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1. Introduction. Throughout this paper, let ,O or C{z1,..., z,} be the ring of
convergent power series at the origin in C". Equisingular or topological classification
of plane curve singularities is well-understood by([Zal],[Za2]). In this paper, we only
consider an analytic family of plane curves with isolated singularity defined as follows:

fi = fly,z,t) = 2" + a1z + .-+ + a, for sufficiently small ¢+ where the a; =
a;(y,t) € C{y,t}, a;(0,t) =0 and f(y,z,t) is square-free for each ¢.

O. Zariski gave a discriminant criterion for any analytic family of plane curve
singularities of the above type to be equivalent, which is as follows:

THEOREM([ZA2], THEOREM 7, P.529). Consider an analytic family of plane
curve singularities C* : fi = f(y,z,t) = 2" +a12"" L + -+ + a, for sufficiently small t
where the a; = a;(y,t) € C{y,t}, a;(0,t) =0 and f(y, z,t) is square-free for each t.

(a) A sufficient condition that C° and C' be equivalent is that the z-discriminant
A(y,t) of f(z,y,t) be of the form e(y,t)y’Y where (y,t) is a unit in C{y,t} and N is
a positive integer.

(b) If the line y = 0 is not a tangent of C°, then the above condition on A(y,t)
is also mecessary for the equivalence of C* and C°.

The aim in this paper is to generalize this discriminant criterion, and it is very
interesting to prove a generalized criterion, without using the proof of Zariski’s dis-
criminant criterion. In preparation for the generalization of Zariski’s discriminant
criterion, first of all, we need to prove the following:

THEOREM 3.2. Let g = g(y, z) be a Weierstrass polynomial in z at the origin of
the form z™ + b1z L 4.+ b, whereb; are nonunits in C{y} for1<i<n andg is
square-free. Let the z-discriminant of g be £(y)y™9) where e(y) is a unit in C{y} and
N(g) is a positive integer. Then we prove that N(g) = u(g) +n — 1 where u(g) is the
Milnor number of the plane curve {g = 0} with an isolated singularity at the origin.

If n is the multiplicity of g(y,z) at the origin, then it was known by Theorem
2.8([Tel, Proposition 1.2, p.317]) that N(g) = u(g) +n — 1.
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For the proof of Theorem 3.2, it is enough to use Theorem 2.8([Tel]), Theorem
2.7([Le-Ral), which says that the invariance of Milnor’s number implies the invariance
of the topological type, and Theorem 2.5([Mi]) for the computation formula of the
Milnor number, and the classical topological classification theorems for plane curve
singularities, and Theorem 2.10([Ka]) for an equivalence of irreducible parametriza-
tion.

As an application of Theorem 3.2, replacing the condition that the line y = 0 is
not tangent to the plane curve C° by the condition that the regular order of f(y, z,t)
in z at the origin in terms of Weierstrass polynomials is independent of ¢, we generalize
Zariski’s discriminant criterion as follows: The proof just follows from Theorem 3.2
and Theorem 2.7([Le-Ra]), again.

THEOREM 3.3. Consider an analytic family of plane curve singularities C* : f; =
fly,z,t) = 2" +a12" L + -+ + a, for sufficiently small t where the a; = a;(y,t) €
C{y,t}, a;(0,t) =0 and f(y, z,t) is square-free for each t. Then f; is equisingular to
fo if and only if the z-discriminant of fi is y™ up to a unit factor in C{y,t} where N
is some positive integer not depending on t.

As another application of Theorem 3.2, a necessary condition of local irreducibility
of plane curves with singularities can be easily found as follows:

THEOREM 4.1. Assume that g = g(y,2) = 2" +b12" 1+ -+b,, is a Weierstrass
polynomial in z where the b; are nonunits in C{y} and g is square-free. Let the z-
discriminant of g be yN9) up to a unit in C{y} where N(g) is a positive integer. If g
is irreducible in C{y, z}, then we get

N(g) Z0 (mod n).
In other words, if N(g) =0 (mod n), then g is reducible in C{y, z}.

2. Known Preliminaries. Let ,O or C{z1,..., z,} be the ring of convergent
power series at the origin in C™.

DEFINITION 2.1. Let V ={z € C"™!: f(z) =0}and W = {z € C"*' : g(2) = 0}
be germs of complex analytic hypersurfaces with isolated singularity at the origin.

f and g are said to have the same topological type of singularity at the origin
if there is a germ at the origin of homeomorphisms ¢ : (U1,0) — (Usz,0) such that
#(V) =W and ¢(0) = 0 where U; and Uy are open subsets in C"*1.

LEMMA 2.2 (HENSEL'S LEMMA). Let f(y,2) = ag2" + a1y 2"t + - + any’e
be irreducible in C{y, z} where each a; is a unit in C{y, z}, if exists, and the ¢; are
positive integers. Let m be the multiplicity of f at the origin. Then, m = n or £,.
If n=14¢;4+n—1 for some i, then n = ¢; + n—id for alli = 1,...,n, and so f can
be written as follows: f = f,(y, z)+ terms of degree> n, where f, is a homogeneous
polynomials of degree n with f,, = (ay + bz)™ for some a,b € C.

THEOREM 2.3([BR], [BU], [ZAl]). As far as arbitrary Puiseuzr expansion of
wrreducible plane curve singularities is concerned, any two irreducible plane curve sin-
gularities have the same topological types if and only if they have the same type of the
standard Puiseux expansion(or the same Puiseux pairs). In more detail, let f(y, z) be
irreducible in 2O with an isolated singularity at the origin in C2. Then the standard
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Puiseux expansion topologically equisingular to the curve defined by f at the origin
can be described by y = t" and z = t*' + .- 4+t where n < oy < --- < ap and
n > ged(n,a1) > -+ > ged(n,ai,...,0p) = 1. If for a given f there is another
homeomorphic standard Puiseux expansion defined by y = t™ and z = t%* + ... 4 tFa
where m < By < -+ < By and m > ged(m, Br) > -+ > ged(m, B, -+ Bg) = 1, then
n=m,p=gq and o; = for 1 <i<p.

THEOREM 2.4([LEJ], [ZA3]). Let f(y, z) be in 2O with an isolated singularity at
the origin in C2. Then the topological type of the plane curve singularity defined by f
1s determined by the topological type of every irreducible component of f at O and all
the pairs of intersection multiplicity of these two components.

THEOREM 2.5([Mi]).
(1) Let C be an irreducible curve parametrized by the Puiseux expansion

(2.5.1) c :_{y:tn

z = Apt® 4 Aot + /\3ta3 + -

where

(1a) the exponents a; are positive integers with greatest common divisor one and
with 2 < n < a1 < azx < az < ---, and the coefficients \; are nonzero complex
numbers,

(1b) let di = ged(n,a1), do = ged(n,a1,a2),..., dj = ged(n,a1,aq,...,a;) for
each j, and then d, = 1 for sufficiently large r such that n = dy > dy > doy > -+ >
d. = 1.

Then, the Milnor number u(C) =26 =3+, (a; — 1)(dj—1 — d;) with dy = n.

COROLLARY 2.5.1([M1]). First, let Cy be the curve parametrized by the Puiseux
exrpansion

y=1"
(2.5.1.1) Cy =
2=t 4102 o

where

(la) 2<n<a; <as < <,

(1b) n > ged(n,aq) > ged(n, a1, a2) > -+ > ged(n, a1, @9,...,0,) = 1, and n
may be a divisor of oy,

(1c) write d; = ged(n, an), do = ged(n, a1, a9), ..., dr—1 = ged(n, a1, ..., 1),
d, = ged(n, 1, ...,ap) = 1.
In particular, if n > ged(n,aq), note that the above parametrization is called the
standard Puiseuzx expansion for the curve C1.

As a conclusion, the Milnor number u(C1) = 377 _ (j—1)(dj—1—d;) with do = n.

THEOREM 2.6([M1]). Let f(y,z) be in C{y,z} with an isolated singularity at
the origin in C2. Let f(y,z) be a Weierstrass polynomial in z at the origin of the
form 2" + a1z + -+ 4 a, where a; are nonunits in C{y} for 1 < i <n. If f is
reducible in C{y, z}, then f can be written as f = f1--- frn where the f; are distinct
irreducible Weierstrass polynomials in z at the origin such that the f; are reqular in
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z. By Milnor’s formula ([Mi], Theorem 10.5, p. 85),

(2.6.1)
p(f) = p(f) + -+ nlfn) +23 I(fi f;) = h+ 1,
i<j
where I(f;, f;) is the intersection number of two distinct plane curves {f; = 0}

and {f; = 0}, and h is the number of irreducible branches of f at the origin.

THEOREM 2.7([LE-RA]). Let F(t,z) be a polynomial in z = (zo,...,2,) with
coefficients which are smooth complex valued functions of t € I = [0,1] such that
F(t,0) =0 and such that for each t € I, the polynomials (0F/0z;)(t, 2) in z have an
isolated zero at 0. Assume moreover that the integer

of

dz0

(t,2),..., a—f(t,z))

(2.7.1) e = dimeC. /( B,

is independent of t. Then, the monodromy fibrations of the singularities of F(0,z) =0
and F(1,z) = 0 at 0 are of the same fiber homotopy. If further n # 2, there fiberations
are even differentiably isomorphic and the topological types of the singularities are the
same.

THEOREM 2.8 ([TEl, PROPOSITION 1.2, P.317] OR [TE2, PROPOSITION,
P.609]). Let (X,0) C (C™*1,0) be a germ of hypersurface with an isolated singularity,
and let p : (C"1,0) — (C,0) be a projection such that the fiber (Xo,0) of T =p | X
again has an isolated singularity. Then, the multiplicity of the discriminant D, of w,
denoted by A, satisfies the following equality:

(2.8.1) A = " (X0) + p™ (X, 0).

Note that the assumptions imply that the branch locus for a discriminant D, of w is
{0}, i. e., if we take a coordinate zy in (C,0), then an equation for Dy is zg™ = 0
with the following diagram:

(X0,0) —— (X,0)

R e

{0}  —— (Dx,0)

REMARK. p(™tD(X,0) = u(X,0) and p™M(X,0) = m(X,0) — 1 where u(X,0) is
the Milnor number of (X,0) and m(X,0) is the multiplicity of X at 0.

COROLLARY 2.8.1 ([TEl, COROLLARY 1.5, P.320] OoR [TE2, PROPOSITION,
P.613]). Let (Xo,0) C (C™"1,0) be a germ of hypersurace with an isolated singular-
ity, which is defined by an equation f(zo,...,2n) = 0 in C{zo,...,2n}. Then, the
multiplicity in Ox, o of the jacobian ideal j'(= j(f) - Ox,.0) generated by the images
of (8L) 0 < i <, is u" D (X, 0) + p(™ (X0, 0).
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LEMMA 2.9 (THE REARRANGEMENT OF AN IRREDUCIBLE PARAMETRIZATION,
[Ka]).

Assumption  Let the curve V defined by f(y,z) € C{y, z} have an irreducible
parametrization as follows:

(291) Yy = t" and z = Cltkl + Cztk2 + .-

where the ¢; are monzero complex numbers and 1 < n, 1 < ky < ko < ---, and
n > ged(n, k1) > ged(n, ki, ko) > -+ > ged(n, ki, ka,...) = 1. To get a desired
rearrangement of y =t" and z =Y -, cit® in the conclusion of this lemma, first we
can define a finite sequence {a1,aa,...,ar41} from the sequence {k; : i = 1,2,...}
consisting of the exponents k; in (2.9.1) as follows:

(1) Let an = k1, and then note that n > ged(n,aq). That is, either n =
ged(n, 1) or n > ged(n, aq).

(2) Let oy be the smallest positive integer among the exponents k; such that
n > ged(n, 1) > ged(n, a, k;).

(3) Let as be the smallest positive integer among the exponents k; such that
n > ged(n, 1) > ged(n, ag, as) > ged(n, ag, ag, k;).

(r+1) Let a,y41 be the smallest positive integer among the exponents k; such that

n > ged(n,a1) > ged(n,aq,0) > -+ > ged(n, a1, as,...,ap) > ged(n, a1, s, ...,
(674N kz): 1.
Let d and k be arbitrary positive integers. For brevity of notation, if k is divisible by
d, then we write d|k. Otherwise, we write d [k.

Now, let d; = ged(n,ay,..., ;) for 1 <i<r+1l,and thenn >dy >dg > -+ >
dr+1. Note that dl|(al — al), dl X(ai_H — 041), and dl+1|dl

Conclusion  The given irreducible parametrization of V' can be rearranged in t
as follows:

(2.9.2) y =t"
z :Cltal{(l + Clltdl + 612t2d1 + .4 Clpltpldl)

4 %2 (020 =+ Cgltdz + 022t2d2 + -4 chztpzdz)

4 ar—a (C’I‘O + Crltdr + cr2t2dr 4+ .+ chTtpTdr)

oo
! (Cr—i-l,O + Zcr+1,ktk)}
k+1

satisfying the properties (i), (ii) and (iii).
(1) c10 =1, ¢20,¢30,---,Cry1,0 are all nonzero complex numbers.
(i) p1,pe,-..,pr are nonnegative integers such that
(293) o —|—p1d1 < oo <+ (pl + 1)d1,
Qg + pado < az < aig + (pz + 1)d2,
[o7a] +pr71dr71 <oap < Qp_1+ (prfl + l)drfla
ay + prdy < app1 < ap + (pr + 1)d,.
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(iii) Let S be the set which consists of the remaining coefficients in t, that is,

(294) S :{011, C12,5- -+, Cl,pl} U {621, C22, ..., 021p2} U---
U{eri,cra, .oy Crp tU{erpi et k=1,2,... }.

Then, any element of S is either zero or nonzero.
Note that p; may be zero for some i, 1 < i < r. In particular, if p; = 0 for
1 <1 <7, then note that c;1,c¢i2, ..., Cip, are all zero except for co.

THEOREM 2.10 (AN EQUIVALENCE OF IRREDUCIBLE PARAMETRIZATION, [KA]).
Assumption  We may assume without loss of generality that the curve V defined
by f(y,z) € C{y,z} at the origin has an irreducible parametrization as follows:

(2.10.1)
y =t",
z =ct {(1+ Di(t)) +t*2"* (ca0 + D2(t)) + - - -
+ 2% (cpg + D (1)) + 9T (erq1,0 + Drga(2))}
=ct*(1+ H(t)) or
y =t",
z=ct® {1+ D1(t)} + ct*{coo + Da(t)} + - --
+ct*{cro+ Dr(t)} + et {cr11,0 + Drg1(t)}
where

(1) 1§nand1§a1<a2<~~<ar+1,
(i) n>dy >dy >+ >dry1 =1 with ged(n, a1, a,...,0;) =d; for 1 <i <
r+1,
(iil) p1,p2,...,pr are nonnegative integers such that

ap +pidy < ag < oy + (p1 + 1)dy,

Qo + pads < az < aig + (pz + 1)d2,

Q1 +pr71dr71 <oap < Qp_1+ (prfl + l)drfla
ar + prdy < api1 < ap + (pr + 1)d,,
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DT+1(t) = Z CT+1)]€tk S (C{t},
k=1

L+ H(t) =1+ Di(t) 4+ t*27* (cao + Da(t)) + - --
+ T (CT‘O + Dr(t)) + T (CTJrLO + DTJrl(t))’

(v) ¢,c10 =1,¢20,€30,---,Cry1,0 are all nonzero complex numbers.

Conclusion ~ We have the followings: Observe that (I) of two statements (I)
and (IT) below may be omitted, in order to simplify the statements for Conclusion, if

Necessary.
(I) In preparation for the construction of an equivalent irreducible parametrization of

V', let s be the new parameter defined by
a1 a1
(2.10.3) s(t) =co1t(l4+ H(t))™

where )
i) c¢*1 is a complex root such that w™' = c,
p
(ii) s = s(t) is a conformal mapping of t at the origin,
(iil) z = s*1.

Then t = cfa_lls(l + H(t))fﬂ_ll, as t = ¢(s) € C{s}, can be written as follows:
Note that y = ((s))™.

(2.10.4)
t=¢(s)
:c_o‘_lls{l + Q1(s) + 5727 (Bag + Q2(s))
o+ ST (Bro 4 Qr(s)) + M TN (Bryao + Qraa ()
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where
(2105) BQQ :&(C_"%)qual,Bgo = &(C_"%)aaial, ey
—Q1 —Q1
By = O (marjarn—an,
—oq

Q1(s) =B115™ + B1as®™ + - + By, 574 € Cls],
QQ(S) :Bglsdz + B2252d2 + -+ B21p28p2d2 S C[S],

Q.(s) =B 189 4+ Bros®¥ 4+ 4 B, sPr% e CJs],
sPr

Qr+1 ZBT+1 kS (S (C{S}

k=1

such that all the B;; are complex numbers and that in particular the By are nonzero
for2 <i<r+1. Note that Q;(0) =0 for 1 <i<r+1.

(IT) The equivalent parametrization with the new parameter s for V can be analytically
written in the following form:

(2.10.6)
z =5,
y =¢ F {1+ Qi(s) + 5™ (bao + Q3(5))
+ 507 (bgo + Q3(5)) + -+ A+ 8T (bryr,0 + Qi (8)))
where
(2107) b20 :LCQOC%‘”(azial), b30 = n C30C ™~ 0‘1( 8- a1)7 ceey
—Q1 —a1

n L (arp1—aa
bri1,0 = —Cr+1,00*‘*1( o ),
“oy

Qi (s) =bi1s™ +b1as® 4+ 4 by, s € Cs),
Q;(S) :b218d2 + b2282d2 + 4+ b27;D2 Sp2d2 € (C[S]u

Qr(s) =br18T + byps®i 4 4 br,prsprdr € Cls],

T+1 Z bTJrl kS € C{S}

k=1
such that all the b;; are complex numbers and that in particular the b,y are nonzero
for 2 <i<r+41. Note that QF(0) =0 for alli=2,3,...,r+ 1.
Remark: Observe by (2.10.5) and (2.10.7) that
(2107*) b20 = nto, bgo = ’rLBgo, N br+1 0= nBr+1 0-

THEOREM 2.11([KA]). Suppose that the curve V' defined by f(y,z) € C{y, 2} at
the origin satisfies the same assumptions and notations as in Theorem 2.10. First, let
C1 be the curve parametrized by the Puiseur exrpansion

— "
(2.11.1) o =17
z =11 2 -i----—i—ta”l,
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where

(la) 2<nand2 < a1 < ag < -+ < Qpy1,

(Ib) n > ged(n, 1) > ged(n, ag,a) > -+ > ged(n, a1, a9,...,ar41) = 1, and n
may be a divisor of o,

(lc) write dy = ged(n,aq), d2 = ged(n, a1, a2), ..., dr = ged(n,aq,. .., qp),
dry1 =ged(n, a1, ..., qpq1) = 1.

Next, let Cy be the curve parametrized by the Puiseur expansion

{ y = 4 tn+t12—0¢1 + tn+a3—a1 Feet tn+0w+1—0t1
(2.11.2) Co =
z =t

As a conclusion, V(f), C1 and Cy have the same topological type of singularity
at the origin, satisfying the following property:

(i) If n < aq and n > ged(n, aq), then Cy is the standard Puiseux expansion for
the curve V.

(i) If n < a1 and n = ged(n, aq), then the parametrization defined by y = t™ and
z =1 4 .- + 1+ 4s the standard Puiseux expansion for the curve V.

(iii) If n > a1 and ag > ged(n,aq), then Cy is the standard Puiseux erpansion
for the curve V.

(iv) If n > a1 and oy = ged(n,«q), then the parametrization defined by y =
grtaz-al g gntas—on L pqntari—ar gnd » =t g the standard Puiseuzr expansion
for the curve V.

Thus, the standard Puiseux expansion which is topologically equivalent to the
Puiseuz expansion of the curve V(f) is uniquely determined.

The proof of Theorem 2.11 just follows from Theorem 2.3 and Theorem 2.10.

3. A discriminant criterion for an analytic family of an equivalence of
plane curve singularities. Let ,O or C{zy,..., 2, } be the ring of convergent power
series at the origin in C".

DEFINITION 3.0. Let C{y}[z] be the polynomial ring in z with coefficients in C{y}
where C{y} is the ring of convergent power series centered at the origin. f € C{y}[z]
is said to be a Weierstrass polynomial of degree n > 0 in z if f = 2" + > 1" | bjz" "
where for 1 <4 < n, the b; are nonunits in C{y}. If n is also the multiplicity of f at
the origin in C?, then it is said that f is a Weierstrass polynomial of multiplicity » in
2.

REMARK 3.0.1. Let f € C{y}[z] be a Weierstrass polynomial of degree n > 0 in
z. Observe that irreducibility in C{y}[z] is the same as irreducibility in C{y, z}. If f
is reducible in C{y, z}, then f = f1--- fi where the f; are Weierstrass polynomials in
z and irreducible in C{y, z}. Let f; = 2™ + b12™ "1 4+ .- + b, for 1 <i < k, where
the b; are nonunits in C{y}. Then, n; + no + -+ + nx = n.

As an application of Theorem 2.8([Te2]), we have the following proposition:

PROPOSITION 3.1. Let f be a Weierstrass polynomial of multiplicity n in z which
has the form f = f(y,z) = 2" +a12" "1+ -+a, where the a; = a;(y) are holomorphic
near y = 0 and a;(0) = 0 for i = 1,--- ,n. Let the line {z = 0} be tangent to the
plane curve {f = 0} at the origin in C2. Assume that the discriminant of f with
respect to z is not identically zero. Let the z-discriminant of f be yN) up to a unit
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in C{y} where C{y} is the ring of convergent power series centered at the origin. Then
N(f) = u(f)+n—1 where u(f) is the Milnor number of the plane curve {f =0} at
the origin.

Proof of Proposition 3.1. In order to apply Theorem 2.8 to this proposition, let
us look at the projection p : (C2,0) — (C,0) defined by (y,z) — y. For convenience
of proof, we may assume that (X,0) is a germ of reduced plane curve in (C2,0) where
X ={(y,2) : f(y,2z) = 0}. Note that the multiplicity of the plane curve X at 0 is
equal to the degree n of a Weierstrass polynomial f in z at the origin. Then, 7 =p |
X : (X,0) — (C,0) implies that the branch locus for a discriminant D, of 7 is {0}.
Now, let us consider a line H = {y = 0} in (C?,0) parallel to the projection 7. Follow
the same notations as in the proof of Theorem 2.8. Since H is transversal to (X,0)
by Hensel’s lemma, then A = p®)(X,0) 4+ pM(X N H,0) = @ (X,0) + M (X,0) =
1?(X,0)+m(X,0)—1 by Proposition 2.8 and Corollary 2.8.1 where x(? (X,0) = u(f)
and m(X,0) is the multiplicity of X at 0 for notation. Note by construction that

A = dim¢ %”fj)} is equal to an integer N(f) and p™M (X N H,0) = dimc% is equal

to an integer n — 1 and m(X, 0) is equal to an integer n. Thus, the proof is done.

First we extend the above proposition, just replace mult(f) by the regular order of
f in z. We start to define the regular order of f in z. If f is a Weierstrass polynomial
of the form f = 2" + a;2" ! + -+ + a, where the a; = a;(y) are nonunits in C{y},
then f is said to be regular of order n in z at the origin. Observe that regular order
is just degree of f relative to z, which may not be equal to the multiplicity of f.

The main aim in this paper is to prove the following theorem, which generalize
the above proposition.

THEOREM 3.2. Let C{y} be the ring of convergent power series centered at the
origin. Let f be a Weierstrass polynomial such that f = 2™ +a12" * + -+ + a, is
reqular of order n in z at the origin where the a; are nonunits in C{y} and square-free.
Let the z-discriminant of f be y™ up to a unit in C{y}. Then N = p(f)+n—1 where
w(f) is the Milnor number of the plane curve {f = 0} at the origin.

In preparation for the proof of Theorem 3.2, first we consider the case when f of
Theorem 3.2 is irreducible in C{y, z}.

PROPOSITION 3.2.1. Assume that f = 2" +a12"" 1 + -+ a, is reqular of order
n in z at the origin where the a; are nonunits in C{y} and square-free. Assume that
fis irreducible in C{y}[z]. Let the z-discriminant Ry ;. of f be yNI) up to a unit in
C{y}. Then N(f) = p(f)+n—1 where u(f) is the Milnor number of the plane curve
{f =0} at the origin.

Proof of Proposition 3.2.1. Rewrite f in the form:
(321) f =" 4 blyelz”’l N biyiiznfi RS bnye"

where b; are units in C{y} and ¢; are positive integers for 1 < ¢ < n. If the line {z = 0}
is tangent to the plane curve {f = 0}, there is nothing to prove by Proposition 3.1.
For the remaining of the proof, we may assume that the line {z = 0} is not
tangent to the plane curve {f = 0}, that is, £, < n by Hensel’ Lemma.
Put

(3.2.2) g=2"+ byt byt T byt
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Since the line {z = 0} is tangent to the plane curve {g = 0}, it is clear by Proposition
3.1 that N(g) = u(g) + n — 1 where the z-discriminant R, 4, of g is defined to be
y™N(9) up to a unit in C{y}, noting that p(g) is the Milnor number of the plane curve
{g = 0} at the origin. We use quadratic transformations or blow-ups ([L], Chap 1).
Blowing up {g = 0} at (0,0), we can get one and only one proper transform {f = 0}
of the plane curve {g = 0}. Observe that g is also square-free.

Then, we claim the following:

claim[l] N(f)= N(g) —n(n—1).

claim(2] () = () — nfn — 1).

If two claims are proved, then it is clear that N(f) — u(f) = N(g) —n(g) = n—1,
and so the proof will be completely finished.

The proof of claim[1]: Observe that the proof of the claim[1] will be finished by
Sublemma 1 and Sublemma 2.

SUBLEMMA 1. Let

F = Agx} + Ayt 4+ + Ay,
G = Box' + Bz ' + -+ + By,

where A; and B; are homogeneous polynomials in Clxg, 1, ..., 2,1, with degrees of
i and j, respectively. As a conclusion, if Rp.c € Clzg, x1, ..., Tk—1] is the resultant of
F and G, then either Rp ¢ is identically zero or Rp,g is a homogeneous polynomial
of degree of nm.

For the proof of Sublemma 1, see [BK, Proposition 8, p. 202].

AN EXAMPLE FOR SUBLEMMA 1. In order to apply the result of Sublemma 1 to
the proof of claim[1], consider the following example:
Let

F=Az"+A1z" 1+ -+ A,
G=nApz" '+ (n—1)A12"2+ - +A,_,

where G = F,, and A; are homogeneous polynomials in Clzg,x1,...,z,_1], with
degrees of 7, for 0 < i < n. By Sublemma 1, it can be easily shown that if Rp p, is
viewed as a polynomial in C[Ag, A1, ..., A4,], then Rp r, has one and only one of the
following:

(i) Rp,F, is identically zero.

(ii) Any nonzero monomial A}° A A5 - .- AP» of Rp g, has p1 +2pa+---+np, =
n(n — 1) where all the p; are nonnegative integers.

SUBLEMMA 2. Rewrite f in the form:
(323) f =" 4 blyhzn—l Foe gt biy&zn—i 4ot bny€n7

where the b; are units in C{y} and the {; are positive integers for 1 <i < n. Suppose
the line {z = 0} is not tangent to the plane curve {f =0} or £, <n. Put

(3.2.4) g=2"F+ byt byt gyt
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Since the line {z = 0} is tangent to the plane curve {g = 0}. Let the z-discriminants of
f and g be denoted by Ry ;. and R, ,.. As a conclusion, we have R, ,. = y™ ™ YR ¢

Proof of Sublemma 2. Put by = 1. For any nonzero monomial [}, (b;y%)Pi in
Ry,s. in the sense of an example for Sublemma 1, then we can choose [}, (biy“iy’)?i
in Ry 4., and conversely. Whenever biybiy'z" " in g is viewed as ¢;y°2" "%, then it is
clear by the above remark that p; + 2ps + -+ + np, = n(n — 1), and so the proof of
Sublemma 2 is done.

Thus, we can prove claim[1] by Sublemma 1 and Sublemma 2.

The proof of claim[2]: The proof of claim[2] just follows from Sublemma 3.

SUBLEMMA 3. Suppose that the same assumption as in Proposition 3.2.1 holds.
First, we construct the curve C1 parametrized by the standard Puiseuz expansion which
is equisingular to g(y,z) = 0 at the origin with the same tangent line z = 0. Let Cy
be the curve parametrized by the standard Puiseux expansion

y=1"
(3.2.5) Cr = { 2=t P2 4 P

where

(la) 2<n< f1 < P2 <+ < Bry1,

(1b) n > ged(n, B1) > ged(n, 1, B2) > -+ > ged(n, B1, B2, ..., Brs1) = 1,

(lc) write di = ged(n,p1), d2 = ged(n, f1,052), ..., dp = ged(n,B1,...,5),
dry1 = ged(n, B, ..., Brp1) = 1.
Let 1 : M — C? be a blow-up of C? at (0,0). Let (v,u) and (v',u’) be the local
coordinates for M with w(v,u) = (y,2) = (v,vu) and 7(v',u') = (y,2z) = (V'u',v)
where u' = % and v' = vu.

Let Cy be the curve defined by the proper transform of Cy. Then, the curve Cs
can be parametrized by the Puiseux expansion

v=t"
(326) CZ = { w— tﬁl_n + tﬁz—n +t63—n 4+t tBT+1—7l'

Since the curve Cy and f(y,z) = 0 at the origin have the same topological type of
singularity, and also the line {z = 0} is not tangent to the plane curve {f = 0}, then
b1 —n<n.

As a conclusion, u(Cy) — pu(Cq) = n(n —1).

Proof of Sublemma 8. By Theorem 2.10 and Theorem 2.11, the curve Cs can be
topologically reparametrized by the Puiseux expansion
v=t"+ tn+ﬁz—ﬁ1 + tn+ﬁs—ﬁ1 TR tn-i-ﬁr—ﬁl
CQ =
u=th",

(3.2.7)

By Corollary 2.5.1,

w(Cr) = (Br = 1)(n —d1) + (B2 — 1)(d1 — d2) + (83 — 1)(d2 — d3)
+-+ (671 - 1)(dn—1 - dn)7

w(Cs2) = (n—1)(B1 —n—di) + (n+ B2 — f1 — 1)(d1 — da)
+(n+0s—=0—1)(d2—d3)+ -+ (n+ By — B — 1)(dn-1 — dy).
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Compute p(Cy) — p(Cs). Then,

w(C1) = u(C2) ={(B1 —1)(n —d1) — (n = 1)(B1 —n —d1)}

+{(B2 = )(d1 —da) — (n+ B2 — B1 — 1)(d1 — d2)}

+{(B3 —1)(d2 —d3) — (n+ B3 — B1 — 1)(d2 —d3)} + - -~

+ {(ﬁn - 1)(dn—1 - dn) - (n + ﬁn - ﬁl - 1)(dn—1 - dn)}

={(B1 = D(n—di) = (n=1)(B1 —n—di)}
—{(n—pB1)(d1 —d2) + (n— Br1)(d2 — d3) + - -~
+(n = B1)(dn—1 —dn)}

Br=Dn—di)—(n—=1)(B —n—di)—(n—pi)(d1—1)
(Br—=1D(n—di)—(n—1)(B1—n)+ (n—1)di — (n— p1)(d1 — 1)
n(n —1).

Thus, the proof of Sublemma 3 is done. So, we can prove claim[2].
Therefore, the proof of Proposition 3.2.1 is completely finished.

Proof of Theorem 3.2. Rewrite f in the form:
(3.2.8) f=2" 4 by 2" by T byt

where b; are units in C{y} and ¢; are positive integers for 1 < ¢ < n. If the line {z = 0}
is tangent to the plane curve {f = 0}, there is nothing to prove by Proposition 3.1.
For the remaining of the proof, we may start to assume that the line {z = 0} is
not tangent to the plane curve {f = 0} or ¢, < n.
Put

(3.2.9) g=2"+bytr T byttt gyt

But, note that the line {z = 0} is tangent to the plane curve {g = 0}. We use
quadratic transformations or blow-ups ([La], Chap 1). Blowing up {g = 0} at (0,0),
we get one and only one proper transform {f = 0} of the plane curve {g = 0}. Observe
that g is also square-free. Let the z-discriminant of g be y™¥(9) up to a unit factor in
C{y} where N(g) is some positive integer.

We claim the following:

(1) N(g9) = p(g) + n — 1 where g is irreducible in C{y, z} and the line {z = 0} is
tangent to the plane curve {g = 0} at the origin, which is trivial to prove.

(2) N(f) = N(g) —n(n —1).

(3) u(f) = lg) - n(n —1).

If f is irreducible in C{y, z}, then it was already proved by Proposition 3.2.1.

Let the line {z = 0} be not tangent to the plane curve {f = 0} and f be reducible
in C{y,z}. Then f can be written as f = fi---f, where the f; are irreducible
Weierstrass polynomials and regular in z. From the construction of ¢ in (3.2.9), g can
be written as ¢ = g1 --- gn where the g; are irreducible Weierstrass polynomials and
regular in z. Moreover, if {f; = 0} is the corresponding proper transform of {g; = 0}
for each 4, then note that the intersection number of {g; = 0} and {g; = 0} decreases
by (mult(g;)) - (mult(g;)) for ¢ # j, after one time blow-up. See [Fu, p.74] for the
definition of the intersection number. Let N(f;) be the total order of the zero to the
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z-discriminant of f; at y = 0, and N (g;), that of g;, 1 <4 < h. Let u(f;) be the Milnor
number of f; and u(g;), that of g; for i =1,... h.
So, we get the following:

(3.2.10) N(fi) = u(fi;) +ni —1 by Proposition 3.2.1,
N(g;) = u(g;) + n; —1 by Proposition 3.2.1,
1(gi) — p(fi) = ni(n; — 1) by Sublemma 3,
and ny + - - -+ np = n where the n; is the multiplicity of g; at the origin, and also the
regular order of f; in z at the origin. By Milnor’s formula (Theorem 2.6),

(3.2.11) 1(g) = p(gr) + - + plgn) + 2 Zl(gi,gj) —h+1,

where I(g;, g;) is the intersection number of two distinct plane curves {g; = 0} and
{g; = 0}, and h is the number of irreducible branches of ¢ at the origin.
By (3.2.10) and (3.2.11), we get

(3.2.12) n(g) = p(fr) +ni(na — 1) + -+ p(fa) + np(np — 1)
+2) (i f) +2D ming —h+ 1.
1<J 1<J

Observe that
(3.2.13) ni(ny — 1)+ +np(ny — 1)+22nmj

i<j

=i +-+np)? = (4 +ny) =n(n—1).

By (3.2.12) and (3.2.13), we get that p(g) = pu(f)+n(n—1) using Milnor’s formula
for u(f) = p(f1--- fn) in the sense of (3.2.11). Since N(g) = N(f) + n(n — 1) by the
proof of claim[1] or Sublemma 2, then we have N(f) — u(f) = N(g) — p(g), which
must be equal to n — 1. Thus, the proof of the theorem is completely finished.

THEOREM 3.3. Consider an analytic family of plane curve singularities Ct : f, =
fly,z,t) = 2" + a1z + -+ + a, for sufficiently small t where the a; = a;(y,t) €
C{y,t}, a;(0,t) =0 and f(y,z,t) is square-free for each t. Then f; is equisingular to
fo if and only if the z-discriminant of f; is y™ up to a unit factor in C{y,t} where N
18 some integer not depending on t.

Proof of Theorem 3.3. It just follows from Theorem 3.2 and Theorem 2.7([Le-
Ral).

4. A necessary condition of local irreducibility of plane curves with
singularities.

THEOREM 4.1. Assume that f = 2" +a12"" ' + - + a, is a Weierstrass poly-
nomial in z where the a; are nonunits in C{y} and f is square-free. Let the z-
discriminant of f be e(y)yNY) where N(f) is a positive integer and £(y) is a unit
in C{y}. If f is irreducible in C{y, z}, then we get

(4.1.1) N(f)#£0 (mod n).
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Proof of Theorem 4.1. In order to compute the number N, it suffices to consider
two cases, respectively:

Case (i): The line {z = 0} is tangent to the plane curve {f = 0}.

Case (ii): The line {z = 0} is not tangent to the plane curve {f = 0}.

Case (i): Let the line {z = 0} be tangent to the plane curve {f = 0}. To compute
the number N(f), then we may assume by Theorem 2.3, Theorem 2.10 and Theorem
2.11 that {f = 0} has the same topological type near the origin as the curve defined
by the Puiseux expansion, that is,

(4.1.2) {y =

= t* —|-t°‘2_|_..._|_t0‘r+1,

where 2 < n < a1 < ag < -+ < ap1 and dg = n > d; = ged(n,a1) > do =
ged(n, aq, ) > -+ > dpgp1 = ged(n,aq, -+, ar41) = 1. Note that n may be a divisor
of aq.

Now, since f is irreducible in C{y, z} together with the same hypotheses as in
Proposition 3.1, using Corollary 2.5.1, we compute N(f) = p(f) +n — 1 as follows:

(a) Let r+1=1orr =0. Then N(f) = pu(f)+n—-1= (a1 — 1)(n— 1) +
n—1=(aqg —1)n+n— ay. Since d; = ged(n, a1) = 1, there is nothing to prove for
N(f)#0 (mod n).

(b) Let  + 1 > 2. Then, we have
(1.13) N(f) = u(f) +n— 1
= (aq —1)(do — dy) + (g — 1)(d1 — da) + - - -
+ (pp1 = 1)(dr —dry1) +n—1
= some multiple of d,, — (ap41 — 1) +n —1
= some multiple of d,. +n — a,41.
Since 41 is relatively prime to d, = ged(n, a1, -, a,), we get
N(f)#£0 (mod ged(n,ay, - ,ay)).
So, N(f) # 0 (mod n). Thus, the proof of Case (i) is done.

Case (ii): Let the line {z = 0} is not tangent to the plane curve {f = 0}.
Rewrite f in the form

f — n + blyélzn—l 4t biyéizn—i R bny€n7
where b; are units in C{y} and ¢; are positive integers for 1 <i < n.
As in the proof of Theorem 3.2, put
g= g + b1y£1+12n71 N biy£i+i2n7i N bnyinJrn.

Note that the line {z = 0} is tangent to the plane curve {g = 0}. We use
quadratic transformations or blow-ups ([La], Chap 1). Blowing up {g = 0} at (0,0),
we get one and only one proper transform {f = 0} of the plane curve {g = 0}. Observe
that ¢ is also square-free. Let the z-discriminant of g be y™V(9) up to a unit factor in
C{y} where N(g) is some positive integer. By Case (i), N(g) Z 0 (mod n). Since
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N(f)= N(g)—n(n—1) by Sublemma 2 of Proposition 3.2.1, there is nothing to prove.
Thus, the proof of Case (ii) is done, and so the proof of the theorem is finished.

COROLLARY 4.2. Under the same hypotheses of Theorem 4.1, if N(f) = 0 (mod n)
then f is reducible in C{y, z}.

Now we give some examples:
(1) Let f = (22 +4*)%2 +y"22 or let f be topologically and parametrically given by
y = t% and z = t8 + '3, Then u(f) = 40 and the z-discriminant of f is y™¥(/) up
to a unit factor in C{y} with N(f) = 45. Note that f is irreducible in C{y, z} and
N(f) # 0 (mod 6).

2) Let f = (224 y")(2®> + y*). Then the z-discriminant of f is y™¥) up to a unit
(2)
factor in C{y} with N(f) = 31. But, N(f) #Z 0 (mod 5).
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