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Abstract. Let (M,g) and (N,h) be compact Riemannian manifolds, where (N,h) is symmetric,
ve WM, g),(N,h)), and 7 is the tension field for mappings from (M, g) into (N, h). We consider
the nonlinear eigenvalue problem 7(u) — ﬂexp;l v =0, for u € WH3(M, N) such that wom = vigm > and
A€ R. We prove, under some assumptions, that the set of all A, such that there exists a solution
(u, A) of this problem and a non trivial Jacobi field V along u, is contained in R, is countable, and
has no accumulation point in R. This result generalizes a well known one about the spectrum of the
Laplace - Beltrami operator A for functions from (M, g) into R.
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1 Introduction

Let (M, g) and (N, h) be Riemannian manifolds, and  : M — N a smooth mapping. Letv:]—1,1[Xx]-
1,1[XM — N, (r,5,x) = v, 4(x) be a c? - mapping such that voo = u, and v, gom = wom,V(r,5) €
1—1,1[% in case AM # 0. The energy of u is

1
E@w) =5 fM lldull* (x)dx,

where dx is the Riemannian measure on (M, g).
In local coordinates one has

2 i ou” 8u’8
lldull” (x) = g ](X)W(x)@(x)haﬁ(u(x))-

It is well known, see e.g. [8], that

02
0_ lr=s=0 E(vy,s) = f <_[Ve,-ve,- V- VV(,.e,- V]- RN(V, deiu)de,-u, W> (x)dx
ros M i

_ f <vr%|r:szo ,r<u>>(x)dx,
M Os
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where s P
Vr,s Vr,s
Vi=—=|—s=0 and W 1= —= |-
o lr=5=0 B lr=s5=0

are vector fields along u,
T(u) := trace (Vdu) = V,.d.,u — dvel.e[M

is the tension field of u, and (e;); is a local orthonormal frame. We are using the summation conven-
tion of Einstein.
If one assumes that (1) = 0, i.e. u is harmonic, then one has
62

= lr=s=0 E(Vr,s) = f <_[Ve,~ve,~v - VVe.ei V]- RN(V, deiu)deiu, W> (x)dx.
ords M !

For a harmonic mapping u, some V € I'(u~!(TN)) is called a Jacobi field along u when
Ve Ve,V =Yy, eV +RY(V,du)deu=0o0n M.

One sees also that when r - v, is a geodesic, then even when u is not harmonic, one has

dZ
& o B = f (~1VeVV = Vg0, VI = RV (V,d )i, V) ().
M

The existence of non vanishing Jacobi fields along a harmonic mapping u# makes it difficult to
know whether u is locally energy minimizing or not, and it gives informations about the uniqueness
of u in its homotopy class. When (N, ) has nonpositive sectional curvature, it has been proved by
Hartman in [5] that such a Jacobi field V satisfies

VV =0and (RN (V.de,u)de,u, V) =0 on M.

In our work [12] we tried to extend in some way this result of Hartman to cases where the
sectional curvature of (NV,h) is no more nonpositive, but (N, /) being symmetric. We proved (
roughly said ) in that work that given such a Jacobi field V, if it is integrable, i.e. there exists
v:]-1,1[XM — N a smooth mapping such that v(0,.) = u, v(¢,.) is harmonic, for any # €] — 1, 1[ and
V(x)= 280 _ vxe M, then V[V V] = 0.

In our work [9] we introduced, together with Prof. Jost, the functional

1
EA = 5 fM \dull? (9dx— fM A2 (u(), w())dx]

for some fixed 2 € R and w € C'(M, N), where d(.,.) is the Riemannian distance function on (N, ).

We have been motivated by the sake of developing a generalisation of the eigenvalue problem of

the Laplace - Beltrami operateur A, as it has been done by J. Eells and J. H. Sampson in [3] to

generalize the concept of harmonic functions to the one of harmonic mappings between Riemannian

manifolds. For negative A this functional generalizes also the Mumford - Shah functional ( which is

used in image approximation, see e.g. [1] ) to the case of mappings between Riemannian manifolds.
We have from [9]

d -
Tty Ea0i0) = = fM (z(w) - Aexp,' w,V)dx.

So, u is a critical point of E, if and only if

Ly(u) := L(A,u) ::T(u)—/lexp;IWZO. (1.1)
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A solution u of (1.1) is called an eigenmapping of the tension field 7 associated to the eigenvalue A (
for the model mapping w ). In [9] we proved that the spectrum of 7 in this sense may be continuous
and the set of eigenvalues and eigenmappings may bifurcate, even when (&, /) has nonpositive
sectional curvature. This eigenvalue problem generalizes the one for the Laplace - Beltrami operator
A for functions defined on (M, g), since, for (N,h) = R and w = 0 one has

T(u)— /lexp,:1 w=Au+ Au.

In our work [11] we proved some first eigenvalue estimates for 7. In these studies, the case where
the model mapping w is harmonic is the most close to the case of the real valued functions.
From [9] we have
82

— |jm= = -[V,V,V-— )
Irds lr=s5=0 E/I(Vr,s) L[( [ e e,V VVeie,V]aW>(x)

—(RN(Vdu)dou— AVy exp”' w, W) (x)]dx,

where u is a solution of (1.1).
V eT(u"'(TN)) is called a Jacobi field along a solution u of (1.1) when

VyLa(w) := Ve, Ve,V =Yy, oV + RN (V.dou)dou— AVyexp™' w = 0. (1.2)

In the present work we make a qualitative study of the solutions of the equations (1.1) and (1.2).

For a fixed (A, u) the equation (1.2) is linear in the unknown V. This equation is very close to
the linear elliptic partial differential equations, at the difference that V is not here a function, but a
section of some vector bundle.

Let’s fix u. Then equation (1.2) gives a linear eigenvalue problem. We prove in this work
that the spectrum for this problem is made of a nondecreasing sequence, which converges to +co.
Furthermore, each eigenspace is a finite dimensional real vector space, the first eigenvalue is simple
and the corresponding eigenvectors are positive in some sense made precise in Theorem 2. So,
the spectral problem defined by (1.2) has many of the properties of the spectrum of the Laplace -
Beltrami operator A. Actually, our proofs rely heavily on the same ideas as for the spectral problem
for A, as they can be found in the books [4] and [7].

For the solutions of (1.1), we know already a few, as we said above. One can see that (1.1) is
not linear in u. In the present work we are interested in those A ( called degenerate eigenvalue of T
) such that, there exists a solution « of (1.1) and a nontrivial solution V of (1.2). The set of all such
A is called the degenerate spectrum of . We will prove that the degenerate spectrum is

1°) nonnegative

2°) finite, or is made of a sequence which converges to +oo. Furthermore, if 43 is the smallest
degenerated eigenvalue of 7, then the set of the corresponding Jacobi fields is a one dimensional real
vector space, and those Jacobi fields are nonnegative in the sense of Theorem 2. So the degenerate
spectrum has also many of the properties of the spectrum of A. One can see that, when (N,h) =R
and w = 0, the equations (1.1) and (1.2) are the same. We will see also that the spectrum of 7 is
bounded from below.

The proof that the degenerate spectrum is discrete is based on the bifurcation property which
we studied in [9], and the proved fact that the sets of solutions of our equations (1.1) and (1.2) are
closed under W'2- weak convergence. The proof that A; is simple is just an adaptation of the same
proof for equation (1.2): Here, both (1.1) and (1.2) have to be satisfied at the same time. To prove
the nonnegativeness of the degenerate spectrum, we show first that a Jacobi field corresponding to
A; is integrable, and then use some nonexistence result of integrable Jacobi fields for negative 4
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which is in [13]. Here, we must point out an important typewriting mistake in [13]: In Theorem 2.6
of that work, the assumption ” 0 < K| < Riem™" < K, should be ” =K < Riem™" < K, with K >0
and K| > 07, so one must replace K| by —K| everywhere.

2 Definitions and results

2.1 Definitions

2.1.1. Let us assume that (N, ) is isometrically embedded into some Euclidean space R¥. Then
WM, N) = {v € W'A(M,R¥) / v(x) € N for a.e. x € M}

where W12(M,R¥) is the usual Sobolev space of all maps in L*(M,R¥) whose derivative in the sense
of distributions is square integrable.

2.1.2. Let ve WH2(M,N). One can extend the metric 7 on N to TN by using the Levi - Civita
connexion of (N, h), to get a Riemannian metric #* on TN. By using the isometric embedding of
(TN, k) into some Euclidean space R, one can define

L>*0"NTN)) : =T (TN)NL*(M,R?) and
0 TN) + = WM TN)N{V e T (TN)) / Vigy =0},

where T(v"1(TN)) is the vector space of all sections of the pullback bundle v='(T'N).

2.1.3. For any y € N, inj(y) is the injectivity radius of the Riemannian manifold (¥, &) at the point y.
For x,y € N such that d(x,y) < inj(x), |[» will denote the parallel transport from x to y along the

unique minimizing geodesic going from x to y.

2.1.4. RV is the curvature tensor of (N, ) and Riem™" is the sectional curvature of (N, 4). V desig-

nates invariably the Levi - Civita covariant derivative, and the from it defined covariant derivatives

on tensors. Ker(V_L) is the Kernel of the linear operator V L. Yy € N, exp, is the usual exponential

mapping which is defined from some neighborhood of 0 in T),N into N.

2.1.5. Letu € C*(M,N), U an open subset of M on which there is a coordinates system (xh, ..., x™),

such that there exists a coordinates system (y!, ...,y") on some neighborhood of u(U). Then: Vx e U

we have

T(u)(x) =

8u®

ij
8 (x)[(?)xi&xj

ou® Mk auﬁ au6 Nya 9
(x)—ﬁ(x) L)+ 25 ()70 Fﬁé(u(x))]@(u(x))

N NN 0
[Au™(x)+ g f(x)%(x)@(x) Fﬁ(;(u(x))]@(u(x)),

where M l"i.‘/.(x) is the Christofell symbol, and A is the Laplace - Beltrami operator of (M, g).

2.1.6. Some V € F(l)’Z(v‘l(TN )) is said to be harmonic when it is a weak solution of the equation
VeVe,V=Vy, .V =0.

2.1.7. For V, W e [>(v"!(TN))

(V, W2 :=f(V,W)(x)dx.
M
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For u,v € L*(M,N),
dp2(u,v)? = f d? (u(x), v(x))dx.
M

2.1.8. Throughout this work w € C!'(M,N) and 8 € C°(M,R) is such that

T
0 07 i inj s —Jb v M9
(x) €10, min{in j(w(x)) 5 \/f}[ x€

where K > 0 is an upper bound for the sectional curvature of (N, /). We set
W1’2(M’ N),, =

ve WM, N) / vigyr = wiam and d(w(x), v(x)) < 6(x),Vx € M},
and for any v € WH2(M, N),,,

Qu(V) 1=V Ve, V=Vy, oV + R (V.dev)dev, YV €Ty (v (TN)),

and
Erv = {V eT? (v (TN)\{0} / O, (V) = AVyexp ' w=0},YA€R.

2.2 Results

Theorem 2.1. Let (M, g) and (N, h) be compact Riemannian manifolds.
Letve WY2(M,N),, and

Yy > 0,Ay:={AeR/3IueW"(M,N), such that
dp2(u,w) <y, La(u) =0, and E,,, # 0}}.

Then:

1°) a) Forany A €R, the real vector space E,,, U {0} has finite dimension.

b) The set of all 1 € R such that &,, # 0, is a nondecreasing sequence which converges to

+00.

We assume that (N, h) is symmetric. Then:

2°) There exists x > 0 such that A is either finite, or there exists a nondecreasing sequence (A,)nen

such that lim A, = +ocoand A, ={A, [ n € N}.

n—+o0

3°) If x is as in 2°) and the model mapping w is harmonic, then A, is not finite.

Theorem 2.2. Let (M, g) and (N, h) be compact Riemannian manifolds with (N, h) symmetric.

Assume v e WY2(M,N),, and A is the infimum of all A € R such that Ev #0.
Then:

1°) &y #0.

Furthermore, under the assumption that
(RV(X.Y)Y,Z) = 0 when (X,Z) =0

we have:
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2°) The real vector space &,, , U{0} is one dimensional.

3°) For Ve &y, and W € F(l)’z(v_l(TN)) harmonic such that W(x) # 0,Yx € M, we have either
(V,W)=0,(V,W)>0o0r(V,W)<O0.

Theorem 2.3. Let (M, g) and (N,h) be compact Riemannian manifolds with (N,h) symmetric. Let
A; be the infimum of all A € R such that, there exists v € WL2(M,N),, such that

Ly(v)=0and &,, #0.
Then:

1°) There exists v e C*(M,N)NW"“2(M,N),, such that

Ly(v)=0and &y, # 0.
2°) Let’s assume that
(RV(X.Y)Y.Z) = 0 when (X.Z) =0

Then, forv e WUVY2(M,N),, such that LA;(V) =0, the set 8,1;‘, has the same properties as &,,
in Theorem 2.2.

3°) A520.

Corollary 2.4. Let (M,g) and (N,h) be compact Riemannian manifolds with (N,h) symmetric. If
A <0 and there exists u € WY*(M,N),, such that Ly(u) = 0 , then, for any « € [A,0[, there exists
Ug € WVA(M, N),, such that Ly (ua) = 0.

Remark 2.5. The assumption dj2(u, w) < x in the definition of A, will be used to insure that one has
bifurcation at (4,u) as in [9].

The assumption ” <RN(X, Y)Y,Z> =0 when (X,Z) = 0 ” is satisfied in the case (N, h) = R", the
sphere §”, or the hyperbolic space H". See e.g. [8].

3 Proofs of the results

3.1 Proof of Theorem 2.1
3.1.1 Proof of 1°).

This proof follows the line given in [7] to prove the analogous assertion for the Laplace - Beltrami
operator on a compact Riemannian manifold.

If AeRis such that &, # 0, then A > A; where

-1
A= inf (Vvexp 'w,V) , f [(RY(V.dev)de,v, V)~ IVVIP1(x)dx.
Vero’ v (TN))\{0} M

Since the sectional curvature of (N, h) is bounded, we have that 4; € R. We will see later that
8,11,\; £ 0.
Let’s point out that

fM (RN (V,dev)dey, V) = IV VIPI0)dx = (Qu(V), V)2
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Let us set
Vil == [=(Vvexp ' w, V) , + f IVVIR (x)dx]'/2, ¥V e T* (v (TN)).
M

From p. 156 of [8] there exists C, > 0 such that:
YV €Ty (TN)), Vx € M,—(Vvexp™' w, V) (x) 2 G IV()II”.

It follows that [|.||; , is a norm defined by a scalar product on I“(l)’z(v_1 (TN)). From the row definition
of the covariant derivative, one can see that this norm is equivalent to the Sobolev norm ||.||y1.2. To
see this equivalence one can proceed as follows:

Let U be the domain of some coordinates (x',...,x™) of M such that v(U) is contained in the
domain of some coordinates (y',...,y") of N. Let V € F1’2(v‘1(TN)). Then, Vx € U,

VEOVE eV g

IVVIP () = g (a5 +2VF = VT 0 3.1)
+vpvoglgl(’vr o)L _ov)](x)
= IDVIP (x)+2(DV,S (V) (x)
+g"f<x)haﬁ(v(x)>vpv0‘91ai(’vr o' on)(x)

Ox' OxJ

where the definition of S (V) is obvious, and DV is the usual differential of V as a mapping from M
into TN. Since v is C! we have that Dv is bounded. By covering N with a finite number of domains
of normal coordinates, we may assume that

1DVl (x) |r (v(x))| ZCaxe MYL<ijk<n.

Then using the inequality ab < 2a + 1b2, one gets that ||V|| 12 is controlled from below by ||V||
The control from above is given by the Holder’s inequality.
It follows that (T *(v™'(TN)), Il.I; ) is a Hilbert space.

Let (V)uert € [Ty (v (TN))IY be such that

wl2®

—(Vy,exp ' W, V), = IVall7,0 = 1,V €N,

and
A= lim | [=(RY (Vo dey)dev. Va) +IVValP100dx.

n—-+00

Then the sequence ( fMllVVnH2 (x)dx)nen is bounded. The theorem of Rellich - Kondrachov
then gives us the existence of a subsequence of (V},),en, wWhich we denote again by (V,),, which
converges in L"? and weakly in (Fy>(v™'(TN)),ILIl; 2) and in (Ty> (" (TN)),|llIy12) to some Z; €
T[> (v"1(TN)). It follows that

1Z1llzr2 = 1.

One knows that V fU ||DV||2 (x)dx is lower semi - continuous w.r.t. W2 - weak convergence.
It follows from formula (3.1) the lower semi - continuity of the functional V fU ||VV||2 (x)dx w.r.t.
W2 - weak convergence. Since M is equal a.e. to the disjoint union of such U, we have that the
functional V fM IVV|[? (x)dx is lower semi - continuous w.r.t. W' - weak convergence. It follows

n= [ (R @1y z) + 92T
M
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Let’s prove that Z; € &;, .
Let V € [>(v"!(TN)). Then we have

d
dt =0

= 2A-(Vgexp w21} ) (Vz exp V) (QU(Z0). 21,
(V2 exp™ waZ1) (020 V)]

= 2(Vz exp ' w.V) L i ~(Qu(Z1). V)]

= 2(Q@Z) -z exp ' w,V) . S0 Z; € Ey,.

_ -1
0 = (Vv exp ' w, Zi +1V)  (QUZ1 +1V), Zi +1V) 2

Let’s assume now that we have found (4;,7;),i = 1,2,...,p—1 such that :

*AH <A< L /lp_l

* Zi S 8,11.,‘,,\7’1' = 1,2,...,p— 1

*~(Vzexp ' w.Z)) , =6y, Vi je (1,2, p— 1),

Let H, be the L"? - orthogonal complement of the real vector space generated by {Z;, v Zp-1},
and

. -1 -l
A= Ve%f\{o} <Vv exp . w, V>L2 (OV(V), V)2

Then H,, is a Hilbert space and A, > 4,1 since H, € H,_;.
In the same way as we did for Z;, there exists Z, € H), such that:

* —<Vzp expf1 W’ZP>L2 =1

* Ap= _<Qv(Zp)’Zp>L2

* Zp S Sﬂp’v.

In this way we have constructed a nondecreasing sequence (4,,),en+ and an orthonormal (Z),) e
in (Lz(v‘l(TN)),—<V, exp.‘lw,.>Lz) such that: Vp e N*, Z,, € 8/1“. It is easy to see that (4,)pen-
is not bounded. In fact: If (1,),en+ is bounded then so will also (”ZP“LZ)PGN* and there will exist
a subsequence of (Z,) yen+ Which will converge in L"?, contradicting the facts that ||Zp|| ;2 =1and

<Z[,,Zq>”2 =0,Yp#qgeN".

3.1.2 Proof of 2°).

Let y > 0 be fixed.

Let’s assume that there exists a sequence (Ax)i>1 € A, of pairwise distinct values which con-
verges to some A € R.

We will prove that 1 € A, and then we will use some results of [9] to get a contradiction. Our
result will then follow.

Let, for any k € N:

U, € WI’Z(M,N) such that UkoM = Wiom and
dw(x),u (x)) < 6(x),YxeM

and Vi € Tp?(u; (TN)\{0} such that — (Vy, exp™'w, Vi) , =1,

-
L () =0, and Q,, (Vi) — 4V, exp ' w = 0.
As we already said in earlier works such as [13], the regularity theory developed in [10], al-

though concerned by sections, applies to the solutions of (1.1). So one has that the solutions of this
equation are C? since the model w is C!.
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Step 1: The convergence of some subsequence of (u);.
We have
Ly, (ux) =0,Vk e N.
Let k € N be fixed.
We have
<T(uk), exp;k1 w> = <Veideiuk - dVe,»ei Uy, exp;k1 w>

[D, <del. Uy, exp;k1 w> - <dVe,- iUk exp;k1 w>] - <de,.uk, Ve, (exp;k1 w)>
div(F) = (de,tic; Va1, (xp”" ) = (de i, D, o(expy,! ).

where the definition of the vector field F is obvious.
It follows by the divergence theorem:

fM <T(uk),exp;kl w>(x)dx = - j[l‘/l <deiuk,Vdeiuk(expf1w)>(x)dx

- f (deut: Da, wlexpy, D) (V)dx.
M

On the other hand, since 7(u;) = A exp,;k1 w, we have

f <T(uk),exp;k1 w>(x)dx:/lk f dz(uk,w)(x)dx,
M M

and then
- fM (detic: Vg (exp' w)) (x)dx - = fM (detti: Da, w(expy,! ) (x)dx (3.2)
+ A f d? (g, w)(x)dx.
M
We have )
— (et V gy (exp”" W)Y = Ca ||deue|”
and
|<de,.uk,Ddgiw(exp;k1 )>| < “de,»uk” ||Ddgl.w(exp;k1 )”
1 1 _
< 3Ol + g IPanternil
Putting this into (3.2) gives
1 1
5C2 f | * o1 < 5= f 1Dawlexpy O o)+ f d*(u, w)(x)dx.
2 M 2C2 M M

Since our manifolds are compact and w is C', we get that there exists C3 > 0 such that

f |de i ||” ()l < €3,V € .
M

It follows by Rellich - Kondrachov that (u;); admits a subsequence, denoted again by (uy)s,
which converges in L? and weakly in W' to some u € W2(M, N).
The lower semi - continuity of the energy w.r.t. the weak convergence in W' gives us

E(u) < limkinf E(uy) <2Cs.
—400
From [13] there is a subsequence of (uy)x, denoted again by (i), which converges in w2 to

u, and
T(u) = /lexp,;1 w.
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Step 2: The convergence of the sequence (V).
We have
0w (Vi) = 4Vy, exp” ' w,Vk € N.

Let k € N be fixed in a first time.
By taking the scalar product of the last equation with V; we get

f IVVil? (x)dx =
M

f (R (Ve de )y, Vie) (¥)dx = A f (Vv exp™w, Vie) (x)dx.
M M
From [13], there exists C4 > 0 such that

[ldug|| (x) < Cq,Vhk e N,Vx e M.

It follows that, there exists C5 > 0 such that
f IVViIP (x)dx < Cs, ¥k € N
M

by using the assumption that
—(Vyeexp ' w, Vi), = LYk e,

Let [0,1] 3 ¢ = V,(x) be the parallel transport of Vi(x) along the unique minimizing geodesic
u;(x) from ug(x) to u(x) which is parametrized on [0, 1].

Let Wi(x) be the value of Vi(x) at r = 1, for any x € M.

The parallel transport is an isometry, and the mapping M XN 3 (x,y) > expy, "'w(x) is uniformly
continuous in the C' - norm because of the dependence of the geodesics on their endpoints. It
follows that there exists Cg > 0 such that

< Ce,YkeN,Vt€[0,1].

(Vvexp ' w Vi),

We have

d 0
—f IVViII? (x)dx 2f [<vevgvt,ve.vt>+ RY(Z 4, u)V,, V.,V \ldx
dt M M 1 01‘ 1 at 1 1

0
= 2f <RN(§,CZ@M¢)VI,V@ Vt>dx.
M

It follows that, there exists C7 > 0 such that

f IVWI? (x)dx < C7,Vk € N.
M

So the sequence (Wy); is bounded in F(l)’z(u‘l(TN)). The theorem of Rellich - Kondrachov then
gives the existence of a subsequence of (Wy)x, denoted again by (W), which converges in L? and
weakly in W' to some V € F(l)’z(u‘l(TN)).

We want now to prove that V # 0.

The L2 - convergence of (W), to V gives that

kl—i)r-ll—loo <VWk exp” ' w, Wk>L2 = <VV exp” ' w, V>L2 .
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Let We I“(l)’2(u‘1 (TN)) and Z; its parallel transport to uy, for any k € N.

Since (ug)ren converges to u in L%, one theorem of Riesz in integration theory insures the
existence of a subsequence of (ug)r which converges simply a.a. to u. The mapping (x,y) —
(Vexp~! w(x))(y) is uniformly continuous on M x N. It follows that

klim ||Zk [(V expf1 w(x)(up(x)] =V expf1 w(x))(u(x)), fora.a. xe M.

So
Jim | V2, exp”! w(x)] = Viyexp ™' w(x), for a.a. x € M,
—+00
and then
: u -1 _ -1
kﬁ;(ﬂuk [Vz exp” wLW) , = (Vwexp ™ w(x), W) ,
It follows

lim (Vz expT w(x), Ze),, = (Vwexp w(x), W) ,

As a consequence we have

lim <Vvk exp ' w, Vk>L2 = kl_i)rjlw <VWk exp” ' w, Wk>L2

k—+00

Since <Vvk expw, Vk>L2 =1,Vk e N, we get

(Vvexpfl w, V>L2 =1, and then V # 0.

Step 3: We prove that V satisfies O, (V) = AVy exp.‘l W
Let k € N be fixed in a first time.
For any ¢ € [0, 1], let

By := Vo Ve Vi=Vy, o Vi+ R (Visdeu)deu, — 4Vv,exp”' w € D(u; (TN)).

We assume that things are regular enough to allow the following computations. That is no
restriction since we will use only the weak version of these equations.
We have
VB = V,ViV,Vi+ RN< et Ve, Vi= Vo ViVi - RN< oAy e u)Ve

+(V:(RY o up))(Vy, de,.uf)de,. u+RY(V,V,, dot)d,uy
+RN(V,, Vido,u)dou; +RN(Vt,de,u,)V de, u;— 4V, Vy exp ' w

= V.V V,vt+ve,[RN< de,ut>vt]+RN< o det)V e V= Ve, ViVy

ou
RV (— > . dy, o u)Vi+(V(RY o u,»(v,,de, U )dy 1ty
N N 6
+RN (ViVi,deu)de,us + R (V;, V )de,ut +R" (Vi deus)Ve,—— ot

—/lkVtVV[ expfl w.
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Since V,V; =0 and VRN =0, we get

VB, [ve,[RN< de,u»vt] RN( dv e,u,)vt]+RN< de,utwe,vt

ouy
+RN(V,,V,, a >de,ut+RN(Vt,de,u,>Ve, =

ou; ouy ou;
= [V,IRV(ZE o L dou)Vi] - RV (S > L dy, o u) Vil + RN (— 5 L dou)V,.V,
Ou;

+V,[RY(V,, —>de,.ut)] -RN(V,,V,, —)del.ut - RN<vt, =) Vet

ou
+V,,[RY (vt,de,uo—] RN(Ve,vt,de,u,)——RN(vt,ve,de,u,)—t’

-4V, Vy exp~ Ty

-4V Vy exp~ Ty

ou, ou,
= [V,IRV(Z a L dou)Vi] - RV (= = . dy, e,u,>vt]+[ve,[RN(v,, t)de,.uzl
Oou;

RN (v, —)dv,.e,.ut] +[V,,[RY (vt,de[u»—] ~RY(V,,dy, ., ) =]

ﬁu
—RN(Vz,—)T( )—R (Vt,T(Mt))—+RN( tde,-ut)veivt_

(9
RN(Vei Vh e

)delut RN(Veth,de,u,) —akv Vy,exp lw

= 2[vel.[RN<Vt,de,.ut) at 1-RN(V,.dy, e,ut) ]+[Ve,[RN<v,, t’)del.ut]
-RY(V,, %)dvgie,.ut] -2RY(V,,V, ?de,u,
4V, Vy,exp lw—RV(V,, %)T(ut) -RN (V,,T(ut))%,

where we used the first Bianchi identity.
LetZ e F(l)’2(u‘l(TN )), and Z, its parallel transport along ¢ — u;_;. Then

d
E (B1,Z1-1) =V:B1,Z1_4)

ou
= 2[De,.<RN(vt,de,.ut)—f, > <R (Vs,dy, e,ut) 21 t>]

aut

ou
—2<R (Vi,dy,uty) tvelzl > <RN<ve,.vt, —)d, 1, 7 - >

d ou
A (Vv expl ' w. Zi) <RN<VI,6—;)r<ut>,zl_,>

<R (VI’T(ut)) Zl t> + [De, <RN(VI’ tt )deiutezl—t>

ou,

Uu
- <RN<V,, —)dy, o Zi - > - <RN(V,, a—pde,.u,, Ve,.zl_,> :

By integrating this on M and after on [0, 1] we get

(B1,Z1)12 — (B0, Zo) 2 =
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8”[

1
(9141 1
-2 RNV, dou)—,V,Z1—;) +=(RY(V,, =),V Z_
f(;[< W e,ut)at e 1t>L2 2< % 61‘) eiUts Ve; 1t>L2

0
+<RN<Ve,.v,,—8”f)de,.ut,zl_,> Jdt
t 2

1
ou ou
- f RV, —D)r(u) + RN (Vi 1(u)) . 21—} dt
0 ot ot 2
—/lk[<Vvl expf1 w,Z; >L2 — <VV0 expf1 w,Zo>L2].

Since
0., (Vi) = 4 Vy, exp~' w, we have By = 0.

It follows
(B1,Z1)12 =

1
ou 1 ou
-2 fo [<RN<v,,de,.ut>a—;,Ve,.zl_,>L2+5<RN<VI,6—t’>deiuz,veizl_t>Lz

0
+ <RN(V€, Vt’ %)deiut9zl—t> ]dt
t 12

1
0 0
- f RV (Vy, Sy + RY (Vi tu) 54, 214 ) dr
0 ot ot 12
1 -1 -1
—4l( Vv, expT ' w,21), = (Vveexp ' . Z0) 1.
Since our geodesics depend smoothly on their endpoints, we have

kl—i>IPoo[<Vvl exp._1 w,Zl> - <VV0 expf1 w,Z0>](x) =0,YxeM,

and also, there exists Cg > 0 such that

[lT(ue)(x)|| < Cg,¥Vx € MVt €[0,1].

lldull (x), lldukl| (x) < 1+ Cy4,¥Yx € M, Yk €N,

We have
ou;

E(x) =d(ur(x),u(x)),Yx e M.

Since

there exists Cg > 0 such that
[|dug|(x) < Co,Yx e M,VYte€[0,1],Yk € N.

It follows that there exists Cig > 0,Cq; > 0 such that: Yk € N,

[(B1,Z1)o| < C1o[f d(uk,u)IIVkIIIIVZIIdX+fd(uk,u)IIZIIIIVVkIIdX]
M M

1
+C1y f d(ug,w) 12 f IVilldtdx,
M 0
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where

! ) Ou,
| fo <RN(VI, gmu,)+RN(v,,r(u,))8—i,zl_t>

1
< Cn [ dwaoizy [ Wvildias.
M 0

From Holder’s inequality we have

dt
2

L

f d(ug, 1 ZINVilldx < Vil 2 [ f d*(ur, w) |1 Z)1* dx]'?,
M M

f A ) IVl IVZldx < Vil | f ) [VZIPdx] 2,
M M

and
f d(ug, w) | ZN IV Vil dx < IV Vil [ f d*(ug, w) 1211 dx]'/2.
M M

Since (uy)ren converges a.e. to u, the usual Lebesgue’s dominated convergence theorem from inte-
gration theory then gives that

lim [f d(uk,u)IIZIIIIVkIIdx+fd(uk,u)IIVkIIIIVZIIdx
k—+co J g M

+ f A ) |ZNIV Vil dx] = 0,
M
and then
lim (B1,Z1) = 0.
k—+00

We have

(BI’ZI >L2 = f [<V6iWk’ Ve,-Zl> + <RN(W/<’ de,'u)deiu’zl> - /lk <VWk exp__l W9ZI >]d-x
M

Since (Wy)ken converges in L2 and weakly in W2 to V, and Z; converges in W' to Z, we get

0

lim (By,Zy)2
k—+00

f Ve,V Ve, Zt) + (RN (Vodeu)deu, Zy ) = A(Vy exp w, Zy )ldx,
M

i.e. V is a weak solution of Q,(V) = AVyexp ! w. From the regularity of such solutions, we
have that V is a strong solution of Q,(V) = AVy exp.‘1 w.

Step 4: The assumption on y. We will assume in a first time that
dimKer(V Ly )(ur) = 1,Vk €N.
Let & € Ty”(u; ' (TN)) be such that

Ker(V.Ly () = Ré with ||&ll,2 = 1, Yk € N,
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We are going to prove that, there exists y > 0 such that the two assumptions used in [9] to have

bifurcation, namely

n(DD,v) >0 and 7r(D v)n(D v)— [ﬂ(D/lDaV)]

are satisfied for v = vy the solution of the bifurcation equation at (A, ux), where 7 is the [*- orthog-

onal projection onto R&, see Step 5 for details.
From equation (3.11) and the formula just after in [9] we have

m(DaDovi) = =7V, exp ' w+ (Vp,, Ve, L)),

with
~(VeexpTlw.&) = Gl

(V. Ve La (w0, ) ()] <
d(w(x), ux (X)) ||[(V.Li) @) + 717 || | (VL) A, ) || () e (OIP, Vx € M.
From the last formula at page 94 of [9] we have: YW}, € I“(l)’Z(u;l(TN)),
(V2 L) ) (Wie, W) = =4RN (dosttie, W)V o, Wi + RY (Wi, 7(1)) Wi

+A,RY (Wi, exp,! w) Wi
= —4RN (de,u, W)V, Wy, since T(ug) — Axexp,! w = 0.

Let
Wi = We1 + Wio € RE®RE)S =T (up (TN)).

Then

[(V.Ly) (i) + ) (Wie)
[V Ly () + 7 (W), Wie) 12

(Vw, La) () + Wit
<(Vwk,2Lak)(uk), Wk,2> P “Wk,IHiz .

since (V Ly, )(uy) is self adjoint,

”VWkQ”iz"' fM [<RN(de,-uk,Wk,z)de,-uk,Wk,2>

-1 <VWk’2 exp ! w, Wk,2>]dx + ||Wk,1 ||iz .

(3.3)

3.4)

(3.5)

Let Wi, (i=1,2) be the parallel transport of W, ; along the geodesic u;,t € [0,1], Hy; its value

fort=1, and
Wi = Wi+ Wiy, Hii= Hiy + Hip,V(t,k) € [0, 11X N

It is clear that

lim <RN(de[. U, Wk,z)de,.uk, Wk,2>dx = f <RN(deiu,H(2))deiu, H(2)>dx,

k—+o00 Jyr M
where H is the L? - limit and weak W' - limit of (Hy ;)ren. Then, Yk € N we have

-1 -1
Vaaexp wll, Vw,expw = Vg [exp” Ty — L EXP Twl

-1
+Vh,[ ||ukexp. w]—llukVWkizexp. w.
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Let (Zx11)1<i<n be an pointwise orthonormal family of vector fields along u, which are parallel along
the geodesic t — u;. We have

exp,' w = (exp,' w.Zi1) Ziss V1 € 10,11,
and then
-1, _ -1 -1
VWk’2 exp w= DWk,z <expuk W,Zk,l,0>Zk,l,0 + <expuk W,Zk,1,0> VWMZ](,L(), Vk e N.

It follows: Yk € N,

(expy! W, Z410) Zi 11
[Dw,, <exp,;k1 w, Zk’,,0>] Zii

-
+ <expuk W,Zk,l,0> e VWi2 Z 10

-1
||Zk exp,, W

-1
||ZkVW,Q2 exp  w

There is no problem with the injectivity of u. We have: V(¢,k) € [0,1] XN,

-1 -1 -1
Vi, expy, w1 = [Dw,, <expuk W,Zk,z,o>]Zk,z,1 + <6Xpuk W,Zk,z,o>VHk,ZZk,l,1,

and
ViVwirZiis = RN( sz )11, since V,Zy 1, = 0.

By integrating this in the basis (Zy /) 1<i<n We get

ou
Vi Ziit =, Y wi Ziio = [f <RN(—Z Wi t)Zklt’kat> dt)Zyp,1.
0

And finally: Vk € N,
VHk,Z [sz exp;kl w] = ”ukam exp._l w

_ ou
+ <CXPuk1 W,Zk,1,0> [f <RN( e L Wir.)Zkias Zip. z> dtlZip.1.
0
It follows: Yk € N,

-1 -1 -1 -1
Vi, exp w— ”ZkVWk,z exp. w=Vpg,lexp w-— IIZk exp  w]

_ ou
+ <6Xpukl W,Zk,z,0> [f <RN(—Z Wi2.)Zk 15 Zkp, t> dtlZip1,
0
and then
lim f ”VH“ exp lw— I, Vi exp ! w”zdx =0.
k—+00 M ? . ’ :
We then have proved that
kETw<[(V.LAk)(Mk) +7)(Wi), Wiy 2 = ([(V.L)(w) + 7 l(H), H) 2

where H := H(1y+ H(2), and that there exists a subsequence of () such that

Jim [V L)) + 7| (o) = (V. L) (w) + 7l (1) for a.a. x € M.

It follows

Jim [V L) o) + 717 0| = [[[(V L) + 717
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One has from (3.5) that there exists C1; > 0 such that
(VL) u)|| (x) < C12,¥x € M, Vk € N.
From the regularity theory for linear elliptic pde’s, 3C3 > 0 such that
lEc(x)ll < C13,¥Vx € M,Vk €N,

Using the Lebesgue’s dominated convergence theorem we then have

Jim fM d(w(x), u () || [(V.La) ) + 717 || | (VL) A, )| () e (oI dx =

fM dw(x),u(x)) [|[[(V.L)@) + 717 || [|(V2 D, )| () €I dx,

where £ is the a.e. pointwise limit of (& )ken.
It follows from (3.4) and (3.3) that, for y small enough, we have: dky € N such that (DD, vy) >
0,VYk > kg. From the formulae (3.6), (3.8) and (3.13) of [9] one has:

D = —7rexp;k1 w,

wD3vy = =27V, (exp !t w) = (V2L ) (ur)(D v, Davi)l,

and
wDvy = —r[(V2 L)) & €0

It follows that: for y small enough, there kg € N such that: Yk > kg

n(Divk)n(D(zlvk) — [7(DDgvi)]* <O0.

Step 5: The conclusion
We want to conclude by using the bifurcation behaviour of solutions of (1.1) at which one has a
non trivial Jacobi field, which we studied in [9].

Since dim[Ker(V Ly, )(ux)] = 1,Vk, we get from Step 3 that dim[Ker(V_Ly)(u)] > 1 where A:=2
in this part of the work.

We have seen in [9] that in any case (uy,Az) ( for k > ko ) and (u,1) are bifurcation points,
and we gave in each case the precise bifurcation behaviour. Actually, we studied only the case
dim[Ker(V L;)(u)] =1 in [9]. But one can check that the higher dimensional case is similar. From
the general bifurcation theory in [15], for dim[Ker(V Ly)(u)] > 1, (A, u) is a bifurcation point in any
case and the number of solutions of our equation (1.1) is finite and is given by (u,4) and Lj. One
uses the implicit function theorem to find the solutions of the equation (1.1) as in [9].

For sake of completeness we want to precise a little what happens at (4, ) under the assumption
that dim[Ker(V_L;)(1)] = 2. For more details, see [9].

Let &1,&2 € Ker(V Ly)(u) be such that

Ker(V Ly)(u) = R& +RE».

Let’s set
Ly(v) := L)+ |I% [7r1 (expy, ' v)],

for v as in the theorem, where 7 is the L? - orthogonal projection onto Ker(V L7)(u). Then we have

Ly(v) = 0 & Ly(v) =I! [m1(exp, ' v)],
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and
VyLy=VyLy+m(V),YV €Ty (TN))

and then (V.Z;l)(u) is a continuous linear isomorphism of I“(l)’z(u‘1 (TN)).
For a1, a; € R we consider the equation

L) =) (@161 + @é2) ol Li(v) +m1(exp, ' v) = @11 + . (3.6)

Since (Vf,;)(u) is an isomorphism, the implicit function theorem applied to (3.6) gives: there exists
Ix J %V aneighborhood of (1, (0,0),x) in RxR?x C>(M, N), and a mapping v : I x J — <V such that:
v(A,(0,0)) = u and Y(A, (@1, @2),w) € I X I XV: (A, (a1, as),w) solution of (3.6) iff w = v(A, (a1, a2)),
i.e. Ly(w) = 0iff A(ay,az) € J such that w = v(4, (a1, @2)).

We assume that (4, (a1, a3)) € I X J. Then

Ly((A,(@1,02)) = 0 & mi(exp, V(L (@1,@2)) = @1é1 + a2t
So solving the equation
mi(exp, V(A (@1,02))) = @11 + aaés, for (A, (a1,a2)) € IX J, 3.7)
is equivalent to solve the equation
Ly(w) =0, for (A, w) € IXV.

To find the number of solutions of equation (3.7), one sets A = A+, and then takes the asymp-
totic expansion near (8, @ := (a1, a3)) = (0,(0,0)) of equation (3.7). Then using the fact ( proved in
[9] ) that

1 [Dav(A,(0,00)] = Idker(v 1))

one gets
1
0 = BmDy)+ 5771 (DW) +Blarmi(DyDe, v) + @2m (D3 Do, V)]

1
+5 [ajm1(D;, V) + aqmi (D, v)
+2a1a2m1(Dgy, Dy, v) + higher order terms in 8, @ and a2,

where DV is the partial derivative of v(1, (a1,a2)) w.r.t 1 at (1,(0,0)) and 71;(D7v) € RE| +R&. One
can then discuss the number of solutions for a given 8. In any case the number of solutions is finite
and given by informations at (1, %)

Let’s go back to our sequence (Ag,ui). There exists k; > kg € N such that: Vk > ki, (A = A+
Br,ux) € IXV and Ly, (ux) = 0. It follows that ux = v(Ak, (@1 k. @2x)) With (@1 g, a2x) € J, for k > k.
That is impossible since the set of solutions bifurcates also at (A, u).

We conclude at this stage that A is either finite, or is made of a sequence which converges to
+00 Or —oo.

By taking also the infimum over the set of all admissible v in the definition of 4, in the proof of
1°), one sees that the sequence in A cannot converge to —oo.

3.1.3 Proof of 3°)

Let’s assume now that w is harmonic and A is bounded from above by some a € R.

For any A €], +oo[, wis a solution of (1.1). From 1°), there exists 8 > « such that Ker(V Lg)(u) #
{0}. That is a contradiction since (w,() is a solution of (1.1).

We conclude that A is not bounded from above.

In this way our theorem is proved
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3.2 Proof of Theorem 2.2

Letve W'2(M,N),, and V € [j*(v™'(TN)\{0} be such that

0,(V)=AVyexp 'w=0. (3.8)
We have
(0 (V)= AVyexp ' w,V) , =
_ f Ve VI = (RY (Vadevdde,, VY + A(Ty exptw, V)d,
M
SO
A=R,V):=—(Vyexp ' w, v)lzl f Ve V[ = (RY(V.dev)de,v, V )1d. 3.9)
M

It follows that

A= inf R(v, W).
WeL g (v (TN)\(0}

Then, by taking a minimizing sequence, one knows from the proof of 1°) in theorem 1 that there
exists V € [y>(v™!(TN))\{0}, such that A = R(v, V) and V is a solution of (3.8) for 1 = 4;.

Let W e F(])’z(v‘l(TN)) be harmonic such that W(x) # 0,Vx € M. Then we have

AV, W)

De,De, (V. W)= Dy, o, (V.W)

Do [(Ve, VW) + (V. Ve, W) = (V,. o, V, W) = (V. Vy, ., W)
(Ve Ve,V =Yy, e VW) +2(V, V.V, W)

+(V.Ve, Ve, W = Vy, o, W)

—(RY(V.dev)dey = AVy exp” w, W) +2(V,, V.V, W).

Because of our assumption on the curvature tensor of (N, h), if (V, W) (x) = 0 for some x € M, then
the RHS of our last equation vanishes at x, by taking normal coordinates centered at x. We may
then assume that

V= (VW IWI?W.

It follows

Vo,V = [[De,{V, WIIWII2 =V, WY W™ D, WIFIW
+HV, WY IWI[ 2V, W,

and then

(Ve ViV W) = [De (V. WIIWI2(W,V,, W)

1 _ 1 - 2
=S IWIT LD IWIPF (V. W) + 2 W2 [V, W<V W)

1 _ 1 _
= S0 (V,WNIWI 2De,,nwnz—znvvn (D, WP (V, W)

1
S IWIP2 [V W (vow).
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By using these last informations we have
AV, W) = W2 [[De, [IWIP1D,, (V. W) +
A
(= (RY (W.de,v)de,v. W) + 5 DX (0, ) (W, W)
_ 2
—IWII72 (D, [IWIPY? + || Ve, W] T¢V W)

Let’s assume that (V, W) (xg) > 0 for some xy. By multiplying (V, W) by —1 where ever it is necessary,
one gets some V| € F(l)’z(v‘](TN))\{O} such that (V;,W) > 0 and 4; = R(v, V). It follows that V; is
a solution of (3.8) for A = A1, and then (V;, W) is a solution of

Af = W2 [[Dg IWIF1D,, f + (3.10)
[ (R OW,de v, W) + 5 D2 00, )W, W)
—IWI2 (D IWIPY + |V W11,

From the Harnack inequality for nonnegative solutions of such linear elliptic partial differential
equations, we have that (V;, W) > 0 in the interior of M. It follows that actually (V,W) > 0 in the
interior of M, because of the local uniqueness of the solution of (3.10).

It remains to prove the simpleness of A;.

Let V, be another solution of (3.8) which is orthogonal to V in L?.

Let’s assume that there exists x3 € M such that (V,V5)(x3) # 0.

Then we have (V,, V) > 0 in the interior of M, or (V,,V) < 0 in the interior of M. It follows that
V, cannot be orthogonal to V in L?. In fact (V, V») is a solution of an equation similar to (3.10). So
we must have (V5,V) = 0. Since the set of our solutions is a vector space, there exist x € M, and
a, € R such that aV + V) is a solution and {(aV + V>, V) (x) # 0. So V, doesn’t exist.

3.3 Proof of Theorem 2.3
3.3.1 Proofof1°):

For any n € N, let A" € R be such that, there exists (v,,V,) € W'(M,N),, x & am y, such that
Lyw(vy) =0 and limy,— 4 A = A;. Then, in the same way as in the proof of 2°) of Theorem 1,
there exists a subsequence of (v, V,) and (v, V) € WL2(M,N),, XSA;,V such that (v,,),en converges to
vin Wh2, (V) nen converges to V in W2 and LA;(V) =0.

3.3.2 Proof of 2°):
Letve W'2(M,N),,A€R and V € [;*(v"(TN))\{0} be such that

Ly(v)=0and Q,(V)—AVyexp 'w=0.

We have

<T(v)—/lexp;1w,exp;lw>L2 = —L[(Vdeivexpflw,deiv>

+(de,v, Da, wlexpy' ))dx = Ady, (v, w),
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by the divergence theorem, so
A=F ) := —dzzz(v,w)f [<Vdel,vexpf1 w, a’e[v> + (de,.v,Ddeiw(exp;1 .)>]a’x.
M
From (3.9) we have also
_ _ -1 -1 2 /pN
=R, V)==(Vyexp ' w,V) , | [[Ve V][ = (RY(Vide)de,v, V) 1dx.
M

Let’s set
A ={ve Wl’z(M,N)w / Ly (v) = 0,7 (v) is degenerated },
B, : ={Ve[ 2" (TN) /RV,V)> F W)},

and

Az:= inf R, V).
3 ve‘?},I;I/EBV (V )

We are going next to prove that there exists v € WY2(M,N),, such that L/lg (v) = 0, and there
exists V € [y >(v™!(TN)) such that R(v, V) = 2.

Let (v,, V,,) be a minimizing sequence for R(v, V) in the considered set. We may assume w.l.0.g.
that V,, minimizes R(v,,,.) under the constraint V € F(l)’z(v,jl(TN)) and R(v,,V) > F (v,), and

—(Vy,exp ' w, Vi), = 1,¥n eN. (3.11)

Since 7 (v,) is degenerated, we have ¥ (v,) > R(v,, V,,),Yr e N. So F(v,,) = R(v, V),V e N. It
follows that V,, € E#(y,).y,, ¥n € N.
We have
RWn, Vi) =F (vp),YneN,and lim R(v,,V,) =1 €R.

n—+oo

It follows from [13] that, there exists v e Wh2(M, N),, and a subsequence of (v;,)eny Which converges
in W2 to v and LA; (v) = 0. From the same work, we have that there exists Ci4 > 0 such that

[ldvll(x) £ C14,¥x € M,¥n € N.
Using this, and since our manifolds are compact, there exists C;s > 0 such that
[(RY (Vi ey v, V) (0] < Cs IVl (0, V€ M, ¥m e .
From (3.11), there exists Ci¢ > 0 such that

‘ f (R (Vs deivu)de, v, Vi ) (x)dx| < Cr6, ¥ € N.
M

Since the sequence (R(vy, V), is bounded, there exists C17 > 0 such that
f IVVal* (x)dx < C17,¥n €N,
M

The theorem of Rellich - Kondrachov then gives the existence of a subsequence of (V,,),en Which
converges in L? and weakly in W2 to some V € I“(l)’z(v‘1 (TN)). It follows that
VI, === (Vvexp ' w,V) , = 1.
And, as in the proof of Theorem 2, we have that V € Sﬁg,v, since V,, € Ex(y,).0,, Y0 € N.
From the definition of A3 we have A3 < 4. Since ¥ (v) = R(v,V) = A3, Ly;(v) =0 and V € &y,
we have 45 < A5. We conclude that A5 = 43.
From this point the remaining part of this proof is the same as in the proof of Theorem 2.
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3.3.3 Proof of 3°) :

Letve W'3(M,N), and V € [;*(v"'(TN)\{0} be such that
Ly:(v)=0and Q,(V)—A;Vyexp ' w=0.

We have seen in 2°) that Ker(V.LA;)(v) =RV. We are going to use this fact to prove that V is
integrable. Once that is proved, our result will follow directly from the nonexistence result for
integrable Jacobi field, for A < 0, which is in [13].

Let £ > 0 be such that

0(x) + & < min{in j(w(x)), ——),¥Yx € M.

2VK
Let
WM, N),, =
(ve WA (M,N) | wom = wiam and d(w(x),v(x)) < 0(x) + &,V x € M}.

We are going to look at the structure near v of the set
G :={u € W"(M,N),, | La;(u) = 0}.

The mapping i : u — exp;,! u is a bijection from W'-2(M, N)/, onto an open subset of F(l)’z(w‘l (TN)).
The structure of manifold we consider on W!2(M, N)/, is the one defined by this bijection and the
structure of R - Banach space of F(I)’z(w‘1 (TN)).

Let’s set

Hy = Upewrzuy, Ty @™ (TN)).

Then H,, is a vector bundle over W'2(M, N s U LA; (u) is a section of this bundle, and, by using
the parallel transport from each u € W(M, N)!, to w, we have

H, = WM, N, xTy 2w (TN)).
It follows that: Yu € W'2(M,N)/,, we have
La; (u) = (u, Ly; (u)) where Lys (u) :=II}, oLy (u) € [y *(v"'(TN)).

So, we have L/]’Z‘(M) =0= li,zz(u) =0.

Let v; be a variation of vin WI’Z(M, N),, 1.e. adifferentiable mapping ] -1, 1[— Wl’z(M, N, t—
v; such that vo = v. Let V; := %V:O'
In local coordinates one has

0
y(l

Ly (v)(x) = [Lag )] Iy, (575 i1, Ve €] = L[

Since [V, [l lii=0 = 0, we have

d .
7 Ly (v)(x) = Vy, Ly,

and then: YW e F(l)’z(w_l(TN ),

4 (L),

dti=0

d ~ -
<— L), W> = (Dv,Ly;, W),

dt=0 12
(VviLa I, W),
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Let’s assume that VWLA; # 0. Then there exists some variation v, of v such that %I =0 <L1; (vy), W> 12 *

0. It follows that the function u — <iA;(u), W>L2 is of rank one at the point v, and then the set
{ue W2(M,NY, / (L), Wa) , = 0}

is a submanifold of W'2(M, N);,. Let (W,),en be an orthonormal basis ( w.r.t. [? - product ) of
Ty*(w™'(TN)). We may assume that W, # V,¥n € N. Then

Gy = Nuenlue WA(M,NY, | (Lyy ), W,) , =0}

LZ
Next Nosmen {1t € WAMNY, | (Lay(w), W), = O},

(No<m<niu € WL2(M,N )/ <L1;(u), Wm>L2 = 0}),>1 1S a nonincreasing sequence of submanifolds of
WL2(M,NY.,, so G, is a submanifold of W!(M,N)’.
We have v € G,, and the tangent space of G, at v is

T,Gw = NnenTvlue W2AM,NY, / (L), W,) , =0}

Muet Vi € T2 (TN)) / (Vv Lig, Iy, Wa),, = O).

L2

It is obvious that V € T,,G,, since Vy L X = 0. It follows that V is integrable. In this way 3°) is proved

3.4 Proof of Corollary 2.4

Let’s assume that
B :=sup{a € [A,0[ / Ju, € W'2(M,N),, satisfying L, (ug) = 0} <O0.

Let (@p)nen € [4,0[" be converging to B such that: For any n € N, there exists u,, € W"(M,N),,
satisfying Ly, (u,,) = 0 and the same assumptions as u. We have seen in the proof of 2°) of Theorem
1 that there exists v € W'(M, N),, such that Lg(v) = 0. Since 8 < 0 we have that Ker(V. Lg)(v) = {0}.
From the implicit function theorem as we used it in the description of the bifurcation behaviour,
there exists r > 0 such that ]3,5 + r[C [4,0[ and, for any « € ]83,8 + r[, there exists u, € WL2(M,N),,
satisfying L, (u,) = 0. This contradicts the definition of 5. We conclude that 8 =0
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