m;

(2) dZi(p) N+ N dZy(p) # 0.

The functions Z1,. .., Zy are called a complete set of first integrals. Notice that (1)
and (2) imply that dZy, . ..,dZ,, span the orthogonal bundle L+ C CT*(RY).

Let p € M. In a neighborhood € of p, we may find C' coordinates z1,..., 2,
t1,...,t, that vanish at p so that in these coordinates, a complete set of first integrals
has the form

Zj(xat):xj+i@j(xvt)a jzlv'-'ama

with o, real satisfying dp;/0z,(0,0) = 0. By continuity, we may also assume that
|0p;/0xk(0,0)| remain small on €. In particular, we may assume that the square
matrix Z, = [0Z;/0x] is nonsingular and hence find continuous function Ajx(z,t)
such that

m

0Zy 0Z, .
—+Z/\jk(9—$k:0’ i=1...,n, £=1,...,m,
k=1

ot

which means that the vector fields

0 & B}
DI T i=1,...
atj +k:1 )\Jk axk7 J ’ '

are local generators of £ in . It will be convenient to use another set of generators,
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namely,

B B
L; = det Z,— + det Z, ZAjk j=1,...,n,

ot; tj Oxy’
which have the advantage of being antisymmetric, that is,
/(Lju)vd:vdt = —/uLjvd:vdt, ji=1,...,m, wu,veCr (),

and may be written as partial differential operators in divergence form

dtZ i dtZ
Lyu = et Zew) Z ¢ AJ’““), u e C®(Q).

Thus, denoting by (u,v) = [uvdzdt the usual duality pairing, if v € Dy(Q2), we have
that L;u may be defined by

(Lju,v) = —(u, Ljv), veCHR),
and L;ju € D}(2). The fact that u satisfies the set of equations
(2.2) Liju=0, j=1,...,n,

has the following interpretation. Since we are interested in local questions, we may
identify top forms ¢ (z) dzy A--- Adxy with functions i(x), view a measure as acting
continuously on top forms with continuous coefficients, and state

DEFINITION 2.2. We say the measure u is a solution of Lu = 0 if for each p and
some complete set of C1 first integrals Z1,. .., Zm near p,

(2.3) (uydZy N+ NdZpy, Ndw) =0
for any w which is an (n — 1)-form of class C* with compact support.

If we take
w=vdly A---ANdt; A Ndb,, veECHQ),

where the hat means that the factor dt; has been omitted, and express dv in the basis
dty,...,dt,,dZ,...,dZ,,, we see that

dZy N+ NdZpm Ndw = (=1)7 " (det Z,) ' LjvdZy A -+ ANdZy, Adty A -+ Adty
(2.4) = (=1 Ljvdey A Adz, Adty A - Adty,.

Thus, using (2.4) for j = 1,...,n, it is easy to check that (2.2) and (2.3) are equivalent
conditions for u € D{(€2) in a neighborhood of p. Furthermore, we note that if (2.3)
holds for some {Z1, ..., Z,}, then it also holds for any other complete set of C* first
integrals {W7i, ..., W,,}. Indeed, by the approximation theorem (which is valid for C!
functions) there exist holomorphic functions F; ,g such that for each 7 = 1,...,n, we
may write W; = limy_. F,g(Zl, ...y Zpm) in the C! topology and so AWy A- - -AdW,, =
AdZy A -+ N dZ,y, for some continuous function A = limg_oo Hi(Z1, ..., Z,y) with Hy
holomorphic. Since this process can be reversed, expressing dZ; A -+ A dZ,, as a
multiple of dW7 A -+« A dW,,, it follows that A # 0 on a neighborhood of p. Observe
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next that, since Hj, is holomorphic, for any (n — 1)-form of class C! with compact
support w,

H(Z)dZy N+ NdZp Ndw = dZy N -+ NdZ oy N d(Hi(Z)w)
and therefore,
(u, dWi A+« AdWp, Adw) = kE%<u, Hi(Z)dZy N+ NdZpy, N dw)
= Jim (u,dZy A+ NdZ N d(Hy(Z)w)) = 0.

Hence (u,dW1 A+ AdW,, Adw) = 0 for all (n —1)-forms w of class C* with compact
support in a convenient neighborhood of p. Assume now that n = 1, so L is locally
spanned by a single vector field

P LN
L=detZ, 2 +det 2, 9
ot Zagy +det ;/\kﬁxk

and let u € D} () satisfy the equation
(2.5) Lu=0

in the sense given by (2.3), so (u, Lv) = 0, v € C°(2). We will prove that Z,(x,t)u
may be identified with a function of ¢ valued in D'(Qg) for a convenient ball Qr C R™.
Since the statement is local it will be enough to restrict our attention to a neighborhood
of the form Qr = Qg X Ig, where Ig is the interval (—R, R) and Qg denotes a
ball of radius R centered at the origin of R™. Given ¢ (z) € C(Qr), consider the
distribution u,, € D'(R) defined by

<u’¢7¢>: <U,’¢J®¢>, ¢€CEO(IR)7

where (¢ @ ¢)(z,t) = Y(x)p(t). We first point out that u, € Dj(Igr) for ¢ fixed.
Indeed, writing U = uy,

(U, d) = [(u, ¥ @ )| < Cllyp ® gllco < C'(R, ¥)|9l|co
showing that U € Dy(Ig). Set

V= (det Zyu)y and W == (det Z, \yu)y, -
k=1
Reasoning as before, we conclude that V and W € D((R); furthermore (2.5) implies

that
av

dt
holds in the sense of distributions. Thus, there exists a unique function fy(t), t € R,

continuous from the right and, after shrinking I if necessary, of bounded variation
on Ig, such that

(V,¢) = / fu(t)o(t) dt.

Since 9 — fy is linear and continuous in C}(Ig), we may write fy(t) = (f(t),%) and
consider f(t) as an element of Dj(Qg) for each fixed ¢t. If ¢ belongs to a bounded
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subset B of C}(R) and |[t| < R, the variation of fy(¢) is bounded by a constant
depending only on B and R. Thus

(et Zou, 6 @ ) = / (1)) d(t) db, (1) € C=(In), ¥(x) € C(Qn).

More generally, we have that
(et Zyu.6) = [(0.000)dt, ola.t) € C2(0n)

Next for ¢(z,t) a C! function we wish to understand the Leibnitz rule for

S 0), 6 1),

First fix ¢(z) € C}(R™). Then we know that in the weak sense (which is what we
will always mean)

—(f (1), 9()) = Wy(t)

where for ¢(t) € CO(R),

(W, o(t Z// A det Zpu) w( Yoo (t) dadt.

We also know that there exists C' > 0 such that V1 (z) € C(B,), and |t| < R,

(2.6) [(f(@), )] < CllYllen

Let ¢(z,t) € CL. Consider F(t) = (f(t), ¢(-,t)). We will show that F(¢) is a function
of bounded variation and write a formula for its weak derivative. Clearly, F'(t) is a
measurable function. From (2.6) we see that F(t) is a bounded function and so it
defines a distribution. Suppose now ¢(x,t) = ¥ (z)¢(t) € C. Then

LU0, 00.1)) = &' (0) (1), 0) + 00) W

and so for any h(t) € CY,

(%U(f) ) //detZ wip(x)¢! (H)h(t) dedt

= oY
(2.7) + ; / / (Ak det Zgu) 5 (2)$(t)h(t) davdt.

T

More generally, we claim that for any ¢(z,t) € C}, the formula

d

—(F(1), 0, t)) = (det Zzu)g, + Y (A det Zyu)g,

(2.8) =
k=1

holds where in the right hand side, (det Zyu)g, is the distribution in ¢ space defined
by

((det Zyu)g,, h // det Z,u)(x, t)di(x, t)h(t) daedt
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and likewise for 3, (A det Zyu)g,, . Equation (2.7) shows that (2.8) easily holds for
C! functions of the form

N M
D> wbi(@)en(t).

j=1k=1

The general case follows by approximating a given C* function ¢(z,t) by such finite
sums and observing that each side of (2.8) is a continuous operator on the space of C*
functions. Observe that (2.8) in particular shows that when ¢(z,t) is a C! function,
% (f(t),&(-,t)) is a measure and hence (f(t), ¢(-,t)) is a function of bounded variation.

Recall that for every to € R, |tg] < R, det Z,u has a trace at ¢ = to which
is a distribution of order one. This trace is given by f(ty9) and satisfies the one-
sided continuity property lim.\ o f(to +¢) = f(to). We may also denote this trace
by Zi(-,to)u(:,to) or Zy(x,to)u(z,to) rather than f(tp). We now recall the basic
operators in the Baouendi-Treves approximation formula, namely

Eru(z,t) = (1/m)™/? / e 2@ )=2E" 0 qet 7, (2, 0) u(a’, 0) h(z') da’,

m

m

Gru(z,t) = (1/m)™/? / e 2@ =20 qet 7, (2 ¢) u(a’, t) h(2') do’,
Rru(x,t) = Gru(z,t) — Eru(x,t),

where the notation [Z(x,t) — Z(a2/,t')]? means > (Zj(z,t) — Zj(x’,t’))2 and the
function h(x) € C°(Qr) is supported in a conveniently small ball and it is identically
equal to 1 on a neighborhood of the origin. In the classical case, when L and Z(z, t) are
smooth and u is a distribution solution of Lu = 0, it can be proved that R u(z,t) — 0
as 7 — oo on a small neighborhood of the origin, with convergence in the C'*° topology.
We now adapt some of the classical arguments to the present situation, where u € D}
and £ is of class C°, to show that R,u(z,t) — 0 uniformly as 7 — 0o on some
neighborhood of the origin. Write, for ( € C™ and t € IR,

Gru(C,t) = <f(t)7eff[cfz(-,t)]zh(.)> — <det ZI(.,t)u(.,t)je—f[cfz(-,t)]zh(.)>
= / e 2@ 01 qet 7, (o, t) u(a', t) h(z') do,
and
R-,—U(C,t) = é-,—’U,(C, t) - é-,—’U,(C, 0)7

so we have

Rou(z,t) = (1/7)™ 2 Row(Z (2, 1), t).

If F: Ir — R is a function of bounded variation with weak derivative F’' = p, the
fundamental theorem of calculus for F' states that

u((mb]):/(ab] dp=F(b+)— F(a+), —-R<a<b<R.

Let F(t) = G,u(C,t). Since the function e~ "€=Z@O°p(2) is C!, we have seen that
F(t) is a function of bounded variation, continuous from the right, and formula (2.8)
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leads to

Rru((,t) = F(t) — F(0)

m t
_ Z/O /m )\k(I/,t/) det Z, u(x’,t’)az; (h(z’)eiT[C*Z(z'vt')P) da’ dt’
k=1

t
+/ / (det Zpru) (2", t")h(z")Op (e_T[C_Z(I/’t/F) dx'dt/
0 m

where fg must be understood as f(o . for t > 0 and as — f(t 0 for t < 0. Using the
fact that

k=1

we get
(2.6) Rou(C,t) = /Ot/ w(@', e T2 Lh(a! ) da dt!
which, for ¢ = Z(z,t) gives
Rou(z,t) = (7/m)™/? /Ot dt’/ e~ T2 @) -2 1) w(x',t") Lh(z',t') d2’,

which extends the classical expression for R,u. If § > 0 is chosen so that h(z’) =1
for || < 24, and we take |z| < 6 and ¢ sufficiently small, the exponential in the
expression of R,u(x,t) can be majorized by e ¢" for some ¢ > 0, allowing us to
conclude that the estimate |R;u(z,t)] < Ce™ " holds in a neighborhood Q of the
origin and, in particular, R,u(x,t) — 0 uniformly on  as 7 — oco. On the other
hand, standard arguments show that, G u(z,t) converges weakly to the measure u. It
follows that E,u(x,t) — u(z,t) in D)(2) as 7 — oo. If we assume now that the trace
det Z;(x,0)u(z,0) = 0, we see that Eru(z,t) = 0 showing that v = 0 on . Suppose
next the left hand limit lim, ,o- Z,(x, t)u(x,t) = (Zyu)(x,0—) = 0. Then the equation
w([b,0)) = F(0—) — F(b—) for b < 0 implies that (Z,u)(x,b—) = 0 for b < 0. Since F
is continuous except possibly on a countable set, we can get b < 0 arbitrarily close to
0 where F' is continuous and hence where the trace Z,(x,b)u(z,b) = 0. We can then
use the approximation scheme as above by using the trace at such b (with b sufficiently
small) in the definition of the operators E u(z,t) to conclude that u(x,t) = 0 in a
neighborhood of the origin. This shows that a function of bounded variation f(¢)
satisfying

(et Zou, 6 @ ) = / (1)) d(E) db, (1) € C2(Tn),0lx) € C(Qn),

cannot have a jump at a point ¢ = ¢( unless both f(to+) # 0 and f(to—) # 0. Notice
that the value f(¢) is completely determined outside the at most countable set at which
jumps occur and that at the jumps the value of f is arbitrary, unless one imposes, say,
that f is continuous from the right or continuous from the left. We may now state
and prove
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THEOREM 2.3. Let L be a locally integrable continuous subbundle of CT(M).
Let u € D} be a Radon measure such that Lu = 0, and let ¥ be a C' hypersurface
noncharacteristic with respect to L. Let p € ¥ and let N = N(p) be a unit vector
normal to 2 at p. There exists a nonvanishing continuous function D defined in a
neighborhood Q0 of p such that u; = Du has a well defined trace Truy defined on the
translates (TN 4+ 3) N Q along N satisfying the following properties:

(1) i{% Tricur = Trug (one-sided continuity);

(2) if Tour = 0 on XN Q then u vanishes identically on a neighborhood of p

(uniqueness).

Proof. We may find local C! coordinates x1, ..., Zm, t1,...,tn, defined in a neigh-
borhood 2 of p so that x;(p) =t;(p) =0,1 <j <n,1 <k <m, and a complete set
of first integrals is of the form

Zj(xat):xj+i@j(xvt)a jzlv'-'ama

with d¢;/0x1(0,0) = 0. Furthermore, we may assume that ¥ N is given by t; = 0
and that N points in the direction of increasing t;. If n = 1, we have just seen
that taking D = det Z, the conclusions of the theorem are obtained. For n > 1 we

discard the vector fields Lo, ..., L, and rename the coordinates as follows: ¢ = #1,
vy =ap, 1 <k<m,a, . =tr1, 1 <k <n—1 Then we add new first integrals
Zmpr (&' t") =)0,y Zgn—1(2',t") = @), ,,_1. This leads us to a new locally

integrable structure L of dimension 1 spanned by L = L; such that Lu = 0. Hence,
we may reason as before and conclude that det Z,u has a trace on ¥ with the required
properties. 0

Note that we may as well define a trace that possesses the uniqueness property
(2) but instead of (1) satisfies g{% T _cup = Tru;.

If u vanishes as a distribution above a noncharacteristic hypersurface X it is clear
that Tru; = 0 for 7 > 0 and sufficiently small. Then the continuity property (1) of
the trace Tru; implies that Thu; = 0, so the support of u cannot meet 3 by property
(2). If u vanishes below ¥ we reach the same conclusion by using the trace that is
continuous from the left. It follows from Theorem 2.3 that the support of u propagates
along the normal of noncharacteristic hypersurfaces, which implies in a standard way
that the support of u is a union of orbits of L.

COROLLARY 2.4. Let L be a locally integrable continuous subbundle of CT(Q),
Q C RY open. Letu € Dy(Q) be a Radon measure such that Lu = 0. Then the support
of u is a union of orbits of L in €.

For the case of a CR structure on a generic CR submanifold M C C” of class C*,
we recover a result of [CR]:

COROLLARY 2.5. ([CR]) Let M be a generic CR submanifold of C™ of class C*.
Then the support of a CR distribution u € D{(M) is a union of orbits.

Remark 2.6. In the CR case, there are two differences between our results here
and the ones proved in the paper [CR]. First, in [CR], Corollary 2.5 is deduced from
a weaker uniqueness result (Lemma A.5 in [CR]) than the one stated in part 2 of
Theorem 2.3. Second, the results in [CR] do not show that a measure solution can be
approximated by C? solutions as is done in section 3 here (see Theorem 3.2).
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Remark 2.7. If u is a Radon measure that has a trace defined at a family of trans-
lates of a hypersurface ¥ and f is a continuous function, it is not true, in general,
that the product fyu also has a trace. For instance, the function p(z,t) = 1/(z+it) €
Li .(R?) has a trace Tyu, continuous from the right, given by the locally integrable
function R 5 z +— 1/(z+it) for ¢ # 0 and equal to the distribution Top = pv(1/z)—ind
for t = 0. Consider the continuous function defined by f(z,t) = 0 for z < 0 and
f(z,t) =1/|Inz| for x > 0 and set v(z,t) = (fu)(z,t). Thus, v € L] (R?) is contin-
uous off the origin and has a natural restriction to the straight lines ¢ =constant# 0
given by restriction. On the other hand, if v(z) € C°(R) is real and v(0) # 0 we see

that
v(z)

%i_r)%Re /V(a:,t)v(x) dr = /0 Tna] dx = o0,

so it is not possible to define a one-sided continuous trace for v that coincides with
restriction for ¢ # 0.

3. Approximation of measure solutions by smoother solutions.. Assume
as in section 2 that £ is a continuous locally integrable structure defined in an open
subset 2 of RY that contains the origin, with fiber dimension n, and that u € D} ()
satisfies the equation Lu = 0. Shrinking €2 we may assume that u is a finite measure
and choosing appropriate C' coordinates 1, ..., Tm, t1,...,tn, we may assume that
a complete set of first integrals are of the form

Zj(xat):‘rj+i@j($vt)a jzlv'-'ama

with ¢; real satisfying d¢;/021(0,0) = 0 and |9p;/02,(0,0)| small throughout €.
Consider balls By C R™, B, C R", By = B(0,71), Bo = B(0,12), such that By x By C
Q, and for ¢(x) € C}(By) set

((det Zyu)y, @) = (det Zou, v ® ¢),  ¢(t) € C(By).

If follows from the discussion in section 2 that (det Zyu), is a finite measure on
By such that its exterior derivative di(det Zyu)y is also a finite measure. In other
words, (det Z,u), may be identified with a function of bounded variation fy(t) =
(f(t),v) € BV(W), B, C W. We now recall some general properties of functions
of bounded variation (see, e.g., [G]): if g(t) € BV(W) then g(t) € L*(W) and its
derivatives 0g/0t; = p; are measures with total bounded variation || ;| = |p;|(W),
where |p is the variation of . In fact, g(¢) belongs to the smaller space LP(Bs), with
p=p(n) =n/(n— 1), and the generalized Poincaré inequality holds: if we denote by

1

=— g(t)dt
|B2| JB,

9B,

the mean value of g on Bs, then

lg = 982l Loy < C Y lsl(Ba),

Jj=1

where C' > 0 depends on the dimension n but neither on the radius of Bs nor on g. A
pointwise estimate related to the Poincaré inequality is given in the following lemma.
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~ LeEmMA 3.1. Let g be of bounded variation on an open set W C R™ that contains
By and set 9g/0t; = py, |ul = >0, luzl. Then

(3.1) 9(t) — gma] < C / t— s "dlul(s),  ae te B
B>

where C' depends only on n.

Proof. For g € Wh1(By) the lemma is well known (see, e.g., [GT,Lemma 7.16]).
Let g be as in the lemma. Let n(s) € C°(R™) such that 7(s) is nonnegative, its
support lies in the unit ball B1(0) and [, n(s)ds = 1. Set nc(s) = e " n(s/e). If

ge(t) = ne x g(t),

then g. — g in L' and g.(t) — g(t) a.e. For t € By, and for any € > 0, we have

(3.2) 19e() — (9)ma| < C / D9SNl

B, Is—t"

Note that
Dge(s) = ne * ()
where = (p1, ..., pn). It follows from (3.2) that

nls' = 9 ,
33) o) ~taoml <0 ([ P ) i)

We will estimate the inner integral which after a change of variables is dominated by

1
/ . ds.
|s|<1 |S —t—68|

For y € R™ fixed, y # 0, consider therefore the integral

1
(3.4) / — s,
sj<1 |y —es[

If |y| > 2¢, then for all |s| < 1, |y —es| > I;’—I and so for such y,

1
/ — ds < Cn_l.
sj<1 |y —es|” ly|™

Suppose |y| < 2e. In the integral in (3.4), change variables ¢’ = es. We then get

1 1 1
/ T -1 ds = —/ T n—1 dt/
sj<1 |y —es[” € Jip<e ly =t/

1 1
S _n/ /mn—1 dt/
€ Jiv<se It']

c Cn
< en—1 < |y|n—1'

It now follows that for some dimensional constant C,,,

/
(s 1 :
(3.5) / Mdsg/ gs< O
B, |5 =" si<1 8" —t —es|"” | =t

A
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To prove (3.1) for a fixed t € By, we may assume —and we will do so— that the
function s +— |t — s|'™" € L' (Ba,d|u|), otherwise the right hand side would be infinity
and the inequality trivial. By the Dominated Convergence Theorem, it follows that

/_
lim (/ 776(5771;93 ds) d|u|(s")
=0Jp, .. \JB, s — 1|
= [t 0 ([ 2 s )
s/ e—0 BT2+€ B> |S—t|n71
n(t') / /
[ =) )

1
= 7(1 /
| )

where xg,,,.(s") denotes the characteristic function of the ball B, .. Thus, letting
e\, 0 in (3.3), we obtain estimate (3.1) with the integral on the right hand side taken
over By instead of By. But then we obtain (3.1) by expressing B, = B(0,72) as an
increasing countable union of closed balls of radius < ro and applying the weaker
estimate to the smaller closed balls. This proves the lemma. 0

Remark. Tt is known that (3.2) holds with C' = v,, = 2"~ 'T'(n/2)/x"/2. Then the
trivial estimate [Dgc(s)| < >0, |D;ge(s)| implies that we may take C' = v, in (3.3)
and the proof of the lemma shows that (3.1) is valid with C' = .

We will now introduce a variation of the Baouendi-Treves approximation formula
that does not require a continuous trace of the solution to maximally real submanifolds.
For (x,t) € By X B2, 7 > 1, and a fixed bump function h(x) € C°(B;) that is
identically 1 on a neighborhood of the origin, set

1
Fou(z,t) = (7/7)™?— e TIZ@ 0= 2(y:9)] et Zy(y, s) uly, s) h(y) dy ds.
|B2| R™ x By

The integral
[ e 20 det 2, (g, u(y. ) h(y) dy s
R™ x By

in the definition of Fru(x,t) is understood as

/ (F(s), e Z@O=208 )Y ds,
Bs

It is clear that, for fixed 7 > 1, Fru(z,t) is an entire function of Z(x,t), in particular,
it satisfies the equation £LE,;u = 0 in the classical sense and is of class C''. We wish
to show that, for 7o sufficiently small, Fru(z,t) — u(z,t) in the weak-* topology of
CO(U)* as T — oo for a convenient neighborhood of the origin U C R™ x R™. More
precisely, we will show that, given v € C2(U),

(u— Fru,v) — 0 as 7 — o0.

For s € By and ( € C™ consider the function

g (5.0) = (r/m)™/? / e~ T2 det Z, (y. 5) u(y. ) h(y) dy.

m
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Notice that g7 (s, () is of the form (det Z, u), for a convenient ¢ depending on 7 and
¢ s0 g7(s,() is defined for all 7 > 1, all ( € C and all s € By \ E, with |E| = 0, and
belongs to LP(Bsz) for 7,( fixed. To see that F can be taken independently of ¢ and
T, we may replace the exponential by its Taylor series, obtaining a power series in ¢
and 7 with coefficients that are linear combinations of functions of the form

als) = [ Z(0.5)" det 2,5, 9) uly. ) by dy. € 23,

defined for s € By \ Eq, |Eq|=0. Then we take E = |J, Eo. The norm of ¢4(s) in
BV (Bz) is dominated by the C! norm of Z(y, s)*h(y), which has polynomial growth
in «, so the argument shows that we may regard ({,7) — g7 (s, () as an entire holo-
morphic function with values in BV (Bs). Using (3.1) we get

36 0= g5 <C [ s (5.0, ae te B
B2
For ( = Z(z,t) we get
gT(tv Z(Ia t)) = GTU’(I5 t)
g%g (Z(Ia t)) = FTU(Ia t)
0 (3.6) yields
(3.7) Grulet) = Fru(e ] <€ [ e = ="l (5 20,
B2

for a.e. t € By. To take advantage of estimate (3.7) we need to compute

0

9
_ 9 / e 2@ et 7, (y, t) uly, ) h(y) dy.
8tJ ]Rm

Differentiating under the integral sign, using the equation L;u = 0 in order to replace
Oy, (det Zy u) by — >0, Oy, (det Z, Ajpu) in the first term on the right, integrating by
parts with respect to y and using the fact that

(t% +> )\jkayk> e 72wl — g

k=1

we get
e —~, Oh(y)
T(t,¢) = e~ TC=ZWO (det Z, u)(y, t E Nk ——2= dy.
:ug( C) /m ( )(y )k:1 jk ayk Y
:/ e~ ZWIN (det Z, u) (y, 1) iy (y, 1) dy.

To estimate the variation |7 ()| of 1} (+,¢) on By observe that if ¢(t) € L>(B2),

/u}(hCW(t) dt = /G”K*Z(y’t”z det Zx(y, t) hj(y, )b (t) du(y, t)
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so, for any Borel set E C Bo,

[l cc s emezwal [ gy
E B1xXE

(y,s)Esupp dh x B2

where |u| denotes the variation of u. For ( = Z(z,t) we get

(3.8) / d|,u;|(Z(33,t)) <C sup efrﬁ%[Z(m,t)*Z(yys)]z / dlul

E {26<|y|<ri}x B2 Bi1xXE
if we assume that h(y) has been chosen to satisfy h(y) = 1 for |y| < 26 < r1. Let
v(z,t) € C(B(0,6) x By) and consider

I.(v) = / (Gru(z,t) — Fru(w,t)) v(z,t) dedt.

If (x,t) is in the support of v(z, t) and rq is chosen conveniently small (depending on 4)
we verify that, in the exponent on the right hand side of (3.8), R[Z(z,t) — Z(y, s)]* >
¢ > 0. Thus, in view of (3.7) and (3.8),

Cer dzdt
L ()] < Cllo]l e / / A )y, )
ByxBy JByxBs [t — S|

S OH’UHLoo |u|(B1 X Bg)eim-.

This shows that I (v) — 0 as 7 — oo. On the other hand, adapting the arguments
in [HM] (where Z(x,t) is smooth) there is no difficulty in proving that, since u(x,t)
is a bounded measure, there is a neighborhood U of the origin in R™ x R™ such that
Gru — u in the weak-x topology of C2(U)*. Thus,

(u—Fru,v) — 0 as 7 — o0,
as we wished to prove.

Remark. Integrating (3.7) with respect to dzdt on By x By and taking account
of (3.8) we see that
HGTU_FTHLI(U) SC, TZ 1.

Since, it is known that ||Grul[z1 () < C it follows that || Frul/ziy < C as well.
We have proved:

THEOREM 3.2. Let L be a locally integrable continuous subbundle of CT(M).
Let u € D) be a Radon measure such that Lu = 0. Then for each p € M, there
is a neighborhood ) and a sequence Py of holomorphic polynomials such that uw =
limy o0 Pr(Z) in the weak-+ topology of CO(Q)* where Z = (Zu, ..., Zm) is a complete
set of first integrals on €.
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