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Abstract

This paper is devoted to the homogenization of Shrodinger type equations with
periodically oscillating coefficients of the diffusion term, and a rapidly oscillating pe-
riodic potential. One convergence theorem is proved and we derive the macroscopic
homogenized model. Our approach is the well known two-scale convergence method.
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1 Introduction

Let us consider a (non-empty) smooth bounded open subset Q of RY (the N-numerical
space RN of variables x = (x1, ..., xy)), where N is a given positive integer, and let T and &
be real numbers with 7 > 0 and 0 < & < 1. We consider the partial differential operator

0 0
A== ot ——
.,Z 6)61‘ (a” axj)
i,j=1
in Q, where af; (x) = a;;(£) (x€Q), aj € L°(R);R) (1 <i,j < N) with
a;j = ajj, (L.1)
and the assumption that there exists a constant @ > 0 such that

N

Zaij()’){jZ,-Zalg’lz for a]l.{:(gj)eCN and (1.2)

ij=1
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for almost all y € RV, where R is the N-numerical space R" of variables y = (y1,....yw),
and where |-| denotes the Euclidean norm in CV. Let us consider for fixed 0 < & < 1, the
following initial boundary value problem:

o 1 )
122 | aeu, v Ly, = rin0x10.7] (1.3)
ot &
1z = 0 on dQx]0,T[ (1.4)
1z (0)=0in Q, (1.5)

where V% (x) =V (ﬁ) is areal potential with V e L™ (Rﬁv ; R), and where f € L2 (0, T;L? (Q)).
In view of (1.1)-(1.2), we will show later that the initial boundary value problem (1.3)-(1.5)
admits a unique solution in C ([0, T1;H, (Q)) NC! ([0, T1;L* (Q)), provided some regularity
assumptions on f, and some hypothesis on V.

The aim here is to investigate the limiting behaviour of u, solution of (1.3)-(1.5) when
€ goes to zero, under the periodicity hypotheses on the coefficients a;; and the potential V,
and the assumption that the mean value of V is null.

The asymptotic analysis of boundary value problems with rapidly oscillating potential
has been studied for the first time in the book of Bensoussan, Lions and Papanicolaou
[4] using the asymptotic expansions. Indeed, they considered the following Dirichlet’s
boundary value problem:

Afug+1Veu, = finQ
us =0on Q,

which is the stationary case of (1.3)-(1.5). They also considered the Schrodinger model

.1 ou 1 . .
1;6—; +&115u8+;(\/€u8 =0inRY xR%
with initial condition, which is scaled differently from (1.3)-(1.5). Recently, Allaire and

Piatnitski in [2] have investigated the homogenization of the Schrodinger type equation

i@us
ot

1
+ Afu, + ;(V‘gus =0in RY xR*

with initial data, using the two-scale convergence method combined with the bloch waves
decomposition. Let us recall that, the scaling of the model under investigation is different
from the semi-classical scaling which is

i(’ius
ot

1
+eA°us + —V°u, = ef in Qx]0,T1.
&

Further, as the oscillatory potential V® admits a penalty” factor é, we can also think of the
homogenization process for (1.3)-(1.5) as results of the singular perturbations type for

g(i% +:¥{8u8) +Veu, = ef in Qx]0,T|
us =0 on 0Qx]0,T[
1z (0) = 01in Q.
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Clearly, in our study we present an other point of view concerning the asymptotic analy-
sis of the Schrodinger model, when the potential is scaled as £~!. The main result of this pa-
per is stated as follows: Suppose that the conditions (3.1)-(3.2) and (3.4)-(3.5) are satisfied.
Suppose also that (3.16)-(3.17) are verified. Let u, € C([O, T] ;Hé (Q)) NC! ([O, T];L? (Q))

be the solution to (1.3)-(1.5) for & > 0. Then there exists some uy € L? (O,T;H(l) (Q)) and
some u; € L? (Q;L2 (Z;H; (Y ))) such that u. converges in [? (Q)-strong to up and Vu,

per
weakly two-scale converges in [? (Q) to Vug +Vyu; as € tends to zero. Further, the cou-
ple u =(ugp,u1) is the unique solution to (3.13). This result is proved in Theorem 3.6 and
Theorem 3.9. The derived macroscopic homogenized model given by (3.31)-(3.33) is of
Schrodinger type with an additional advection term, while the equations at the microscopic
scale are given by (3.27)-(3.28) and the global equation (including the macroscopic and the
microscopic scales) by (3.13).

This study is motivated by the fact that the asymptotic analysis of (1.3)-(1.5) is con-
nected with the modelling of the wave function for a particle submitted to a potential. Let
us note that the classical Schrodinger equation corresponds to the choice A® = —A.

Unless otherwise specified, vector spaces throughout are considered over the complex
field, C, and scalar functions are assumed to take complex values. Let us recall some basic
notation. If X and F denote a locally compact space and a Banach space, respectively, then
we write C(X; F) for continuous mappings of X into F, and 8(X; F) for those mappings
in C(X; F') that are bounded. We shall assume B(X; F) to be equipped with the supremum
norm [|ulle = sup,x |l (x)|| (/||| denotes the norm in F). For shortness we will write C (X) =
C(X;C) and B(X) = B(X;C). Likewise in the case when F = C, the usual spaces L? (X; F)
and Li . (X; F) (X provided with a positive Radon measure) will be denoted by L? (X) and
Lfo . (X), respectively. Finally, the numerical space RN and its open sets are each provided
with Lebesgue measure denoted by dx = dxj...dxy.

The rest of the paper is organized as follows. Section 2 is devoted to some preliminary
results on the two-scale convergence, whereas in Section 3 one convergence theorem is
established for (1.3)-(1.5).

2 Preliminaries

N
We set Y = (—%,%) , Y considered as a subset of R;,V (the space RV of variables y =

15 Yn)). We setalso Z = (—%, %), Z considered as a subset of R (the space R of variables
7).

Let us first recall that a function u € Llloc (R]y\’ X RT) is said to be Y X Z-periodic if for each

(k,I) € ZN X Z (Z denotes the integers), we have u(y+k,7+1) = u(y,7) almost everywhere
(a.e.) in (y,7) € RNV xR. If in addition u is continuous, then the preceding equality holds
for every (y,7) € RV xR, of course. The space of all ¥ x Z-periodic continuous complex

functions on R;,V X R; is denoted by Cp., (Y X Z); that of all ¥ X Z-periodic functions in
LZ}C (R;V XRT) (1 £ p £ ) is denoted by Lzer(YxZ). Cper (Y X Z) is a Banach space under
the supremum norm on RY x R, whereas Lﬁe, (Y x Z) is a Banach space under the norm

1
P
||u||Lp<sz>=( f f |u(y,r)|”dydr) (ueLher(¥x2)).
zZJY
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The space H, (Y) of Y-periodic functions u € H, | (R;V ) =W,? (Rﬁv ) such that [, u(y)dy =
0 will be of our interest in this study. Provided with the gradient norm,

1
“u”H;(Y) = (fy |Vyu|2dy) (u € H#}t (Y)),

where V,u = ( aa}’f s Gy ) H, 1 (Y) is a Hilbert space. We will also need the space Lpe, (Z H #1# (Y ))

with the norm

i o = [ [ 190 asar) (ve Lz} )

which is a Hilbert space.

Before we can recall the concept of two-scale convergence, let us introduce one further
notation. The letter E throughout will denote a family of real numbers 0 < £ < 1 admitting
0 as an accumulation point. For example, E may be the whole interval (0, 1); E may also
be an ordinary sequence (&,),cny With 0 < g, <1 and €, — 0 as n — oco. In the latter case E
will be referred to as a fundamental sequence.

Let Q be a bounded open set in RQ/ and Q0 = QxJ0,T[withT e R}, and let 1 < p < oco.

Definition 2.1. A sequence (u.).cg C L? (Q) is said to:
(i) weakly two-scale converge in L? (Q) to some ug € LP (Q; Lger (Y x Z)) if as
E>e—0,

fug(x,t);bg(x, dxdt — fff ug (x,1,y, ) (x,1,y,7)dxdtdydr 2.1
0 OXYXZ

for all y € L (©; c,,er(sz)) ( _1—-) where ¥ (x,1) =
y(ne L) (nneQ):;

(ii) strongly two-scale converge in L? (Q) to some ug € L? (Q, per (¥ X Z)) if the follow-
ing property is verified:

Given >0 and v € L (Q: Cper (Y X Z)) with
o = Vllr(oxyxz) <1 5, there is some @ > 0 such
that ||lue —Vv®||1r() < provided E 3> e < a,

where v* (x,1) = v(x,t,£,1) (x,1) € Q).
We will briefly express weak and strong two-scale convergence by writing u, — ug in
L? (Q)-weak 2-s and u, — ug in L? (Q)-strong 2-s, respectively.

Remark 2.2. 1t is of interest to know that if u, — ug in L? (Q)-weak 2-s, then (2.1) holds for
VAS C(Q, pE,(YxZ)) See [12, Proposition 10] for the proof.

For more details about the two-scale convergence the reader can refer to [8].
However, we recall below two fundamental results. First of all, let

Y0.7)={veL*(0,T:Hy(Q):v € L*(0,T:H™' (Q))}.
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Y(0,T) is provided with the norm

2112

2
v LZ(O,T;H*(Q)))

W01 = (1910 7 ey * (ve Y (0,T))

which makes it a Hilbert space.

Theorem 2.3. Assume that 1 < p < oo and further E is a fundamental sequence. Let a
sequence (Ug).cp be bounded in LP (Q). Then, a subsequence E’ can be extracted from E
such that (ug) g weakly two-scale converges in LP (Q).

Theorem 2.4. Let E be a fundamental sequence. Suppose a sequence (Ug).cr is bounded
in Y(0,T). Then, a subsequence E’ can be extracted from E such that, as E' > € — 0,

ugz — ug in Y(0,T)-weak,

Us — Uy IN L? (Q)-weak 2-s,

ou, 0 0
Yo, 200 L T G 12(Q)-weak 2-s (1< j<N),
ij o'?xj 8))]'

where ug € Y (0,T), uy € L*(Q: 12, (Z: Hy (1))

The proof of Theorem 2.3 can be found in, e.g., [8], [10], whereas Theorem 2.4 has its
proof in, e.g., [12].
Let us prove the following lemma.

Lemma 2.5. Let (u:).cg be a bounded sequence in Y (0,T), where E is a fundamental
sequence. There exists a subsequence E’ extracted from E such that

f l148¢£d)cdt - f ff uy (x, 8,9, ) (x,1,y,7)dxdtdydr 2.2)
Q€ 0 YXZ
forally e @(Q)@(Cpe, Y) /C)@Cper (Z)as E' 5 & — 0, where u; € L* (Q;Lf,er (Z;H; (Y))).

Proof. As (ug).cr is a bounded sequence in Y (0,T), thanks to Theorem 2.4, there exists a
subsequence E’ extracted from E and functions ug € Y (0,T),

uy € L? (Q;L?,er (Z;H; (Y))) such that

ug, — ug in Y (0,T) -weak,

us — ug in L> (Q)-weak 2-s, (2.3)
Ous _, Ouo O o L2(Q)-weak 2-s (1 < j<N), 2.4)
8)61' 8)61' ayj
asE’ ' 2e—0. Letfe Z)(Q)®CZ‘;,(Y)®C,,€, (Z). We have
N & N &
1 e d (06 9%6
-(A0) =Y —[—] -
8( Y ) Z 8)6[ (8y,-) Z(axié)y,-) ’

i=1 i=1
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as is easily seen by observing that

ov*  (6D\° 1(0D\° ) N
ox; _(6Xi) +8(5yi) ’ bec (QXRy XRT).
Hence,

2

0
0x;0y;

) dxdt, (2.5)

N
fQ Lo (Ay0)" dxd = - fQ Vet (V6) i - fQ " Z‘ (

where the dot denotes the Euclidean inner product. On the other hand, according to (2.3)
and (2.4) we have

30 ) f ( f f 30 )
Ug|—— | dxdt— | u dydt|dxdt =0
fQ (3xi3yi 0 0 vscz Oy

f V.ts (V,8) doxdt — f f f (V.o + Vyuy ) -V, 0dxdtdydr
Q OXYXZ

as E’ 5 £ = 0. Therefore, on letting E’ > ¢ — 0 in (2.5), one has

1 e
f—ug(AyQ) dxdtafff u1AyOdxdtdydr.
0¢€ OxXYxZ

With this in mind, let y € D(Q)® (C5, (¥) /C)® Cper (2), ie.,

and

Y= Z%@%@Xi

iel

with ¢; € D(Q), Y; € C;’,"er (Y)/C and y; € Cper (Z), where 1 is a finite set (depending on ).

Forany i€, let §; € H' (Y) such that Ay0; = ;. In view of the hypoellipticity of the Laplace
operator Ay, the function 6; is of class C®, thus, it belongs to C7,, (Y). Let

per

0= Z‘Pi®9i®)(i-

i€l

We have 0 € D(Q)®C;,, (Y)®Cper(Z) and A6 = . Hence, (2.2) follows and the lemma is

per

proved. O

3 Convergence of the homogenization process

3.1 Preliminary results

Let B? be the linear operator in L*(Q) with domain

D(B?) = {v € Hy (Q) : Av+ é(\/‘“’v el® (Q)},
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defined by
Bu=iAu+ 1veu  forallue D(B%).
£

In the sequel, we suppose that the coefficients (al- j) verify

1<i, j<N

aije W (RVR) (1<ij<N), 3.1)

where W' (Ry ; R) is the Sobolev space of functions in L™ (Ry ; R) with their derivatives of

order 1. Then B? is of dense domain, and skew-adjoint since A® + éq/g is self-adjoint (see
[6] for more details). Consequently, B® is a m-dissipative operator in [*(Q) by virtue of [6,
Corollary 2.4.11]. It follows by the Hille-Yosida-Philips theorem that B? is the generator
of a contraction semi-group. Thus, according to [6, Chapter 4] (1.3)-(1.5) admits a unique
solution u, € C([0,71; D(B*) NC' ([0,T1; L? (), provided f € C([0,T1;L* (Q)). Further,
in the sequel the potential V is assumed to satisfy

1

€

E

<p (e>0), (3.2)
L(H)(©Q),H1(Q)

where 8 > 0 is a constant independent of & and where L(Hé (Q),H! (Q)) is the space of
linear continuous mappings of H} (Q) into H~'(Q) (1V* is the linear operator of H} ()
into H~!' (Q) defined by u é(Vsu). For an illustrative example, if the potential V belongs
t0 Cper (Y)N C? (R;V ;R) (Cper(Y) is the space of Y-periodic continuous complex functions
on RY) and verifies

f(V(y)dy =0. (3.3)
Y

Then, the linear operator é‘”Vg of H(l) (Q) into H~! (Q) verifies (3.2). Indeed, since ‘V € C per (Y)
and verifies (3.3), the equation
-Ax+V=0

admits a unique solution y in H, ; (Y) which is sufficiently smooth. Moreover, for all £ > 0,
we have

1
—eAY*+-V?=0.
£

Thus, for any u € H (Q), we have

(lrvgu,v)z—s f VoV (uv)dx = — f (Vo) -V (uv)dx
& Q Q

for all ve D(Q) (D (Q) is the space of functions in C* (Q) with compact supports), and this
implies
1
‘(—(V “u, v)
E

|§7): ||Oo Accordingly,

< co (llull 20 V200 + M2 194l 2

where ¢p = max<j<y

1
(E(VSU,V) < 2cpcy ”u”Hé(Q) ”vHHé(Q) , YweD(WQ),
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c1 being the constant in the Poincaré inequality. Thus, by the density of D(Q) in Hé (Q),
the precedent inequality holds for all v € H(l) (Q). Hence, (3.2) follows with 8 = 2¢qc].
Now, let us prove some estimates for (1.3)-(1.5).

Lemma 3.1. Suppose that
a>p (3.4)

(a being the constant in (1.2) and B the one in (3.2)) and
feC'(0.T: L2 (Q)). (3.5)

Then, there exists a constant ¢ > 0 independent of € such that the solution u. of (1.3)-(1.5)
verifies:

||M8||L2(0’T;H(1)(Q)) <c (3.6)
and
”u‘;”LZ(O,T;H—l(Q)) <c 3.7
Before the proof of this lemma, let us make some useful remarks. Let us put
N —
ou 0
W=y fag = dx forallu,ve H (Q).
Q

U dx;: Ox;
i,j=1 S

Remark 3.2. Asu, € C([0,T];D(B%)NC' ([O, T];L? (Q)), the function ¢ — a® (u. (1), u. (1))
belongs to C' ([0,7]) and

%ae (e (1) ,us (1)) = 2Re (APu, (1), u, (1)) forall t € [0,T].

On the other hand, we have

d ,

7 (Vus (0),us (1) = 2Re (VVus (0.1, (1)) (1 €10.77),
where (,) denotes the scalar product in L*(Q). Further, by (3.5) we have

d
SO .us(0) = (f @, us )+ (f (), u () (te[0,T]).

Proof of Lemma 3.1. Taking the scalar product in L*(Q) of (1.3) with u, yields

1
i(u (1), ug (1) +a® (ug (1), ug (1) + . (Voue (), us ) = (f @), us (1)) (t€[0,T]).

Using (1.1) and the fact that a;; is real, we see that r = a® (u, (1) ,u. (?)) is a real valued
function. Thus, by the preceding equality we have

Re (u; (1), us (1)) = —Re(if (1), us (1))  (t€[0,T]),

1.e.,
1d
5 7, e DIy = ~ReGf (0,4 (1) (t€[0,TD.
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Integrating the preceding equality in [0, #] with 7 € [0, T'] leads to

T
itz (D125 ) < 2 f f |llus| dxr. (3.8)
0 Q

T T
1
2 f f |fl|ugl dxdt < f f (2T|f|2+—|ug|2)dxdt.
0 Jo 0o Jo 2T

Consequently, an integration on [0, T'] of (3.8) leads to

Moreover,

1 2 2 2
5 HMEHLZ(O,T;LZ(Q)) < 2T ||f||L2(0,T;L2(Q)) . (39)

It follows from the preceding inequality that the sequence (i), is bounded in L2 (0, T.1? (Q)).
Now, let us prove (3.6). Taking the scalar product in L*(Q) of (1.3) with u, one as

. ’ 2 £ ’ 1 E ’ ’
il (O 20 + (AU (O, () + = (Voo (0.1, (0) = (f @, (0) - (€ [0.T7).
By the preceding equality we have,
1
Re (Afu, (1), u, (1)) + . Re (VPug (1), u, (1)) = Re (f (1), u. (1) (t€[0,T)).
Thus, using Remark 3.2 leads to
L e e (616 () + 5 (Vo (01,14 () = Re (£ (1)1 (0) = Re (f” (1,5 1)
2dta ug(1),ug Yo di ug(1),u, = edt JUg e JUg .
(3.10)
An integration on [0, 7] of (3.10) yields,
1 1 ro,
Ea‘g (ug (1), ug (1) + 2—8(V‘gus (), us (1)) =Re (f (1), u, (t))—RefO (f" (s),us (5))ds. (3.11)
It follows from (1.2) and (3.11) that, by (3.2) we have
@llte (D7 ) <Blltte (Ol g + 21 Ol e Dl +2 | £
Integrating on [0, 7] the preceding inequality and using (3.9) and (3.4), we see that the

sequence (Ug)g-( 1S bounded in ? (O,T;H(l) (Q)), and (3.6) follows. Now, we can prove
(3.7). By (1.3), we have

20.7s02) Mell2o.r:r2@) -

T T T T
if (u;(t),v(t))dt+f ag(ug(t),v(t))dt+éf (Veu.(1),v(t))dt = f (f@®,v@)dt
0 0 0 0
forall v e L? (O, T; Hé (Q)). Hence,
‘fOT (uy(),v(0) dt| < ””a”LZ((),T;H(l)(Q)) ||V||L2((),T;H(1)(Q)) +

ﬁHuaHLZ(()’T;Hé(Q)) ||V||L2(0’T;Hé(g)) +Co ||f||L2((),T;L2(Q)) Hv”LZ(O,T;Hé(Q)) s

where ¢, = max;, jSN”ai j||m, B is given by (3.2) and cq is the constant in the Poincaré
inequality. It follows from the preceding inequality that

||u¢’8||L2(0’T;H—l(Q)) < (2 +B)lluellr20,7:m3 ) + o llfllr2(0,7;1202)) -

Then, by (3.6) we conclude that the sequence (u),., is bounded in L? (0, T;H! (Q)). The
lemma is proved. O
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3.2 A convergence theorem

Let us first introduce some functions spaces.
We consider the space

Fy=Y(0.T)x L*(Q: L3, (Z: Hy (Y)))
provided with the norm

1
2

2 2 1
Ml = (Wl 1y + 101 s g zamary) (8 =G €F),

which makes it Hilbert space. We consider also the space
F5° = D(Q) X[ D(Q)®(Cper () /C)®Cper (Z)]]

which is a dense subspace ofF(l). Foru =(up,u;) and v =(vg,v1) € H& (Q)xL? (Q, Lf,er (Z;H; (Y))),
we set

auo 6u1 (9\/0 (9\/1
- 2‘ , dxdyd
a(u.v) = ffoYxZaJ(y)(ax] a)’])(axz a)’z] yar.

i,j=1

2
This defines a sesquilinear hermitian form on [H(I) (Q)x L? (Q L127er (Z;H é (Y)))] which is
continuous and verifies

a(v,v) > a|vlA, (ve Hy (QxL*(Q: L, (Z:Hy (1)), (3.12)

Hy( QXL (L2, (Z:H)(Y))) per

according to (1.1)-(1.2). Further, we have the following lemma.
Lemma 3.3. Let f € [? (0, T:L? (Q)) and Ve L™ (Rﬁv ;R). Then the variational problem
u =(ug, u1) € By with ug (0) =

I CAGE vo(t)>dt+ B a@, V(t))dt+ I Loers 7 (Vo + oV Vddidyds
= [ (f @), vo )t
forall v=(vg,vy) € IF"(I),

admits at most one solution (,) is the duality pairing between H~! (Q) and H} (Q)).

Proof. Suppose u =(up,u;) and w =(wg,w;) are solutions of (3.13). Wesetz=u—-w (z=
(zo,z1) with zo = ug —wg and z; = u; —wy). By (3.13), we see that z verifies

T T
i f <z6(t),v_0(t)>dt+ f a(z(@®),v(D)dt+ f f f (z1v0 + zov1) Vdxdtdydr = 0
0 0 OXYXZ

3.14)
for all v=(vg,vy) € IF(I). Taking in particular v =¢® v, with ¢ € D (]0,T[) and v, = (vp,v]) €
HY Q) x L2 (Q:L2,,(Z; H} (Y))) in (3.14), we obtain

i(2(0,70) +a@(®),v.) + f f f (21 (OVo +20 (1) Vdxdydt =0 (1€ [0,T])
QXYXZ
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for all v, = (vo,v1) € Hy (Q)x L? (Q: L2

er (Z;H#lf (Y))). Thus, choosing v, = z(¢) for t € [0, T]
in the preceding equality yields,

i(z{)(t),%(t)>+a(2(t),1(t))+fffgYZ(Z1(t)%(t)+Zo(t)5(t))(dedydT=0 (1[0, TD.

(3.15)
But, according to (1.1) and by the fact that a;; is real, 7 — a(z(?),z(?)) is a real valued
function. Consequently, by the preceding equality we have

Re(z®.20(0) =0 (1€[0,T)),

i.e.,

1d 9

500l =0 (el0.T).
Hence zo(f) = 0 for all t € [0,7]. Then, by (3.12) and (3.15) we see that z(¢) = 0 for all
t € [0,T], and the lemma follows. O

In the sequel the coefficients a;; (1 <i,j < N) are assumed to verify the periodicity
hypothesis
aij(y+k)=a;j(y) ae. inRY (1<i,j<N) (3.16)

for all k € ZN. Moreover, the potential V is supposed to satisfy
Vy+k)=V(y) ae inRY (3.17)
for all k € ZV, and (3.3). Therefore the functions «; 7 (1<i,j<N) and V are Y-periodic,

N .
where Y = (—%, %) . Further, V is of zero mean value.
Before we can prove our convergence theorem, let us state the following useful lemma
whose proof is left to the reader.

Lemma 3.4. There exist a constant co = ¢ (Q,Y,T) > 0 and some real number gy > 0 such
that for all w € (Cper (Y) /C) @ Cper (Z),

‘ f w®odxdt
0

forall e € E, & < g and for all ¢ € D' (Q), where E is a fundamental sequence.

< co€ ||W||L§a(y><z) ||‘10”L2(0,T;H(1)(Q))

Now, let us make this useful remark.
Remark 3.5. Tn view of the density of (Cper (Y) /C)®Cper (2) in L2, (Z: L2, (Y) /C), if (2.2)
holds for any w € (Cper (¥) /C)® Cper(Z). then (2.2) holds for any w € L2, (Z: L2, (Y) /C).

per
Indeed, by virtue of Lemma 3.4, we have

f w®odxdt
0

forallwe (Cper(Y) /C)@Cper (Z),peD'(Q)andall e€ E, & < &. By density, (3.18) holds

forall we le,er (Z; le,er Y) /C) and all p € L? (O, T; H(l) (Q)). In particular, we have

1
f —uwpdxdt
0 €

< coE ”W”Lfm(YXZ) ||90”L2(0,T;H(1)(Q)) (3.18)

< colWllz2yxz) Illoo el 200,713 ) (& < €0) (3.19)
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per per

||u8||Lz(07T;H0(Q)) <cj (forall € € E) and ||u;||;2(gxyxz) < 1. Further, fix w € [? ( ; pe,(Y) /C)

for all w e L? (Z L2, (Y)/ C). Now, let ¢; > 0 be a constant such that

‘per
¢ € D(Q) and let ¢; > max{cocy [|¢lle > €1l¢lle}- Consider an arbitrary real n > 0. By den-

sity, choose i € (Cper (¥) /C) ®Cper (Z) such that [[w =il yxz) < 3. Now writing

f—ugw tpdxdt—fff wuedxdtdydr =
0¢€ YxZ

1 1
L;ug(wg—wa)godxdt+L;uet,bgtpdxdt—Lf YZW”]QDdXdl‘dydT
X

+ f f W —w)updxdtdydr,
0 YXZ

we estimate the first integral on the right-hand side by using (3.19). We obtain

1
If —ugwsgodxdt—fff wuy edxdtdydr
0¢ 0 YxZ
1 &
—u " pdxdt — Yupdxdtdydr
0¢ 0 YxZ

for all £ < gy. Finally, using (2.2) we see that there exists @ > 0 such that

1
‘f —ugwgcpdxdt—fff Yuyedxdtdydr
0¢€ 0 YxZ

for all £ < a. Thus, by (3.20) we have

lf —UW godxdt—fff wuedxdtdydr| <
0¢€ YxZ

We are now in position to prove our convergence theorem.

< 2¢2 W= ll2 ez + (3.20)

1
3

277
3"

DJIQ

forall € < c.

Theorem 3.6. Suppose the hypotheses of Lemma 3.1 are satisfied. For fixed € > 0, let u be
the solution of (1.3)-(1.5). Then, as € — 0, we have:

ug — ug in Y(0,T)-wedk, (3.21)

Us — Uy IN L? (Q)-strong (3.22)

and

Ou, ouy Oug
- — +t—

in L*(Q)-weak 2-s  (1<i,j<N), (3.23)
Ox;  Ox; 8yJ

where u =(uy,uy) € F(l) is the unique solution of (3.13).
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Proof. According to Lemma 3.1, the sequence (u;).-q is bounded in Y (0,T). Hence, if
E is a fundamental sequence, by virtue of Theorem 2.4 there are some subsequence E’
extracted from E and some vector function u = (ug,u;) € Fé such that (3.21)-(3.23) hold
when E’ 3 € — 0. Thus, thanks to Lemma 3.3, the theorem is certainly proved if we can
show that u verifies (3.13). Indeed, we begin by verifying that ug (0) = O (it is worth recalling
that uo may be viewed as a continuous mapping of [0, 7] into L? (Q)).

Letve Hé (Q),and let p € C'([0,T]) with ©(T) = 0. By integration by parts, we have,

T T
f0<u'g(t),V><p(t)dt+f0 (ug (1), V)" (N dt = = (us (0),v)(0) = 0,

since u; (0) = 0. In view of (3.21)-(3.22), we pass to the limit in the preceding equality as
E’ 5 & — 0. We obtain

T T
fo (uy(0).v) o0 dr + fo (o (1), V)¢’ (Dt =

Since ¢ and v are arbitrary, we see that ug (0) = 0.
Finally, let us prove the variational equality of (3.13). Fix any arbitrary two functions

Yo € D(Q) and Yy € D(Q)®|(Cper (V) /C)&Cper (Z)],

and let
Yo=Yty ie, ¥ (x,1) = :,l/o(xt)+8»,bl( a )forall(xt)eQ

where £ > 0 is arbitrary. By (1.3), one as

T _ T 1 T T
i fo (0,0 (1)) dt+ fo a® (ue (1), U, (D) d1+ - fo (Veug (1), (1)) dt = fo (f (O, (1)) dt.

(3.24)
The aim is to pass to the limit in (3.24) as E’ 5 € — 0. First, we have

T _ Mg | o (001) (%)
fo <u8(t),¢s(t)>dt——Lug - a’xdt——Lug(W+e(E] +(E) )a’xdt.

Thus, in view of (3.22) (and using Definition 2.1), we have,

T _ T T —
f (w0, 0, ())dt — — f uoa—dxdt— f (1 (1), 90 () dt
0 0 0

as £’ 3 & — 0, since
f(ff —dyd‘r) updxdt =0
yxz 0T

by virtue of the Y X Z-periodicity of ;.
Next, we have

T T
fo a® (ug (1) ¥, (1)) dt — fo a(u(r),¢@))dt
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as E’ 3 & — 0, where ¢ = (¢, ;) (proceed as in the proof of the similar resultin [11, p.179]).
On the other hand,

T
! f (Vus (t) . (0))dt = ! f Veughydxdt + f Veugldxdt. (3.25)
€ Jo E 0 0

In view of Lemma 2.5 and Remark 3.5, and by the fact that V belongs to L? (Z L2, (Y)/ C)

per

(by virtue of (3.3) and (3.17)), we pass to the limit in (3.25). This yields,

T
1 f (Veug (t) ., (1)) dt — f f f (urWro + o, ) Vedxdedydr
€Jo OXYxZ

as E' 3 ¢ — 0. Hence, passing to the limit in (3.24) as E’ 3 £ — 0 leads to

(3.26)
= [ (F 0.0 @)dt

for all ¢ =(¥,¥,) € F,°. Moreover, since ¥ is a dense subspace of F!, by (3.26) we
see that u = (ug,u;) verifies (3.13). Thanks to the uniqueness of the solution for (3.13) and
the fact that the sequence E is arbitrary, we have (3.21)-(3.23) as &€ — 0. The theorem is
proved. O

For further needs, we wish to give a simple representation of the function #; in Theo-
rem 3.6. For this purpose, let us introduce the form a on le,er (Z;H; (Y)) X sz,er (Z;H; (Y))
defined by

H(wv)—iff a-a—wﬂd dr
L YXZ lj@)’ja)’i Y

i,j=

forallw,ve Lf,er (Z; H ; Y )). By virtue of (1.1)-(1.2), the sesquilinear form @ is continuous,

hermitian and coercive with,

— 2 2 .l
S0V 2@l ) forall ve L, (Z:Hy (V).

Next, for any indice / with 1 </ < N, we consider the variational problem

X €L, (Z:HL(Y))

per

() = B [ fpauty v 627
forallve L2, (Z;H; (Y)),

which determines )(l in a unique manner. Further, let 7 € Lf,e, (Z; H # Y )) be the unique
function defined by

) = f Vidydr forallve L2, (Z:Hy(Y)). (3.28)
YXZ

per
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Lemma 3.7. Under the hypotheses of Theorem 3.6, we have
al Oug .
w1y, 1) == ) 22 x) 0.0) 4100 o (1) (3.29)
—1 X j

for almost all (x,t,y,7) € QXY XZ.

Proof. In (3.13) choose the particular test function v =(vg,v;) € F(l) with vg =0 and v| =

¢p®v, where p e D(Q)andve L per (Z H! (Y)) This yields

N _
auy (x,0),v)=— % (x,0) ff a,-jﬂdyd‘r+ uo (x, t)f Vvdydr (3.30)
ij=1 axj YxZ 6}’!’ YxZ

almost everywhere in (x,1) € Q and for all v € L2,,(Z; H} (Y)). But it is clear that u; (x,1)

(for fixed (x,1) € Q) is the sole function in Lf,e, (Z, H ; 04 )) solving the variational equation
(3.30). On the other hand, in view of (3.27)-(3.28) it is an easy matter to check that the
right hand side of (3.29) solves the same variational equation. Hence the lemma follows
immediatly. O

3.3 The macroscopic homogenized equation

Our aim here is to derive the initial boundary value problem for ug. To begin, for 1 <i, j <N,

let
a;id ff a —d dr,
f ey Z vz Oy Y
X' Vdydr - ff a; dydT
f fm Z YxZ Ua}’j

= f f nVdydr.
YxZ

To the coeflicients g;; we attach the differential operator Q on Q mapping D’ (Q) into D’ (Q)
(D' (Q) being the usual space of complex distributions on Q) as

Fruther, let

al 0*u
_ ; q"f—axjax,- forallue D' (Q).

Let
(b )t 1,...,
We consider the following initial boundary value problem:
.Oug .
IW +Quo+b-Vuy+ pug = f in Q = Qx]0,T[ (3.31)

up =0 on 0Qx]0, T (3.32)
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up(0) =01in Q. (3.33)

The initial boundary value problem (3.31)-(3.33) is the so-called macroscopic homogenized
equation.

Lemma 3.8. Suppose the hypotheses of Lemma 3.1 are satisfied. Then, the initial boundary
value problem (3.31)-(3.33) admits at most one weak solution uy in Y (0,T).

Proof. Itis an easy exercise to show that if uy € Y (0, T) verifies (3.31)-(3.33) then u = (ug, u;)
[with u; given by (3.29)] satisfies (3.13). Hence, the unicity in (3.31)-(3.33) follows by
Lemma 3.3. O

Theorem 3.9. Suppose the hypotheses of Lemma 3.1 are satisfied. For € > 0, let u, €
Y (0,T) be defined by (1.3)-(1.5). Then, as € — 0, we have us — ugy in Y (0,T)-weak, where
ug is the unique weak solution of (3.31)-(3.33) in Y (0, T).

Proof. As in the proof of Theorem 3.6, from any fundamental sequence E one can extract
a subsequence E’ such that as £’ 5 & — 0, we have (3.21)-(3.23), and further (3.26) holds
for all ¢ =y, ¥,) € F5°, where u =(up,u;) € IF'(I). Now, substituting (3.29) in (3.26) and
then choosing therein the ¢’s such that ¢; = 0, a simple computation yields (3.31) with
(3.32)-(3.33), of course. Hence the theorem follows by Lemma 3.8 and using of an obvious
argument. O
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