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Abstract. In this paper we obtain some operator inequalities for functions defined by power series
with complex coefficients and, more specifically, with nonnegative coefficients. In order to obtain
these inequalities the classical Wielandt and some reverses of the Schwarz inequality for vectors in
inner product spaces are utilized. Natural applications for some elementary functions of interest are
also provided.
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1 Introduction
Let f(z) := X" a»<" be an analytic function defined by a power series with nonnegative coefficients

an, n > 0 and convergent on the open disk D (0,R) c C, R > 0. As the most natural examples of such
functions we have

fl)= IL—Z = ;z”,z €D(0,1) and f(z) =exp(z) = ; %z”,z eC.
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Other function as power series representations with nonnegative coefficients are, for instance

1
cosh(z) = Z —7, 7€C;
g 2n)!
. ST
sinh(z) = Zmzz’”l, z€C;

1+z 2 |
—1 n- D(0,1);
n( ) g 2n < z€D(0,1);

sin! ()= Yy ——— L] z€D(0,1);

Z \/_(2n+1)n' ’

tanh_l(z)zz2 122"_1, z€D(0,1);
n=1 n=

T+ T+BT(y) ,
2F (CY,,B,%Z)—; nT(@T BT (n+7y)

a,B,y>0,z€ D(0,1).

Now, by the help of the power series f(z) = 3,7 a,2" with complex coeflicients, we can nat-
urally construct another power series which will have as coefficients the absolute values of the
coefficient of the original series, namely, fa(z) := X7 la,|z". It is obvious that this new power
series will have the same radius of convergence as the original series.

As some natural examples that are useful for applications, we can point out that, if

f()—Z( Lz —1( 1 ) 2eD(0,1);

g

(=D" ,,
g@= 77" = cosz, 7€C;
;0(2;1)!
R (_l)n 2n+1 .
h(z)= ) ——z7"" =sing, z€C;
:0(2n+1)!

- 1
=) I'"=1—  z€DOD),
n=0

then the corresponding functions constructed by the use of the absolute values of the coefficients are
obviously

fal@ = ln(%_z), ga(z) = coshz,

1
ha(z) =sinhz and lA(Z):l_
-z

and they are defined on the same domains as the generating functions.
In the recent paper [6], the first author has proved amongst other results the following inequali-
ties concerning functions defined by power series of operators on complex Hilbert spaces (H,(.,.)) :

Theorem 1.1. Let consider the power series f(z) = 3, anz" with real coefficients a, that is con-
vergent on the open disk D(0,R) with R > 0. If the selfadjoint operator T on the Hilbert space H
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has the spectrum S p(T) C [m,M] and 0 <m < M with M < R, then for any x € H with ||x|]| = 1 we
have the inequality

1
max {||f (T) x||, || fa (T) x|} < {fa (T) x, x) + 3 [fa (M) = fa(m)]. (LD
and

Theorem 1.2. Let consider the power series f(z) = 3, a,2" with real coefficients a,, that is con-
vergent on the open disk D(0,R) with R > 0. If the selfadjoint operator T on the Hilbert space H

has the spectrum S p(T) C [m,M] and 0 <m < M with M \/g < R, then for any x € H with ||x|| = 1
we have the inequality

max {||f (T) x|[, || fa (T) x|} (L.2)
< %<[fA(\/g.T]+fA(\/%-T) x,x>.

For a recent monograph devoted to various inequalities for functions of selfadjoint operators,
see [7] and the references therein. For other results, see [10], [11], [12] and [9].

The main aim of the present paper is to provide some operator inequalities for functions defined
by power series with complex coefficients and, more specifically, with nonnegative coefficients. In
order to obtain these inequalities we use the well known Wielandt inequality and some reverses
for the Schwarz inequality. Natural applications for some elementary functions of interest are also
considered.

2 Some Results Via Wielandt Inequality

For a selfadjoint operator 7 : H — H with the property that 0 < mlI < T < MI the following inequality
is well known in the literature as the Wielandt inequality

M +

2
KTx )P < ( Z) (Tx,x)(Ty.y) (W)

for any x,y € H with x L y.

Theorem 2.1. Let consider the power series f(z) = 3, a,Z" with complex coefficients a, that is
convergent on the open disk D (0,R) with R > 0. If the selfadjoint operator T on the Hilbert space H
M

m

has the spectrum S p(T) C [m,M] and O <m < M with M
we have the inequality

<R, then for any x,y € Hwith x Ly

max {[{fa (T) x, »)|, Kf (T) x, )} 2.1

(o) (Vi) >
(Vs ()
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Proof. Since S p(T) C [m, M] then we have 0 < mkI < T* < M*I in the operator order of B(H) and
for any natural number k > 0, which implies that

<ka— Tkx, Trx— mkx> >0

for any k£ > 0.
If we write the Wielandt inequality (W) for T* we have for any natural number k > 0
2 (MF—mt 2
k k k
|<T X,)’>| < (m) <T X,X><T y’)’> (2.2)

for any x,y € H with x L y. We observe that for k = 0 the inequality (2.2) reduces to an equality.
If we take the square root in (2.2) we get

(7o) < e ) () 2
Mk ok
S T ()

for any x,y € H with x L y and for any natural number k > 0.
If we multiply (2.3) by |ax| and sum over k from O to n then we get

S| (74x.5)| 2.4)

1 v M ‘ m ¢
< = — | = —
< 22@4[(\/ m] ( M)
for any natural number #.

We use the Cauchy-Bunyakovsky-Schwarz weighted inequality

n 2 n n
2 2
kasktk < kask katk, My, Sk, tr =0
=0 k=0 k=0

<Tkx’x>l/2 <Tky,y>1/2

to get

n0|ak|[( %}k—( %)k (Thx,x) " (Thy,y) 2.5)

(S B  ere)

X[Z"H\/g] (3 <Tky,y>]”2

for any x,y € H with x L y and for any natural number 7.

k 1/2
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By the generalized triangle inequality for modulus, we also have

ax{ S <i akax,y> } < i lag| |<Tkx,y>’ (2.6)
k=0 k=0 k=0

<Z o Tkx,y> :

for any x,y € H with x L y and for any natural number #.
Therefore, by (2.4)-(2.6) we have

} 2.7)

1/2

<i akax,y>

k=0

max{ @ o T"x,y> ;
{7 e Bl i
X<i|ak|[\/g)kay—i|ak|(\/%) T"y,y>

k=0 k=0

for any x,y € H with x L y and for any natural number #.

Since
m M
M,/—SMSMw/—<R
M m
it follows that the series

Zlakl((] T, Zlale Zakaandglakl(\/%)ka

are convergent and taking the limit over n — oo in (2.7) we deduce the desired result (2.1). O
The following result also holds:

Theorem 2.2. Let consider the power series f(2) = 3" a,2" with complex coefficients a, that is
convergent on the open disk D (0,R) with R > 0. If the selfadjoint operator T on the Hilbert space
H has the spectrum S p(T) C [m,M] and 0 < m < M with M? < R, then for any x,y € H with x L y
we have the inequality

max {[{[fa (MT) + fa D] KL MT) + £ (mT)] x,y)) (2.8)
<([fa (MT) = fa D)), x)' 2 ([ fa (MT) = fa (mT)] y,3)' 2.

Proof. From the first inequality in (2.3) we have
(Mk + mk) ‘<Tkx,y>| < (Mk - mk) <Tkx, x>1/2 <Tky,y>1/2 2.9)

for any x,y € H with x L y and for any natural number k > 0.
If we multiply (2.9) by |ax| and sum over k from O to n then we get

Z|ak|(Mk+mk)|<Tkx,y>| (2.10)
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for any x,y € H with x L y and for any natural number n > 0.
By the weighted Cauchy-Bunyakowsky-Schwarz inequality, we have

n

3 lawl (M=) (T, x) 7 (THy0) 2 @.11)
= n 1/2 , n 1/2
< <Z|ak|(Mk—mk) Tkx,x> <Zlak|(Mk—mk) Tky,y>

k=0 k=0

while by the generalized triangle inequality we also have
n n
max{ <Z|ak|(Mk+mk) Tkx,y> <Z ak(Mk+mk) Tkx,y>

k=0 k=0
n
< Z |lak| (Mk +mk) |<Tkx,y>|
k=0

’

} (2.12)

for any x,y € H with x L y and for any natural number n > 0.
Therefore, by (2.10)-(2.12) we have

max{ <Zn: lag| (Mk + mk) Tkx,y>
n - /2, pn

< <Z|ak|(Mk—mk) Tkx,x> <Z|ak|(Mk—mk) Tky,y>
k=0 k=0

for any x,y € H with x L y and for any natural number n > 0.
Since all the series whose partial sums are involved in the inequality (2.13) are convergent, then
by taking the limit over n — oo in this inequality, we deduce the desired result (2.8). O

: <Zn: ap(M* +m*) T x, y>

k=0

} (2.13)

1/2

Remark 2.3. If we take in (2.8) f(z) = z, then we recapture the Wielandt inequality (W).

Remark 2.4. We observe that by the generalized Schwarz inequality for positive operators we have

KLfa (MT) + f4 mT)] x,y)| (2.14)
< ([fa (MT) + fo ()] x, )" ([ fa (MT) + f ()] y,y)' >

for all vectors x,y € H and positive operators 7 with 0 <ml <T < MI.
Since fa (mT) > 0, we have

([fa (MT) = fa (mT)]x,x) < ([fa (MT)+ fa (mT)] x, x)

and hence the inequality (2.8) is an improvement of (2.14).

In the paper [8], Malamud obtained the following result of Wielandt type:
Lemma 2.5. Let T : H — H a selfadjoint operator with the property that 0 <ml <T < MI. Then
2
KTx ) < (VM= Nm) (Ty.y) (2.15)
forany x,y € H with x L y.

We can state the following result:
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Theorem 2.6. Let consider the power series f(z) = 3, a,Z" with complex coefficients a, that is
convergent on the open disk D (0,R) with R > 0. If the selfadjoint operator T on the Hilbert space
H has the spectrum S p(T) C [m,M] and 0 < m < M with M < R, then for any x,y € H with x L y we
have the inequality

max {[{(fa (T) x, y)|. |\ f (T) x, y)l} (2.16)
< [7a D) =243 (VIm) + fa m)] " (T yo) 2

forany x,y € H with x L y.

Proof. Since S p(T) c [m,M] and 0 < m < M, then we have 0 < m*I < T* < M*I and by (2.15) we

have )
|<Tkx,y>|2 < (\/W - \/ﬁ) (T*y.y) 2.17)

for any x,y € H with x L y.
Taking the square root in (2.17) we have

‘( >| (\/_ \/—)\/<Tkyy (2.18)
for any x,y € H with x L y.

If we multiply (2.18) by |ax| and sum over k from O to n then we get

i laul [(T4x,)| (2.19)
k=0

< ilakl(\/ﬁ— W) V(T y.y)
< {Z |ak|(«/ﬁ - x/ﬁ)zrz imm(ﬂ‘y,y)

12,
<Z|ak|T’<y,y>
k=0

1/2

1/2

- {Z g (Mk — 2V Mkmk +mk)
k=0

for any x,y € H with x L y.
By the generalized triangle inequality we also have

{ <Z la| T x, y> <Z axT*x y> } < §|ak| (7x.3) 2.20)

for any x,y € H with x L y and for any natural number n > 0.
Therefore, by (2.19) and (2.20) we have

aX{ <Z IakIT"x,y> , <Z akT"x,y>

=0 =0
n vz,

< {Z |ak|(Mk—2VMkmk+mk) <Z|ak|Tky,)’>
k=0 k=0

} 2.21)

1/2

for any x,y € H with x L y.
Since all the series whose partial sums are involved in the inequality (2.21) are convergent, then
by letting n — oo in this inequality, we get the desired result (2.16). O
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Remark 2.7. If we take in (2.16) f(z) = z, then we recapture the Malamud inequality (2.15).

We also have

Theorem 2.8. Let consider the power series f(2) = 3" a,2" with complex coefficients a, that is
convergent on the open disk D (0,R) with R > 0. If the selfadjoint operator T on the Hilbert space H
has the spectrum S p(T) C [m,M] and 0 <m < M with p, pM2 <R, then for any x,y € H with x L y
we have the inequality

max {[{fa (pT) x, )|, |{f (pT) x, I} (2.22)

<[fa (p)]1/2<[fA (pMT)~2f4 (p VMmiT) + (me)]l/zy,y>1/2

forany x,y € H with x L y.

Proof. If we multiply the inequality (2.17) by |ax| p* and sum over k from O to n then we get
- 2
D laud p (T, )| (2.23)
k=0
n 2
< Zlaklp"(vM"— Vm") (T*y.y)
:Z|ak|p (Mk 2VM +m)< )
k=0
n
= < lag| p* (Mk —2VM¥mk + mk) Tky,y>

k=0

for any x,y € H with x L y.
By the weighted Cauchy-Bunyakowsky-Schwarz inequality, we have

2
[Z |ak|p"|<T"x,y>|] < S la e Sl
k=0 k=0 k=0

and by (2.23) we have

(Z x| p | |]2 (2.24)

k=0

n
<Dy <Z|ak|p( "—2«/M'<mk+mk)Tky,y>

for any x,y € H with x L y.
The proof now follows by (2.24) in a similar way as shown above and the details are omitted. O

3 Other Inequalities

We start with the following lemma that is interest in itself, see for instance [8] or [7, p. 88]:
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Lemma 3.1. Let T : H — H a selfadjoint operator with the property that 0 <ml < T < MI. Then

1 (M-m)?
0 < |ITll - (T, x) < . M=)

1
4 m+M (.1

forany x € H,||x|| = 1.

Remark 3.2. For an extension of the inequality (3.1) for vectors and complex numbers in a complex
inner product space, see [1].

Corollary 3.3. For any positive operator on the Hilbert space H we have

1
0 <||Txl[—(Tx,x) < 7 7] (3.2)
forany x € H,||x|| = 1.
Proof. Follows from the above lemma on choosing m =0 and M = ||T||. O

Theorem 3.4. Let consider the power series f(z) = 3, a,Z" with complex coefficients a, that is
convergent on the open disk D (0,R) with R > 0. If the selfadjoint operator T on the Hilbert space
H has the spectrum S p(T) C [m,M] and 0 < m < M with M? < R, then we have the inequality

max {||[fa nT) + fa (MT)) x| ||[f onT) + £ (MT)] xf } (3.3)
<{[fa(nT)+ fu (MT)] x,x)+ % [fa (M) = 2fa o) + fu ()]

forany x € H,||x|| = 1.
Moreover, if the operator T is positive and ||T|| < R, then we have the inequality

1
max {|| fa (T) xII, I/ (T) xlI} < (fa (T) x, x) + ZfA A1 (3.4)
forany x € H,||x|| = 1.

Proof. Since S p(T) C [m, M] then we have 0 < mkI < T* < M¥I in the operator order of B(H) and
for any natural number k > 0. Using the inequality (3.1) we have

1

(mk+Mk)||Tkx“ (mk+Mk)<Tkx,x>+—(Mk—mk)2

IA

—_

(mk + Mk)<Tkx, x> + (Mzk —2MFmk +m2k)

4
which holds for any natural number k > 0.

Now utilizing a similar argument to the one in the proof of Theorem 2.2 we get the desired
inequality (3.3).
The inequality (3.4) follows by (3.2) and the details are omitted. O

We can state now the following lemma that is of interest in its own right:
Lemma 3.5. Let T : H — H a selfadjoint operator with the property that 0 <ml <T < MI. Then
1 2
0<ITal|~(Toxx) < 5 (VM - Vm) (3.5)

forany x € H,||x|| = 1.
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Proof. We put

F(x):=2(Vx— Vm) (x+m)—(x—m)?
for all x > m.
Then we have F (m) =0,

F(x) = x>+ 6mx +m?* — 4 Vmx*? — 4m mx'/?

and

N S C
U

for all x > m.
These imply that F'(x) > O for all x > m and therefore

1 M-m)? 1 2
- < (VM- m),
i mem <3l m)
which together with the inequality (3.1) produces the desired result (3.5). O

Utilising this lemma and an argument similar to that employed to prove the theorems above, we
can state the following result as well:

Theorem 3.6. Let consider the power series f(z) = 3, a,Z" with complex coefficients a, that is
convergent on the open disk D (0,R) with R > 0. If the selfadjoint operator T on the Hilbert space
H has the spectrum S p(T) C [m,M] and 0 < m < M with M < R, then we have the inequality

max {||f4 (7)xll, L (7)) (3.6)
1
< (a(D)xx) + 5 [fa (M) = 2fs (VMm) + £ ()]

forany x € H,||x|| = 1.

4 Some Examples

It is natural to state some of the above results for functions defined by power series as those provided
in the introduction of this paper.

1. If we write the inequality (2.1) and (2.8) for the exponential function, then for the selfadjoint
operator T on the Hilbert space H that has the spectrum S p(T) C [m, M] with 0 < m < M and for
any x,y € H with x L y we have the inequalities

Kexp(T)x.y)| < %qexp( \/gT)—exp( \/%T)
ALl

[(lexp (MT) +exp (mT)] x,y)| (4.2)
< ([exp(MT) —exp (mT)] x,x)' "> ([exp (MT) — exp (mT)]y,y)'*.

1/2
X, x> “4.1)

12

and
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Now, from (2.16) and from (2.22) we also have

Kexp () x.)] < [exp (M)~ 2exp(VMm) +exp(m)]  (exp(T)y. )/ 4.3)
and for p > 0,

[(exp (pT) x,y)| (4.4)

< exp(%)([exp (pMT)—-2exp (p WT) +exp (me)]l/zy,y>1/2

for any x,y € H with x L y.
If we use the inequalities (3.3) and (3.6) for the operator 7 with S p(T) C [m,M], 0 <m < M,
then

|[[exp imT) +exp (MT)] x| (4.5)
<{[exp(mT)+exp(MT)] x,x)+ 411 [exp (Mz) —2exp(mM) +exp (mz)]
and .
||exp (T) x” <{exp(T)x,x)+ 3 [exp (M)-2exp ( \/W) +exp (m)] (4.6)

for any x € H,||x|| = 1.
If T is a positive operator, then by (3.4) we have

1
||exp(T) x” <(exp(T)x,x)+ 7 exp(ITI) 4.7)

for any x € H,||x|| = 1.
2. If we use the function f(z) = .77, ﬂz” =In(1+z), z€ D(0,1) for the selfadjoint operator

n

T on the Hilbert space H that has the spectrum S p(T) C [m,M] and 0 < m < M with M \/g <1,
then for any x,y € H with x L y we have from (2.1) the inequality

B

(n(+7)"x, y>|} (4.8)

12
X, x>

max {|<ln I-T)"xy)
< %<[ln(l— \/gT] —ln(l— \/%T)
><< ln(l— \/gT] —ln(l— \/%T) y,y> :

while from (2.8), we have
max {|<[ln (I-MT)" +In(I-mT)"|x.y)

, (4.9)
K[ln(1+MT)‘1 +1n(l+mT)_1]x,y>‘}
< <[ln(1—MT)_1 —1n(I—mT)_1]x,x>l/2

x([In( =M1y = in(=mT)y.y)".



88 S. S. Dragomir and Y. Seo

Now, from (2.16) and from (2.22) we also have, for M < 1, that

max{’(ln I-71)"! x,y>’ , Kln I+T)! x,y)’} (4.10)
(1 - Vadm)’ v
- m

i) oo

and, for 0 < p, pM?, pM < 1 we have

b

<1n(l+pT)_1 x,y>‘}

<[ma-p]"

max{|<ln - pT)_1 x,y>

1/2
X <[ln(l —pMT)™' =2In(I-p \/MmT)_l +In(J —me)—l]1 2y,y> 4.11)

for any x,y € H with x L y.
If we use the inequalities (3.3) and (3.6) for the operator T with S p(T) C [m,M],0<m< M < 1,
then we have

max{H[ln(]—mT)—1 +In(-M7)" |, (4.12)

||[1n(1+mT)_l +In(l + MT)“]x”}

<([Int-m7)" +In(1 - MT) ™| x.x)

[ (1-mM)'? ]
+1In
(1-m2)"* (1 —m2)"/*

and

max {[|in (7 = 7)~" |, in 7+ 7)7" ]} 4.13)

1- VMm )
(1= (1 -m)'?

< <ln(1— T)_1 x,x>+ln(

for any x € H,||x|| = 1.
Finally, if the operator T is positive and ||T|| < 1, then we have the inequality

max {[[in (7 = 7)~" ||, [in (7 + 7)~" ]} (4.14)
<(In(@-T)" x.x)+ %m(l T

for any x € H,||x|| = 1.
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