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Abstract. In this paper, we construct several indefinite orthogonal invariants in terms of balanced
tensors and use Lodder’s structure theorem to provide the Leibniz (co)homology of the indefinite
orthogonal Lie algebra in terms of these invariants.
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1 Introduction

The indefinite orthogonal group is among the most important groups that are broadly used in
physics. Particular cases of interest are made explicit in a variety of papers and their importance,
especially in quantum field theory [16], higher energy physics [8] and cosmology [6], make them re-
markable. Just to mention a few, we point out the conformal group S O(4, 2) of the Minkowski space
[5] also known as the dynamical group of the 3-dimensional non-relativistic quantum mechanic Ke-
pler problem, the deSitter group S O(4,1) and the anti-deSitter group S O(3,2), the Lorentz group
SO(3,1) [18], the split orthogonal group S O(n,n) which is shown to be a Chevalley group [17], and
the quasi-split orthogonal group S O(n,n + 1) which is shown to be a Steinberg group [3]. Also, the
representation theory [18, 14, 1, 15] of these groups has been seriously investigated. Recall that the
indefinite orthogonal group [4] O(p,q), p,q € N with p+ g = n, consists of the matrices M € GL(n,R)

satisfying M" 1, ,M = I,, , where
I, O
L,=r ]
P4 [ 0 _Iq
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with I; denoting the kX k identity matrix. Note that O(p, q) = O(g, p) via the isomorphisms ¢; O(p,q) —
O(q, p) with ¢(M) = oMo where o is the skew diagonal matrix

0o --- 1
1 -+ 0
Starting with the Poincare group R3!'xS 0Q3,1), we focus for n = p+gq, p,q > 1 integers, on the

affine indefinite group R”? =S O(p,q) where R4 = R” @ R? is the real vector space equipped with
the quadratic form

p ptq
(u,v) = inyi_ Z X Vi
i=1 i=p+1

with u = (x1,...,Xp+¢4) and v = (y1,...,Yp+¢). Note that S O(p, q) acts on R”4 via left multiplication
or standard representation.

Denote by 1y, the Lie algebra of the affine indefinite orthogonal group. We calculate in this paper
several indefinite orthogonal invariants, and bj,-invariants which are detected by Leibniz homology
via Lodder’s structure theorem [12]. The tools used to compute these invariants are inspired by the
author’s previous work for the definite case. The main result of the paper is the isomorphism of
graded vector spaces

HL.(b,) = (R& (&) ) OT* Fpg),
where <&p,q> denotes a 1-dimensional vector space in degree n on

. 0 0 0 0
ay = Z sgn(v)axg(]) ® pee) ® e ®m®_{9x‘f(”)

€S,

and T*(¥p4) denotes the tensor algebra on the (n— 1)-degree generator ¥, 4 = ¥p 4 — ), , With

—_—

0 0 0
TT g ® T

- _ 1 § i+j+1 9
1<i<j<p,
eSS,

—_—

iy d 4 9 0
_ _1\itj+p+l ..
> =D S§m(OXij® 5 o B+ yo  gne i Grom

p+1<i<j<n
oes,

o ) 5 0
Oxe) T gxo @) T o () T Gxo ()

+ Z (—1)i+jsgn(0')Yl~j®
1<i<p

p+1<j<n

o€es,

)

and

—_—

1 - 0 0 0 0
= _ _1)\i+j+1 .
Ypa _n!( E (-1 Sgn(o-)(')x‘f(l) ®... D e e ® pyvem) ®X;j
1<i<j<p,
eSS,

" 0
_ _1\it+j+p+l
Z (-1 sgn(o')axg(l) ®.

p+l1<i<j<n
oes,

—_—

0 0 0
e 500 .® 527D

®X,'j

. 0 IER o 9
_ l+J 3
+ 1<§< (-1 Sgn(o-)ﬁx”(l)®"'ax”<i>"'axff(/)"'®ax‘f(")®Y”)
<i<p

p+1<j<n
o€eS,
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where
X;i:= 0 4 1<i<ij< 1<i<ij<
i‘/.——xi(ﬁ+xj(§, <i<jJjsp,ptlzi<j<n
and 5
Yij:=xi@+xj@, 1Si$p,p+1£j£n.

This result generalizes Lodder’s result obtained on the Poincaré group. We show in Section 4 that
@p4 and y, 4 are b,-invariant. Dually for cohomology, there is an isomorphism of Zinbiel algebras

HL'(9,) = (R (a2 NOT 7).

where &qu and le’q are respectively dual to @, , and ¥, , with respect to the basis of b),.

2 The Affine Indefinite Orthogonal Lie Algebra

In the section we decompose the affine indefinite orthogonal Lie algebra b,. Let g be the Lie algebra
of the maximal compact subgroup O(p) X O(q) of O(p,q). Then g = so(p) ® so(q) as Lie algebras.
So there is a vector space isomorphism

b, =3, @90t

where 3J,, denotes the abelian Lie algebra of R”¢ and t is the orthogonal complement of g with
respect to the killing form of so(p, q). Roughly speaking, b, may be described as the Lie algebra of
a special relativity consisting of translations on space time, two non-abelian Lie algebras of p and
g-dimensional rotations, and boosts.

Assume that R” is given the coordinates (x1, x3, ..., X, ), and let %,-’ be the unit vector field parallel
to the x;- axis. It is easy to show that the Lie algebra so(p,q) endowed with the bracket of vector

fields is generated by the vector fields :

0 . .
Xij::—xiﬁ+xj@, 1<i<j<p, p+1<i<j<n
and

Yiji=x 1<i<p, p+1<j<n

—+X;—,
"oxi T oxi
where the X;; constitute a basis of g and the Y;; constitute a basis of 1. Also, the Lie algebra 3, has
vector space basis:

0 1<i<
-—, Sisn.
oxt

There is a short exact sequence of Lie algebras [7, p.203]
0— 3, R b SN so(p,q) — 0
where i is the inclusion map and r is the projection
b — (ba/3n) = s0(p, q).
The bracket on b, = 3, ® so(p, q) is the semi-direct product bracket, i.e.

[(m1,x1),(m2,x2)] = ([my, x2] + [x1,m2], [x1,x2]) [10].
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Also, the Lie algebra so(p,q) acts on 3, and on Iy, via the bracket of vector fields. This action is
extended to I/ by

[ar Aaa A...Aag, X] = atAaa AL A [a, XIAN . Ao

k

i=1

for a; € 3,, X € s0(p,q), and the action of s0(p,q) on b, ® I X is given by
[h@ai Aaa A...ANag, X]=[h, X]Qa1 A... Nay

k
+ > h@ai Aapx A... N[, XIA...ANay
i=1
for h e by,.

3 Some Invariants for the Indefinite Orthogonal Lie Algebras.

In this section, we provide several modules of invariants under the action of so(p, g). Recall that for
any so(p,q)-module M, the submodule M**P? of so(p,q)—invariants is defined by

M=PD = (me M| [m, g] =0 forall g € so(p,q)}.

Lemma 3.1.
[A*(3)°P? = Re () for n>4
where
9 A 0 AN th l L t
ax=—A—>A...AN—, e volume element.
ox! O0x? ox"

Proof. Indeed, that [3/0]*°("9) = R is clear. Also it is easy to show that

0 0 0
xAnso(pg) — [ 2 A 2
[S3,"] <8x1 6x2/\"'/\6x">'

The proof that [\‘”SQ1 1529 = {0} is identical to the definite case [2].

The standard so(p, g)-representation 3, splits as 3, ® I, where 3, = <36T""0%> and 3, =
<ax%’ . %>. Now we have by [2, Lemma 4.1] that [S;}k]”(”’q) - [S;,‘k]”(l’) =0fork#0,1,p and

[3HF]PD € [IHF]@ = 0 for k # 0,1,4. It follows that [I,¥]*P4) = 0 for all k # 0,1, p,q. Now
since

[i/\i/\ /\i Y. ]—i/\i/\ /\ii()

axt Dox2 e T T g D g2 T g
and

0 0 0 0 0

[ Yin]

a1 " g2 e T

it follows that [3,7]5°®9 = 0 and [J,9]°P9 = 0.

= —1/\—2/\.../\—1
oxPtl oxpt Ox

Lemma 3.2.
1, ifk=1,n-1

dim[3, @) TP = { 0
, else
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Proof. Since [, ®S,’,‘k]s°(p’q) and [J, ®\5Ak]5°(”) have the same complexification, it follows that they
have the same dimension. We conclude by [2, Lemma 4.2]. O

Lemma 3.3.
[Sn ®Sn]50(qu) = <6p’q> for n 2 4

where »
0 0 SO 0
Opq = Z i e 90 9
— oxt ~ Oxt ~ oxt  Oxt
. _ AP _ a
Proof. By Lemma 3.2, there is only one generator. Now set 6, = le 3 6x, and 0, = ?: 24150 @
%. Then by [2, Lemma 4.4],
[0p.g» Xijl =[0p, Xij]=104, Xij]=0 foralll<i<j<p, p+1<i<j<n.
Also it is not hard to check that for 1 <i<pand p+1<j<n,
0 0 0 0 0 0
[ P.q> lj]_ [617, Yl]] [5(/’ Yl]] ( ®(9 z+@ %) (% % %®%)—
Hence [6,,,]%?"9 = 0. o
Lemma 3.4.
[S, @A @I = (B ) for n24
where ) -
0 0 0 0 0 0
=) ()" ——®@— A——A...— .. A—A...A
Z( ) Oxm ~ Oxl 9x2 Ox™m OxP Ox
8 o 0 3 ) 8
- 1’”1 — A=—= A A—A.c.— ... A
Z =D ('3 0x? OxP Ox™ Ox"

m=p+1

Proof. By Lemma 3.2, there is only one generator. Set

ﬁ,,_Z( 1)’"1 9 i/\i/\...i.../\i/\.../\ 9

8 0x? ox™m oxp Oxt
and —
0 0 0 0
= 1”’1 — Acc A—Aei— . A —.
Pq= mzp;r 1( ) ax’" x1 6x2 oxP oxm ox"
Then by [2, Lemma 4.5],
(Bpgs Xijl =[Bp, Xij1—1[By, Xij1=0 forall1<i<j<p, p+1<i<j<n.

Also it is not hard to check that for 1 <i<pand p+1<j<n,

[Bpg» Yijl = [Bp, Yijl =B, Yijl

6 0 0 0 0
= 1'1 O Ao z= A A A Y
=l=D 6 ox! oxP ox"’ J]
6 0 0 0 0
- 11 Y.,
-[(-1) o g N Agp g N ijl

=0

by skew symmetry of the wedge product. Hence [Bp,q]s"(”’q) =0. O
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Lemma 3.5.
1, ifk=2,n-2

dim[go(p,q)®32k]so(p’q) - {() else

Proof. [50(p,q)®I1*1%°?-D and [s0(n) ® I/¥]*°™ have the same complexification, and thus the same
dimension. The result follows by [2, Lemma 4.2].
O

Lemma 3.6. There is a vector space isomorphism
SD(p q) ®<\,/\2]50(]7,q) — <pp’q> fOr n Z 4

where

0 0 0
Ppqg = Z Xij® oxt @_ Z Xij (91 6x1 Z Yij® 6xl axf

1<i<j<p p+l<i<j<n 1<i<p
p+l<]<n
Proof. By Lemma 3.5, there is only one generator. It is easy to check the result for n = 4 by direct
calculation on s0(3, 1) and so(2, 2). Suppose the result true for so(p,g—1). Note that [s0(p, )P =
{0}. Now let B, ;1 be the vector space basis of so(p,g—1) given by X;; with 1 <i< j<p, p+1<
i<j<n-1l,and Y;;with1<i<p, p+1<j<n-1.1Itis clear that the vector space basis of so(p,q)
is
Bpy=Bpgi U{Xm, i=p+lon=1 W i=1,...p)

Set S ={x",x%,....x"}and S’ = {x!,x%,...,xX""!}. A vector space basis of

(s0(p, @) ®I0%) [(s0(p, g — N ®TN?))

is given by the families of elements:
D) e® AL, e€Byg1, 268
2) Xin® 2 /\662, ZeS, p+l<i<n-—1
3) Ym®9|/\92, JeS, 1<i<p.

Now let w € [s0(p,q) ®IN2]**P9 with w = u+v where

ue (so(p,g—D®IN2)), ve (so(p,q) @I/ (so(p,g— 1) OIN)).

Write v=_S1+S,+S53 with

0 0
S = ch’* €®ﬁ/\a—z,
zeS

0 0 ; 0 0
= > X ® o At >, (X @7 A
52 €2+ Xin)® o1 "oz " C4e Kin)® dz  ox"

Zl,ZZES/ ZES,
p+1<i<n-1 p+1<i<n-1
and 5 5 ; ;
S3= Z 3 (Yi))® —A—+ Z . Yi)® — A —.
Sk m azl azz 5’* m az axn
71,2%es’ z€S’
1<i<p 1<i<p

For all X € so(p,g—1) C so(p,q), as a Lie subalgebra, we have 0 = [X, w] = [X, u]+[X, v]. This
implies that [X, u] and [X, v] are zero; otherwise both are non-zero and thus not linearly inde-
pendent; a contradiction since [X, v] contains at least one term involving the vector field 777 in its
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expression whereas [X, u] does not. So u € [so(p,g—1)®JI ’\2 ]S"(p‘/ Dje. u= cpp4-1 for some
constant c € R. Since 0 = [X, v] =[X, S1+ So+ S3]=[X, S1]+[X S2]+[X S'3], we must have
[X, S1]=1[X, S2] =[X, S3] =0 by linear independence. So

0 0
OZ[X’ Sl]:_ch,* [X,e®a_z]/\(ﬂ,

zeS’

thus

0
ch,* [X,e® —]=0
0z

zeS’

and thus Y g/ cr. e® 6% € [s0(p,g—1)®3,_11°P4~D = {0}. It follows that S| = 0.

In particular for X = X1, := —Xp11 %

+xnax% € so(p,q), we have
0=[X, w]=[X, u] +[X, S2]+[X, S3]=

0 0 0 0
2, CXP“f@@A@‘ 2, XA

p+2<j<n—1 p+2<j<n—1
0 0 0
+ Z cY®— xl' 8xl’+1 + Z cY,,,H(X)(9 Ee
1<i<p
Y X®8/\8+ Xin®[X, 9,9,
e X8 2 AL S e Xue B 2n L
e * Ap+li az az 12 * LAn ptln azl 822
7 ,2°€S es
p+2<i<n-1 p+l<l<n 1

o 8 o 9
- Z e Ypri® 55 Aot ), €3: Y@ Xpeins 55 A 25]

92 5 dz' 9z
I 7%es 71,2%eS
1<z<p 1<i<p
; 5 0 ; 0 0
+ Z CZ Xp+lz® 0z 8)6" + Z CZ’* Xin®[Xp+ln’ C()_Z A axn]
zeS’ zeS’
p+2<i<n-1 p+1<i<n-1
0 0
- Z 65* tp+l® C5* Ym®[Xp+ln’ a_ A axn]
zeS’ zeS’ <
1<i<p 1<i<p

Clearly, all the basis vectors except Xj41;®

0

0 _ad
a 5X"’ Xn]® 6)61”1 ax;7 Ym® oxt a a9 pl and Yip+1 ®
6‘1, Agm with p+2 < j<n-1, 1 <i< p appear only once in the summation above. So all the

i i i J with i ; ; i —
coefficients ¢+, ¢35, €, C5, are zero except ¢ ; and c57jw1th i # p+1 which satisfy ¢j ;+¢=0

andcé —c=0.So0
J

o 0 o 9 | PR
w=CPpg-1—C Z in®a axn-i-clen@ pr Xp+1n®—/\—

p+1<i<n-1 8X Ox+! ox"
To finish, we apply X = X0, := _xp+26%n + xn# to the condition [X,w] = 0 to have ci;il = —c.
Hence w = cpp 4.
O

Lemma 3.7.
[s0(p,q) ® I3 P9 = <yp’q> for n>4



44 G. R. Biyogmam

where
- 0 0 0 0
_ _1)ititly. . - -
Yog = Z X @ oG A A
1<i<j<p
- 9 IERER 3
- —)FHPHIX R — A — . — .. A
Z. D Y ox! Axi " Ox Ax"
p+1<i<j<n
- 3 IERER 3
+ DY@ —A...—...—...A .
Z DYy Ox! oxt " oxJ ox"
1<i<p
p+1<j<n

Proof. By Lemma 3.5, there is only one generator and the rest of the proof is similar to the case
k =n—21in the proof of [2, Lemma 4.2] and follows the path of the proof of the previous lemma. O

4 The Leibniz Homology of b,

Recall that for the Leibniz algebra b, the Leibniz homology of §) with coefficients in R denoted
HL.(h,R), is the homology of the Loday complex 77(h), namely

0 , d d gl d _gn
k<—b<!b®2<—...<—b® Ry

where h®" is the nth tensor power of bh over R, and where

dh®hh®...0h,) =
> .. .@hi i &lhhj)@hi®.. hj...&h, [9].

1<i<j<n

Remark 4.1. The antisymmetrization of the invariants ¢ and 5 determined in Lemma 3.3 and Lemma
3.4 are cancelled in the Pirashvili spectral sequence and p is not a cycle in the Leibniz complex (see
the proof of [2, theorem 5.2]).

Lemma 4.2. Letyp 4 =¥pq+7),, with

—_—

o it 9 F P ;
Yp.q —;( Z =D Sgl’l(O')Xij@axa_(l) Q... D o) ...®ax0_(n)
1<i<j<p,
Tges,

) i)
P L Ry R

- D DT sen(o)Xie
p+l<i<j<n
ges,

ICET) )
D 3D ...®6x(r(n) )

" P
_1)tJ ..
+ Z (-1 sgn(a')Y,]®axU(l)®
1<i<p
p+1<j<n
oes,

and
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o o A R
Yo _E( 1 Zl (-1 sgn(a)axa(l) ®m6x‘7(i) R m®6xf’(”) ®X;;
<I<J=p,

eSS,

o 0 0 0 0
- _1)iti+p+l iy
p+l<gi<j<n( 1) sgn((r)axa(l) ®...a D 90 ..® pyam) ® Xij

gesS,

—_—

0 0 0
R e R wery R pwerry

) 9
+ Z (-1) +]sgn(o-)axo_(l)®. ®Y,'j )

1<i<p
p+1<j<n
ges,

Then

® Ypq is anby,- invariant

o T5([Fpg)) = 75(Fpg)) = [¥pql in Hﬁiez(bn; b,) where n3 : bffl — b, ®H""2 is the projection

and "2 is the (n—2)" wedge product over R. More precisely, Ypq is a cycle in bf("_l)

homologous to the Yy,-invariant ¥, 4. Thus

. . z, , if k=n— 2,
Ky = Ker[Hlfle(Sn; D)9 — ngﬁ (n] = {<yp’q> Zse '

Proof. Clearly, ¥, 4 and ¥, , are so(p, g)-invariant, so is ¥,4. That ¥, 4 is an J,-invariant follows

from the fact that [%,)‘/M] = [%,)‘/’M] for all i = 1...n. The second assertion follows by definition
of 3. O

The following is the main result of the paper. It generalizes the Leibniz homology of the
Poincaré Lie algebra [12, Corollary 4.5].

Theorem 4.3. There is an isomorphism of vector spaces

HL*(bn) = (R@ <&P#>) ® T*(’?p"/)’

and an algebra isomorphism

HL'(9,) = (R {3 NOT 72,

where

. 0 0 0 0
Apg = Z Sgn(o-)ax‘f(l) ® pee) ® e ®...®W,

eSS,

&77,61 = Z sgn()dx"Ve@dx"@ ... .@dx"™,

oesS,
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~d _ =d —rd .
and Yoa=Vpg— y;,’q with

. 1 i+ —
Vog = D) CDsgn(@)X;j@dx"V®...dxo0 . dx7 D). @dx™"

1<i<j<p,
oes,

- Z (-1 sen() X @dx "V ®.. dxo0 . dxo D ... @dx™

p+l<i<j<n
eSS,

+ Z (—1)[+jsgn(0')Yij®dx‘T(1)®...ﬁ)...dﬁ)...@)dx‘f("))
1<i<p

p+l<j<n
eSS,

and
_, 1 i —
yp‘fq :E( Z (- sgn(o)dx V@ ...dxe® .. .dxeD ...®dx(’(")®Xij

1<i<j<p,
geS,

= D ) en()dx V. dx DA D). 0dx @ X;;

p+1<i<j<n
oes,

+ Z (=D sgn(o)dx"V .. A0 A @dx" ™ Yij)

1<i<p
p+1<j<n
oes,

and HL" is afforded the Zinbiel algebra [11].

Proof. We have by Lodder’s structure theorem [12, Lemma 3.6] that
HL.(5,) = [N ()PP QT(K,) where T(K,)= ZK?”
n>0

denotes the tensor algebra. This combined with Lemma 3.1 and Lemma 4.2 yield the graded vector
space isomorphism

HL.(b,) = (R& (@) ) O T* 7p)-

For the cohomology, we use the vector space isomorphism
HL"(b,; R) = Hom(HL.(h,; R), R),

to conclude that
HL () = (Re (a4 NOT*F" ),
d

where &, , and %’q are respectively dual to @, , and ¥,, , with respect to the basis of b,. O

Concluding Remark

We have determined the Leibniz homology of a semi-direct product b, = 3, @ so(p,q) of the Lie
algebra so(p, ¢) and the real vector space 3, so that 3J,, is the standard representation R”,(n = p +¢q).
A similar, but more interesting result may be obtained if one considers a more general approach.
More precisely, let M be a so(p,g)-module. Then the vector space b of all linear combinations of
elements in so(p,q) with coefficients in M is a semi-direct product of so(p,q) and M, and §) is a Lie
algebra via the bracket

[g1+mi1,82+m2] =[g1,82] +[g1,m2] —[g2,m1]
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where g1,g2 € so(p,q), mi,my € M, and [g,m] is the action of so(p,q) on M. This fits into the
Lodder’s structure theorem for Leibniz homology and the action map so(p,q) X M — M of Lie-
modules may be captured as a Leibniz homology class. This was suggested by Jerry Lodder and is
part of a future work.
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