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Abstract

We characterize boundedness and compactness of the Toeplitz operator 7, on the
Bergman space L}; (A), where the symbols, yu, are complex Borel measures on the unit
disk of the complex plane, A. The case of Toeplitz operators whose symbols are anti-
analytic integrable functions is settled. Our results are related to the reproducing kernel
thesis. We also study the case of symbols which are positive measures and the case
of radial symbols. Moreover, we give a characterization of compactness for general
bounded operators on L.
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1 Introduction and Statement of results.

Let A denote the unit disk of C, and let A denote the Lebesgue area measure on A normalized
so that A(A) = 1. For 0 < p < oo, the Bergman space L}, is the closed subspace of L” (A, d\)
consisting of analytic functions on the unit disk A. When p = 2, there exists an orthogonal
projector P, called the Bergman projector, from the Hilbert space L?(A,dA\) onto its closed
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subspace L2. The Bergman projection Pg of g € L*>(A,dA) is given by

(Pe)00) = (K) = [ T2 anco),

(1—2w)?

where w € A, and K,,(z) = > is the Bergman kernel. The kernel

1
(1—zw)
1—|w]?
k =—Q

w(Z) (1 _ ZW)Z
is called the normalized Bergman kernel and ( , ) is the usual inner product in L. Given a
complex Borel measure g on A, the Bergman projection Pu of u is defined by

e = [P, wea

The Toeplitz operator 7}, is densely defined on Lf; by

(B)00) = [ 1 ),

for h € L7 (the space of bounded analytic functions in A) and w € A, that is

Tuh = P(hu).

Note that the previous formula makes sense and defines a function analytic on A, and
that the operator 7, is in general unbounded on LY. For u= fdA with f € L'(A,d\), we
write 7, = Ty.

For ¢ > 0, we let
I+c

o)y
O g

¢

and ©
(¢ ‘
= K& (1=[LP)
IR~ (1—<g)e+e

The study of boundedness and compactness of Toeplitz operators has generated many
works over this last decade. See [15] and the references therein. Results are most often
described in terms of the boundary behaviour of the so called Berezin transform. We recall
that, for a bounded operator A on L}, the Berezin transform of A is the function A, defined
by

A(2) = (Akg, k).

When p = 1, a new phenomenon appears. For example, in [16], K. Zhu showed that a
Toeplitz operator 77 associated to an antianalytic symbol f is bounded on L} if and only if
f € L”NLB, where LB is the logarithmic Bloch space defined below. At the same time, for
p > 1, itis well known that 7% is bounded on L% if and only if f is bounded. So the study
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of 7,, on L} deserves a particular attention. The study of Toeplitz operators on L} has been
considered amongst others in [12, 13].

In [12], the authors introduced a technical condition in the study of 7;, on LL. To be pre-
cise, they associate to every complex Borel measure u on A the locally integrable function
R(u) defined on A by

R)(w) 1= (1~ ) [ )

A(z—w)(1—zw)%’

They say that u satisfies condition (R) if the measure |R(u)(w)|dA(w) is a Carleson measure
for Bergman spaces. See section 2 for the definition of a Carleson measure. We simply say
that f € L! satisfies condition (R) when the measure du = fdX\ satisfies condition (R). We
denote by B~ the Bloch space in A, that is the space of analytic functions g on A such that

sup(1 — |z*)[¢'(z)] < oe.
ZEA

The space B™ is a Banach space under the norm
18llz= = 18(0)| +sup(1 — |z*)|¢' (2)].
ZEA

Next, the logarithmic Bloch space LB is the subspace of the Bloch space consisting of
analytic functions g on A which satisfy the estimate

2
l18l128 := |g(0)] +sup(1 — |z*)|¢ (2) | log(—=5) < .
ZEA 1- |Z|

In [12], Z. Wu, R. Zhao and N. Zorboska proved the following theorem:

Theorem 1.1. Suppose that u satisfies condition (R). Then the following two assertions are
equivalent:

(1) T, is bounded on L}l;
(2) P(m) belongs to the logarithmic Bloch space LB.

Moreover, there exists a constant C such that for every complex Borel measure u satisfying
condition (R), the following estimate holds:

1P| < C(||Tgl| + Carl(R(u)),
where Carl(R(u)) denotes the Carleson constant of the Carleson measure R(u).

The technical condition (R) is important in their argument. In the same paper [12], Z.
Wu, R. Zhao and N. Zorboska also proved the following theorem:

Theorem 1.2. Suppose that the complex Borel measure u on A is such that the measure
|R(@t)|d\ is a vanishing Carleson measure for Bergman spaces. Then the following two
assertions are equivalent:

(1) T, is compact on L;
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(2) P(f) belongs to the subspace LBy of LB consisting of those analytic functions g which
satisfy the estimate

2
lim (1 — |z*)|¢ (2)|log(———) =
tim (1~ |22 og( 1)

See section 2 for the definition of a vanishing Carleson measure.

In [13], T. Yu obtained an interesting result on compactness of a general operator A on a
certain weighted Bergman space A! (). To state Yu’s result, we need to recall briefly some
definitions.

Let ¢ be a positive and continuous function on (0, 1) with

limo(r) =

r—1

The positive continuous function ¢ will be called normal if there exist 0 < a < b and rg < 1

such that o(r) o(r)
r r
_ ) < 17). 1.1
(l_rz)a (l_rz)h/‘ (r()_r—> ) ( )
The pair of functions {¢,y} is called a normal pair if ¢ is normal, ¥ is positive, contin-
uous and integrable on (0, 1), and if for some b satisfying (1.1), there exists ¢ > b — 1 such
that

N, 0 and

o(rw(r)=(1-r)° 0<r<l. (1.2)

Let {0, y} be a normal pair and H(A) denote the space of analytic functions on the unit disk
A. For f € H(A), we define

Iflle = sup[f(2)[o(lz]) = sup Me(f,r)o(r),

Z€EA 0<r<l1

Iy = [Ir@NDavE) =2 [ (s wyar

where

Mo(fir) = max|f@) and (Fr) = [ 70" o,
z|l=r
We define the following spaces of analytic functions.

An(0) = {fEH®):|fllo <o},
Ao(0) = {f €H(A): lim Ma(f,r)0(r) = O},

Aly) = {feH@):|flly <o}

Clearly Ao(¢) C Aw() so we may use the norm || f||o on Ag(¢). These three spaces are
all norm linear spaces with the indicated norms. If L!'(y) denotes the Banach space of
measurable functions f on A such that || f||y = [, | f|dAy < oo, where dAy(z) = y(|z|) dM(z)
then A' () is the closed subspace of L' () consisting of all analytic functions. Also, Aw()
is a Banach space and Ay(9) is a closed subspace of A((). Using the following pairing
between A! (y) and Aw.(9),

8= [ @811 ), (13)
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A. L. Shields and D.L. Williams [9] showed that (A4o(¢))* = A;(y) and (A'(y))* = A(9).
T. Yu [13] proved the following theorem:

Theorem 1.3. Suppose that A is a bounded operator on A' (V). Let A* be the adjoint
of A with respect to the pairing in (1.3), K,, the reproducing kernel of A*(y) and k,, its
normalization in A' (). Then the following two assertions are equivalent:

(1) A is compact on A'(y) and Ao(0) is an invariant subspace of A*;
(2) ||Aky|ly — 0 as w — 0A.

T. Yu [13] also exhibited a compact operator A on A!(y) such that [|Ak, ||y does not
tend to zero as w — dA. Although Yu’s Theorem does not give a complete characterization
of compact operators on L\, an application to a Toeplitz operator Ty with bounded symbol
f gives that

Ty is compact on L} <= (HTffcgc)Hl —0as|z| — 1.)

In this paper, our results are related to such reproducing kernel thesis. We recall that F.
Nazarov proved that the reproducing kernel thesis is not valid for p = 2, i.e. the following
two assertions are not equivalent for general f € L*(A,dA\):

(1) Ty is bounded on L2;
(2) supgen [[Trke|l2 < .

In [1], a set of symbols was constructed for which the above condition (2) is necessary and
sufficient. Our main result for boundedness of operators on L) is the following.

Theorem 1.4. Let A be a linear operator defined on L;, with values in the space of analytic
functions on A and let ¢ > 0. Then the implication (1) = (2) holds for the following two
assertions.

(1) A extends to a bounded operator on LLII;

(2) the following estimate holds:

SuPHA];éc)Hl < oo,
CeA

The converse (2) = (1) also holds in the following two cases.

(a) The operator A satisfies the following property:

J AR @s(0)an(0) = Cagl:)

for some absolute constant C and for all 7 € A and g in the dense subspace P.(D) of
L.

(b) A =T, where uis a complex Borel measure on A.
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Moreover, in such cases, if C; = sup| \Aicéc) |1, there exists a constant C such that
CeA

l|A]| < CC,.

Here, P.(?D) denote the space of weighted Bergman projections of functions in D(A),
the space of C functions with compact support in A.

Note that Theorem 1.4 gives a complete solution of the boundedness problem for Toeplitz
operators with complex measures symbols without referring to the technical condition (R)
in Theorem 1.1. Our general result for compact operators on L] is the following:

Theorem 1.5. Let A be a bounded operator on L} and C > 0. The following two assertions
are equivalent:

(1) The operator A is compact on L}ﬁ

(2) For every € > 0, there exists R € (0,1) such that
/ (AR @)laA(z) <&
R<|z|<1

forevery { € A.

We extend the results of T. Yu and Z. Wu et al. by proving the following characterization
of compact Toeplitz operators 7, whose symbols u are such that p satisfies a "uniform”
condition (R).

Theorem 1.6. Let ¢ > 0. Suppose that the complex measure u is such that K;u satisfies
condition (R) for every z € A with the following uniform condition:

Vre (0,1), sup Carl(R(K;f1)) < oo

ZErA

(in particular if |u| is a Carleson measure for Bergman spaces.) Suppose further that T,, is
bounded on L. Then T, is compact on LY if and only if HTJ&? i — 0as— oA

In Theorem 1.6, Carl(R(K 1)) denotes the Carleson constant of the Carleson measure
IR(K.fi) .

As it might not be seen at first sight, we would like to point out that our conditions in
Theorem 1.6 are weaker in comparison to the conditions in Theorem 1.2. For example, if
u is a Carleson measure which is not a vanishing Carleson measure, our result still gives a
compactness criterion for 7,,. We also study boundedness and compactness on L} of Toeplitz
operators associated with positive measures. In this case again, there is a difference with
the case p > 1. We show that the Carleson measure property is no longer sufficient to
characterize bounded Toeplitz operators with positive measures. This contradicts what is
stated in [15, Exercise 6, Chap 7].

The paper is organized as follows. In section 2 we give the proof of Theorem 1.4
and we deduce a characterization of bounded Toeplitz operators whose symbols are anti-
analytic functions on A. In section 3 we prove Theorem 1.5 and Theorem 1.6 and we
deduce a characterization of compact Toeplitz operators with symbols that are anti-analytic
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functions. We also study the case of symbols which are positive Borel measures on A. In
the final section, we study the case of radial symbols and we prove that for such symbols
whose associated Toeplitz operator is bounded on L}, the conclusion of Theorem 1.6 is true
with no extra assumption on the symbol.

2 Bounded Toeplitz operators on L]

2.1 Preliminary results.

In this subsection, we recall some definitions and we established some results that will be
used later in this paper.

Definition 2.1. Let p € (0,0). A positive Borel measure pon A is called a Carleson measure
for the Bergman space L}, or simply a Carleson measure, if there exists a constant C > 0
such that

1 @Pau) < [ 7@ Pane) @
forall f e LY.

The infimum of all constants C which satisfy (2.1) is called the Carleson measure con-
stant of u and will be denoted by Carl(u).

Definition 2.2. Let p € (0,00). A positive Borel measure u on A is called a vanishing
Carleson measure for the Bergman space L%, or simply a vanishing Carleson measure, if
for any sequence {f,} in L} with || f,||, < 1 and such that f,(z) — O uniformly on compact
subsets of A, we have

tim [ [£u()[Pdp(z) =0.
n—oo J A
We recall that the Bergman distance § on A is given by

1+ |<Pz(W)I>

T lp:(w) Gwed).

B(z,w) =log (
For r > 0 and z € A, the set
D(z,r):={weA:B(z,w) <r}

is the Bergman ball centered at z with radius r, see [14] for more about the Bergman metric.
The next theorem recalls a characterization of Carleson measures for Bergman spaces.

Theorem 2.3. (cf. e.g. [14, Theorem 2.25]) Let u be a positive Borel measure on A. The
following four assertions are equivalent:

(1) For some p € (0,%), u is a Carleson measure for the Bergman space LY.

(2) There exists a positive constant C such that

1.12)2
/AUM)dM(W)SC

|1 —wz|*

forallz e A.
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(3) There exists a positive constant C such that

| dutw) (1= |zPy?
D(z,r)

forallz € A.
(4) Forall p € (0,), u is a Carleson measure for the Bergman space L.

Moreover, the Carleson measure constant Carl(u) of u is smaller than the constant C of
assertion (2).

We recall the following Lemma for future reference (cf. Forelli-Rudin [3] or [5], Theo-
rem 1.7):

Lemma 2.4. Forall —1 < o < o and all real B, let

(L= wP)®

IOC,B(Z) = R Wd?\,(W) (Z S A)

Then
(1) if B <0, the function I g is bounded;

(2) if B =0, there exists a constant C = Cy g such that for every z € A, the following
estimate holds:

—log( ) < Iy p < Clog(

2 )
C 71— ? 1—[z[27
(3) if B > 0, there exists a constant C = Co,p such that for every z € A, the following

estimate holds:
1 1 1

- <l <C-———.

CI—RPP = =" (1P

Lemma 2.5. If u is a complex measure on A such that |u| is a Carleson measure for
Bergman spaces, then u satisfies condition (R).

Proof. We fix r > 0. The question is to prove that if |u| is a Carleson measure for
Bergman spaces, then

sup

1
"eA MD(z,1)) /D(Z’r) IR(11) (W) |dA(w) < oo.

Applying Fubini’s theorem we obtain

1
BT / o IRG)O)lah(w) <

Lo (o —anon ) dio
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Thus,

1
SO o, R0 <

I—MZ < 1 >
C/?L I —uz]? /D(Z’r) ’u_w‘dk(w) dlp|(u), (2.2)

since 1 — [w|> =~ 1 —z]* and |1 — uw| =~ |1 — uz| for w € D(z,7) and u € A. By making a
change of variable w = @,(w') we get

i _ O—kPy D)
MO [ el = 0 o T
C 1 /
S Tl oo e ™)
C/
1 —uz|’

Here the first inequality is gotten from the fact that
MD(z,r) = (1= [2[)?,  [1=w'z[ > 1—|w]

and the function w — 1 — |w| is bounded below by a positive constant on the set D(0,r).
This together with equation (2.2) shows that there exists a constant C depending on r only
such that

DG [ RGO <€~ P) [ i@, @

Since |u| is a Carleson measure for Bergman spaces, we have

o < Cart) [ =

The latter inequality comes from an application of assertion (3). of Lemma 2.4. The con-
clusion follows. O
The existence of a lattice in the unit disk will be useful in our argument.

dM(u) < C'Carl(u) (1 —|z*)~!

Theorem 2.6. (cf. e.g. Theorem 2.23 of [14]) For every r € (0, 1], there exist a positive
integer N and a sequence {ay} of points in A with the following properties:

(1) A=UrD(ag,r);
(2) the balls D(ay, ;) are mutually disjoint;
(3) each point 7 € A belongs to at most N of the balls D(ay,4r).

Such a sequence {ay} is called an r—Ilattice.
From now on, ¢ will denote a positive number. It is shown e.g. in [5], Lemma 1.17, that
there exists a unique linear operator 2 on H(A) with the following properties.
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e D is continuous on H(A) with respect to the topology of uniform convergence on
compact sets of C contained in A;

o D[(1—2w)72] = (1—2zw)~ ) for every w € A;
e D is invertible on H(A).
We shall use the following Lemma.
Lemma 2.7. For every h € L, the function Dh is given by

Dh(z) = /A Ufii;))zﬂdx(w) (z€A).

Moreover, there exists a constant C such that

(1= kP Dh@g()an(z) = € [ Mgtz
A A

forallh€ Ll and g € L.

Proof. The first assertion is proved in page 19 of [5], while the second assertion is
proved in page 20 of [5] for g € L and either & or (1 — |z|*)°h(z) bounded. We give here a
different proof.

We first prove the lemma for all 1 € L2 and g € L. Let {a; } be a r—lattice as described
in Theorem 2.6. By the atomic decomposition theorem (cf. e.g. Theorem 2.30 of [14]), for
every h € L2, there exists a sequence {c;} of complex numbers belonging to the sequence
space [ such that

— Lo

where the series converges in the norm topology of L2. This series converges uniformly

1—|a|*
(I,Z@)zw
converges in the norm topology of the weighted Bergman space L2((1 — |z|?)2>°dA(z)), and
thus it converges uniformly on compact sets of C contained in A to its sum.

We recall that D.[(1 —zw) 2] = (1 —zw)~(>*¢) for every w € A. Thus the partial sums

~2{fe

converges uniformly on compact sets of C contained in A to the analytic function

=l

cA),
(=) (zeA)

on compact sets of C contained in A to its sum h(z). Next, the series Y;° | ¢k

1
(1 —Zak

1— \ak|2

(1 la) T

HM2

i 1—|ay|?
= l—Zak (1 — »7,)2+¢

as N — oo. Since D is continuous in H(A), we conclude that

2.4)
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Hence ) |
Dh(z) = Yiycr(l—|a| )fAWdMW)

= X i 1:1;‘ z} 2+Cd7\.( )
= A%du )

Next the convergence in L2((1 — |z|*)*d\(z)) of the series in the right hand side of (2.4)
implies that

0 2\c
[ = EPYDRGIs(E)ME) = T et~ o) [ o desan()

Also, there exists a constant C such that for every g € L’ and for every positive integer k,

(1= kP - eta) = [ 80
S i ma et @) = Catag =€ | G E o ann)

A (1 —Zag)?*e W)

This implies,

[0~ D) = czcklfrau ) [ an)

1 —way)?

= [ (T g )etmni)

e /A R(w)g(w)dh(w).

We next consider the general case when i € L}. The announced conclusions follow from
the density of L2 in L} and from the existence of a constant C such that

J =Py DnIane) < [ he)Iane)

for all analytic functions / on A. For the latter result, cf. Theorem 2.19 of [14]. This finishes
the proof of the lemma. O

For ¢ > 0, we denote by P. the orthogonal projector from L?((1 — |z|?)°dA(z)) unto the
weighted Bergman space L2((1 — |z|?)dA(z)). Then P, is a weighted Bergman projector in
A and for every ¢ € L?((1 —|z|*)°dA(z)), we have that

o 2\¢
roo) = (1+0) [ T2

We denote by D(A) the space of C* functions with compact support in A. We shall
need the following lemma.

O(5)dM(C).

Lemma 2.8. The space P.(‘D(A)) is a dense subspace of L.

Proof. 1t is easy to check that P.(D(A)) C LY C L. Since the dual space of L} with
respect to the usual duality pairing (,) in L?(A, dA) is the Bloch space B, it suffices to show
that every & € B* such that

/A PO(R(2)dM) =0 Vo € D(A)
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vanishes identically. An application of Fubini’s Theorem and Lemma 2.7 gives

R rdPAYS _
0 = [rewican - [ ([ L= w0a0) i)

— [ o@D (1 - 1P ar(c).

It is easy to conclude that Dh = 0 on A. Using the invertibility of 2 on H(A), we obtain

that h=0on A. O
The following three lemmas are proved in [14].

Lemma 2.9. Suppose p >0, ¢ >0and 0. > —1. Let dhg(z) = (1 — |z*)*d\(z). There exist

constants A and B such that

AfIf@raa < [10 - POSOIDLE) < B [If@FdaG) @)

for all holomorphic functions f in A.

Lemma 2.10. Suppose p > 0 and o. > —1. For F € L}(d\y), we have

1E]]p.a
|F(Z)| — (1 o ’Z|2)(2+a)/p

forallze€ A.

Lemma 2.11 (Theorem 3.9 in [14]). For any z and w in A we have

B(z.w) =sup{|f(2) = f(w)[ - feB™ [Ifllp- <1}

2.2 Proof of Theorem 1.4

Suppose (1) holds. Then
HAk H1<|\A|H|k Ml

2\c¢
~(c) _/ (1-18%)
k = | —="—dA(w
IR = [ o)
is bounded in { by Lemma 2.4, this gives (2).

Suppose that (2) is satisfied.
Case (a): By our assumption on A, we have

[is@iane < [ (148 @) an)
= o [ (1R @lar) ) le@and

= ZUPHAk illglh-

and since

(2.6)
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This shows the implication (2) = (1) for the case (a).
Case (b): Let u be a complex Borel measure on A. From case (a), it is enough to prove
that if z € A and g in the dense subspace P.(D(A)) of L}, then

| BE@s©ar) = = Ts(o) @)

T4c ¥

Leth € LL(A,d\({)) and g = P.¢ with ¢ € D(A). Then

M@ (1= 1P anE) = [ AEIOE)(1— LR ). 2.8)

Fix z € A and take

h(§) == (LK) (2) = (1+¢) /A T (11 gy dA):

It is clear that the function /4, is analytic and for every { € A, and the function z — h,({) is
antianalytic. By the mean value property, there exists a constant C, such that

h(Q)] < GRS

and hence

[ 1mQI01 = 18 ar(©) < Cosupl A1 <
A CeA

In the latter inequality, we applied assertion (2).
For every ¢ in the space D(A), we have

(1-[g) d|u|(w) c(9)
(ko) 20 < S0 [auio) <

for every z € A. By identity (2.8) and Fubini’s Theorem, we obtain that for every g = P.{ in
the dense subspace P.(D(A)) of L. and for every z € A,

JEEN@e@an) = [ (@A) 0(0)arE)
_ L ([P
-, ( A T—=p (0 _w¢)2+cdu<w>) 0(Q)dMY)
_ (1 g 1
- /A (/A(l—vvi)z“q)(z;)dk(@) md,u(w)

1 w |
- l—l—c/A (1g_(zv)p)2dﬂ(w) = mﬁg(z)

This proves identity (2.7) and so the implication (2) = (1) is proved for case (b). O

One would like to know whether (2) = (1) for general operators A in the above The-
orem. The next lemma shows that our necessary condition, when A = T;,, in Theorem 1.4 is
remarkably strong.
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Lemma 2.12. Let ¢ > 0 and p a complex Borel measure in A. Then there exists a constant

C such that
C

(1 _ ‘Z‘2)2+c

< 1T 2.9)

/ (1—lal)*  du(w)
A

(1 _aw)Z-i-c (1 _WZ)2+C

foralla,z € A

Proof. Let a € A. For z € A, we have by (2.6), (2.5) that

(1—lal*)*  du(w) 1 (1—laP)  du(w)
/A (1 —aw)2te (1 —wz)2+e (1— |Z’2)2+C/A /A (1 —aw)2te (1 —wQ)2+e di.(C)
B (1—lal)"  du(w)
: <1—\z12>2+c/A /A<1_aw>z+c<1_wg>z dME)
B 7(0)
= WHT#% [FE——

If we take a = zin (2.9), we easily find that for any a € A,

(1— |a|?)**2¢ "
s <C T.k .
/A ‘1—5w’4+20 ,u(w) = ZEEH uta Hl

Hence for positive measures, this clearly shows that our necessary condition implies that
u must be a Carleson measure. The following result shows that the converse of this is not
true and gives several characterizations of boundedness of Toeplitz operators with positive
measures.

Theorem 2.13. Let u be a positive measure in the unit disk A. The following propositions
are equivalent:

(i) T, is bounded on L},.

(ii) For every strictly positive c, there is a constant A such that

sup HT#l}gc) |1 <A.
acA

(iii) There is a constant A such that

sup | ki |1 < A.
acA

(iv) uis a Carleson measure for Bergman spaces and P(u) € LB.

We remark that (i) < (iv) has already appeared in Wang and Liu [11] but we obtain this
result independently and our proof is different from theirs.

Proof. 1t is clear that (i) = (ii) and (it) = (iii). We will show that (iii) = (iv) and
(iv) = (i).

(iii) = (iv) : From the observation after Lemma 2.12, (iii) implies that u is a Carleson
measure. In this case, we have the following lemma.
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Lemma 2.14. Let u be a positive measure in the unit disk A. Suppose that u is a Carleson
measure for Bergman spaces. Then the following operator

h(z) = h(C)

1 du(g)

S = (1= 1) |

is bounded from B™ to L.

Proof of Lemma 2.14
Using the Carleson condition, Lemma 2.11, and a change of variable { = @.(w), we
have

IN

sl < (-1 [ Felau)

Cart) (1~ 1:P) [ WWQ

Cart@) (1 <Pl [ P2

_ B(w.0)
= Cart()lly- | [ Zarw)
< Cllhla-. :

IN

IN

We are now ready to prove the second part of (iv). For h € B* and z € A, we have

(LR = [ TR ()ROw)dA()
(1—[z?) _du®) \ 7
/A (/A (1-20° (1 —WC)2> h(w)d\(w)

- (1—\z!2)/A ( —lzC)3 (/A h((lwzciibé;)) e

= (1-1z)Qu(h)(z)

where Q,(h)(z) = [, (1}17(;%)3%[1(@). It is then easy to obtain the identity,

(1= 12*h(z) Qu(1)(z) = (Tuk! h)+Su(h)(z), (2.10)

for z € A and h € B”. So that using Lemma 2.14 we get

(1=12*)1h(z) Qu(D @) < CllAllp 2.11)

for z € A and h € B*. Taking the supremum over all & € B* with ||h||p= < 1 and h(0) =0,
and applying Lemma 2.11, we obtain that

2
(I=EPIGMEog s < € (2.12)
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for all z € A. On the other hand, observe that

20,(1)(z) = 2P(u)(z) +2zP(u)'(2) (2.13)

and that, since u is a Carleson measure, then ||P(u)||g= < CCarl(u) and hence

2
(1- |z|2)|P(,u)(z)\logl_7|Z‘2 < CCarl(u). (2.14)

Therefore, by (2.12), (2.13) and (2.14) we have

sup(1 — [22) |P(u) (2) log -y <
Z€A - |Z‘
So P(u) € LB.

(iv) = (i):

We may use Lemma 2.5 and Theorem 1.1 as well to conclude. However we include here
a direct proof since all the ingredients are contained in the previous implication. Indeed, for
g €Ly and h € B*, we have

(Tgh) = [ TigOu)h(widrn)

= [ g0 (1= W) ()ah(w).

It is then enough to show that (1 — |w|?)Q,(h)(w) is bounded whenever i € B*. Observe
that

(1= W) Qu(h) (W) = (1 = [w*)h(w)Qu(1) (W) = Su(R) (w).

Using the fact |h(w)| < C||h||p~log ﬁ, the result follows by applying Lemma 2.14,
(2.14) and (2.13). O

Remark 2.15. In contrast to what is stated in Exercise 6 of Chapter 7 in [15], the property
P(u) € LB is not superfluous in assertion iv) of the above Theorem. In fact, if this were the
case, every Carleson measure u for Bergman spaces would satisfy P(u) € LB. In particular,
for every bounded non-negative function f on A, we would have P(f) € LB. This would
imply that for every bounded function f on A, we have P(f) € LB (to get this property, write
the real part and the imaginary part of f as the differences of their positive and negative
parts). We are led to the false conclusion that the Bloch space B~ is contained in LB.

We next state the following characterization of bounded Toeplitz operators with antian-
alytic symbols.

Theorem 2.16. Let f € L.. The following three assertions are equivalent:
(1) T is bounded on LLIZ;

(2) Forall c >0,
sup || TAEL |1 < oo;
Z€EA
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(3) f belongsto L7 NLB.

Proof. The equivalence (1) < (2) is given by Theorem 1.4, since fdA is a complex
Borel measure on A. The equivalence (1) < (3) was proved by K. Zhu [16]. O
In the proof of Theorem 1.6, we shall need the following lemma.

Lemma 2.17. Suppose that u is a complex Borel measure on A such that T, is bounded on
LL. Then for every z € A, the Toeplitz operator Tk g is bounded on the Bloch space B .

We suppose further that the measure K i satisfies condition (R) for every z € A with the
following uniform condition:

Vre (0,1), sup Carl(R(K;f1)) < oo

ZErA

(this is the case when |u| is a Carleson measure for Bergman spaces). Then for every
r € (0,1), there exists a constant C = C(r) such that

sup ||P(K:1)| | < C(||Tul| + sup Carl(R(K:q1))),

ZETA z€rA

where ||T,|| denotes the norm operator of T, on L. and Carl(R(K_jt)) denotes the Carleson
constant of the Carleson measure |R(Kj1)|d\.

Proof. By the duality between B and L) with respect to the usual pairing in L2(A,dA),
if 7,, is bounded on L}, the adjoint operator of T, is T; and is bounded on B*. It is easy to
check that for every g € B and for every z € A, the function K,g belongs to B* and there
exists a constant C(z) such that ||K,g||p~ < C(z)||g||s~. Hence, for all g € B and h € L2 we
have, for z € A, that

[(Tkag:m)| = [(K:g, Tuh)| < [|K:gl|s=| Tl
< CQ@)|lglls=TullllAl]1-

A

For every r € (0, 1), there exists a constant C(r) such that

sup ||Kzg|s= < C(r)]|g]|5-
ZErA

Hence for all g € B* and h € LZ we have, for z € rA, that
(Tkag, )| < CO)ligls[ITullllAl1-
If we denote by ||k z||" the operator norm of Tk ; on B, we obtain
1 Ticzll” < CNITIl.

Since the measure K i satisfies condition (R) for every z € A, the conclusion follows from
the inequality
|[P(K.i)||s < C(||Tkall + Carl (K i)

which is given by Theorem 1.1. O
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3 Compactness of Toeplitz operators

In this section, we give a general criterion of compactness on L. and a proof of Theorem
1.6. We obtain as corollaries a compactness characterization of Toeplitz operators with
positive measures or with antianalytic symbols. The following theorem will be useful; for
its proof, the reader can consult [3, page 74].

Theorem 3.1. Let F denote a bounded subset of L' (A,d\). The following two assertions
are equivalent:

(1) The closure F in L' (A,d\) is compact in L' (A,dM\);

(2) (a) Foralle >0and R € (0,1), there exists & € (0,1 — R) such that
[ lolz 1)~ 0()lan(z) <e
lz|<R

forall o € F and all h € C such that |h| < 8, and
(b) For every € > 0, there exists R € (0, 1) such that

| elare) <e
R<|z|<1
forevery ¢ € F.

3.1 Proof of Theorem 1.5

Let 7 :={Ag:g €Ll ||g|li <1}. Since A is bounded on L}, the set F is a bounded subset
of L} and hence a bounded subset of L!(A,d)\). Moreover, the compactness of F in L/ is
equivalent to the compactness of F in L!(A,d)). According to Theorem 3.1, it suffices to
show that the following two properties are equivalent:

(1) For every € > 0, there exists R € (0, 1) such that
| IR @) <.
R<]z|<1

for all € € A.
(2) (a)Foralle >0andR € (0,1), there exists 8 € (0,1 — R) such that
[ loz+h) ~()lan) <e
|z|<R
for all € # and all 4 € C such that |4| < & and

(b) For every € > 0, there exists R € (0, 1) such that [p ||, [¢(z)|dA(z) < € for every
ocF.
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The implication (2) = (1) is obtained by taking ¢ = Al}éc) in part (b) of assertion (2).
We next prove the implication (1) = (2). We first point out that part (a) of assertion (2) is
valid for every bounded subset F of L. In fact, the closed subdisk @ = {z € A: |z| < I8}
is a compact subset of A and hence on this set, the Bergman distance B on A is equivalent
to the Euclidean distance. On the other hand, it is well known (cf. e.g. [2], Proposition 5.5,
page 67) that, if ¢ analytic on A, and z, { € A such that B(z,{) < 9, for some 8 € (0, 1), then

|0(2) |<C?S/Zw _dMw)

1—\W\)

We recall that the measure % is invariant under automorphisms of A. On ®, there exist
two constants A and B such that A|z — {| < B(z,{) < B|z — | for all z,C € ®. We suppose
that & < 2R Now, for all 4 € C such that |h| < % % and all z € C such that |z] < R, it is
easy to check that z and z+ /& both lie in ®. Moreover, if ¢ is analytic on A then for every

h € C such that |h| < g and every z such that |z| < R, we have

|0(z+h) = 0(x)| < C(R)S||0]]-
We set C = sup||0||;. Then
beF
/| O 1) —0()aE) < COR)R

Part (a) of assertion (2) follows when we take & < W.

We next prove that assertion (1) implies part (b) of assertion (2). Let ¢ = Ag € F. By
the atomic decomposition theorem (cf. e.g. Theorem 2.30 of [14]), for every g € L1 there
exists a sequence {c; } of complex numbers belonging to the sequence space ! such that

= Z ckl},(li) (2) (z€eA).
k=1

This series converges to g in the norm topology of L!. Moreover, there exists a constant C
such that for every g € L}, we have

Y el < Cllglhr.
k=1

Here, the sequence {a;} is again an r—lattice as in Theorem 2.6. Since A is bounded on L},
we get

/R§|z|<1‘Ag(§)‘dM§) - /R<z<l |A chkak C)‘dl(@)
=/, licw )

<‘Z‘<1 k=1

/ i|ck||A )0l

<‘Z‘<1 k=1

= Yol AG)©AQ.

k=1

IN
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Assertion (1) implies that

/R<z<1 [48(G)ldA(C) < i k| < Cellg||1 < C,

because |g||; < 1.O
To prove Theorem 1.6 We will make use of the following well known formula for
functions in LZ(A) (for example, see [10], Lemma 2.2), which we state below.

Lemma 3.2. IfF and G are in L2(A) then
(F.G) = 3 / — 12P)?F(2)G@) dMz) + (1/2) /A (1— [2)?F' (2)G' (2) dA()
£ (1/3) [ (1=1PPFOFE M),

3.2 Proof of Theorem 1.6

Letr e (0,1). Letc >0and § € A.
First step. We will first prove that for fixed r,

A= [ IR @) — 0asfg — 1 G3.)
‘We have
_ K (2)(1 - [E))°
A(E,r) = / . /A g )] Q). (3.2)

We first study the inner integral. We observe that

K, (2) I
/AHWd#(W)_ 1+C<TuKz7 £ ),

where Kéc) (w) = (171‘;)2 —. Lemma 3.2 implies

(TaK, é)> Ji+h+ T

where
no= e [0 PR RE b )
b o= 2<11+> [ (= PP TR 06) (RETY () )
b= ey 0= R K ) R ) b

Now, since 7}, is bounded on L}, Lemma 2.17 implies that there exists a constant C(r)
such that

sup [|P(Kf)|zs < C(r)(|[Tul[ + sup Carl(R(K-j1))). (3.3)

|z|<r ZErA
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Estimates of J;. We have

|1 _§W|2+c |1_§W|2+C

il 3 [a-py ;><w>|l_gw|2+cdx<w>
_ _ 1
< 3([(1-pwpy u)(wH(Km)(Oﬂde(w)
~ Wy
P(K.72)(0) / A=)
—|w w — |wl*)?
< cuP<sz>\|Bw{ [ RO gy [ A2

It is easy to check that for every v > 0, there exists a constant C(Vv) such that
B(0,w) < C(V)(1—[wf) ™, we A,

Hence,

~ lwl2)2Y
1 < CONPURN- [ g ante)

_ §W|2+C

Since ||g||p~ < Hlé;‘é‘,LzB for every g € B, we obtain by (3.3) that

i< cwlpkal [ S a0
< o)1+ supCart &) | L
- ’ : ZErA ; A |1 — E‘,W|2+C '

Applying Lemma 2.4, we have the following conclusion for |/ |:

(1) If ¢ < 2, we take v such that v < 2 — ¢ and get

Vil < C(rv) (| Tull + Sur;Carl(R(Kzﬁ)));
zer

1. Ifc=2,wetake v € (0,1) and get

] < CONIT,]+ sup Carl (RK.) —Tgra

(3) If ¢ >2, we take v € (0, 1) and get

] < Cov)(IIT| + S;IZ\CWKR(KZ,:Q»W.

<w>}.
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Estimates for J, and J3.  Also, using (3.3) we have

1
2ln < 1JFC,/(I—IWIZ)ZI(P(K 1) (w))[1(Kg)' (w)ldA(w)
2 1 1—|w|?)?
< (2+¢) /\ |log< 2) 5 ( _|W|3i.d7\,(w)
=P ) log(2m) |1 - Ewf+e
_ ! (1—[w?)
< @+ IPKA) s / L dw)
HIP [ o) 1B pe
< @+ ACITII+ sup Cart(Rm) [ L g
< c)C(r up Car i = .
A : Alog(ﬁ) |1 —Ewl|3+e
Given € > 0, there exists s € (0,1) such that 1 < log(1— ‘ 5 ) whenever s < [w| < 1. We
fix such an s. Then
1 1—|wf? 1— w2
Alog(— ) |1 —Ewl|3+e A\sA ) |1 —Ewl|3+e
< Co+ —%p
(17@2)
with C; = (log2)~'(1 —s)~3~¢. This implies,
1 Ce
ol < 524 ¢)C(r)([|Tull + sup Carl (R(K 1)) {Cs + =7 }-
2 zerh (1-18[%)
In a similar manner, we obtain
Ce
3l < % (2+C) () (||Tull + sup Carl(R(K:i)){Cs + =iz -
zerh (1-18])
Conclusion. Since
A, r) < (Wil + 2]+ 5 (1= [E])°,
given € > 0, we can fix s € (0,1) such that
(1) if ¢ < 2, then for v positive such that v < 2 — ¢, we have
_ Ce .
A&, r) < Cle;r,V)(I|Tl| + sup Carl (R(K:))[1 +Cs + e (1 - [8)%
zerh (1-18[%)
(2) if ¢ =2, then for v € (0, 1), we have
AG,r) < Cle,nv) (1Tl |+ SUIZCWI(R(KJI)))
ZETr.
1 Ce ¢
Cot —zme | 116D

a—Epy =T a=Epy
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(3) if ¢ > 2, then for v € (0, 1), we have

A(§,r) < C(c,,V)([[Tul | + sup Carl (R(K:f1)))

ZErA

1 Ce

== "t e R

Combining these estimates we have A(&,r) — 0 when |§] — 17. This gives (3.1).

Second step.  Now, take y(r) = 1, ¢(r) = (1 —7?)¢, ¢ > 0. Then by Theorem 1.3, it
suffices to prove that Ay(¢) is an invariant subspace of the adjoint operator Ty of T, with

respect to the duality pairing [,] defined in (1.3). We just suppose 7, is bounded on L!. Then

c) _ 1+c
(@) =g

T is bounded on Aw(9). Since the weighted Bergman kernel Ké - reproduces

Ao (@)—functions in the sense that for every h € A (0),

h(E) = [ KLY, Een).
We have that, for every h € A(0) and for every § € A,

T:h(E) =[T7h R = [h,T,J%éC)]

= (140) fi (Ja T2 medua(w) ) () (1 = [2P)aM(z).

We need to show that T,'h € Ag(9) if h € Ag(@). We fix € > 0 arbitrary. There exists r =
r(€) € (0,1) such that

(1—1z[*)¢|h(z)] <& whenever r < |z| < 1. (3.4)
We write .
T L@ =[P =141

where

_ (01— [Py o

b= /<z<1 (/Al_gw)m— H(W)> h(z)(1—|2|*)°d\(z)

- / z\<1 )(2)(1 = [z*) dA(z)

and
_ L@ (- [P C
II_/|Z|<r (/A(I_Wi- “(W)>h(z)(1|2|2) dMz). (3.5)

Concerning /, we deduce from (3.4) that
ns | o TR~ 2P dhe) < ce. (3.6)
r=|z

with C = supgc, HT,,l}ng < oo, since 7, is bounded on L!.
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Now for 1, we observe that

(1] <A(E,r)[Al]a..(o)

Combining these estimates when |§| — 17, with (3.6) and (3.1) easily implies the de-
sired conclusion. O

Remark 3.3. 1f supgcp Hﬂ,fcgﬂl < oo, it follows from the proof of Theorem 1.6, that the
following two assertions are equivalent.

1. Ap(d) is an invariant subspace of the adjoint operator T, of T, with respect to the
duality pairing [,] defined in (1.3).

2. For fixed r € (0, 1), the following estimate holds.
AGr) = [ TR @ldMe) — 0as[g) — 1.

Corollary 3.4. Let u be a positive measure on A such that the Toeplitz operator T, is
bounded on L), and let ¢ > 0. The following assertions are equivalent:
(1) The Toeplitz operator T, is compact on L

(2) |75k I — 0as - on;

(3) For every € > 0, there exists R € (0,1) such that
| IEED @) <e
R<|z|<1

forevery { € A.

Proof. The Toeplitz operator T, is bounded on L. It follows from observation after
Lemma 2.12 that y is a Carleson measure for Bergman spaces. Thus, the proof of the
equivalence (1) < (2) follows from a direct application of Theorem 1.6. The equivalence
(1) & (3) is a direct application of Theorem 1.5. O

Corollary 3.5. Let f € L} be such that Ty is a bounded operator on L} . Then the following
assertions are equivalent:

(1) The Toeplitz operator T; is compact on L;;
(2) HTffcéc)Hl — 0as & — JA for every ¢ > 0,
(3) For every ¢ > 0 and for every € > 0, there exists R € (0,1) such that

/R<z<1 |(Tf]}éC))<Z)‘d7‘(Z) <€

for every € A.

(@) 1T — 0as & — 2A;
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(5) f vanishes identically.

Let us mention that, using duality, property (1) is equivalent to the property ”f is a
compact multiplier of B=”. The latter was shown in [7] to be equivalent to property (5).
Proof. The proof goes along the following implications: (1) < (2) = (4) = (5) = (2)
and (1) < (3). From Theorem 2.16, T; bounded on L} implies that f is bounded. Hence
we can apply Theorem 1.6, thus we have (1) < (2). Theorem 1.5 gives (1) < (3). Taking
¢ =1, we have (2) = (4). Suppose (4) holds, using (2.9) and Lemma 2.7, we have, taking
z =0, that
(1—1a*)|Df(a)] — 0 as |a| — 1. (3.7)

On the other hand, observing that in this case D =1+ %za% (where [ is the identity), we
have for some absolute constant C and for all a,z € A

fla) f Df(a)
| <l e |
Multiplying (3.8) by (1 — |a|?)(1 — |z|?)? and then using again (2.9), Lemma 2.7 and (3.7),

we have, taking z = a, that | f(a)| — 0 as |a| tends to 1. Hence (5) holds. The implication
(5) = (2) is obvious. This finishes the proof of the Corollary. O

(3.8)

Remark 3.6. For f € L), let us compare Theorem 1.2 and Corollary 3.5. Looking at the
hypotheses of Theorem 1.2, it follows from an application of Cauchy’s integral formula
that

R(f)(w) = —é{f(o)(l —[wf?) = f(w)}.

The property ”|R(f)|d\ is a vanishing Carleson measure for Bergman spaces” is actually
equivalent to the property ”f vanishes identically”. So for Toeplitz operators with antiana-
lytic symbols, Theorem 1.2 does not bring new information while Corollary 3.5 does. This
shows again that we have improved Theorem 1.2.

4 The case of radial symbols

In this section, we are interested in the case of Toeplitz operators associated with radial
symbols f(w) = f(|w|). We get the following proposition:

Proposition 4.1. Let f be an integrable radial function on A. Then R(f) is given by

w(2—|w]?) ! —|wl?) riwl
R0 = 22 [ gy 2D

rdr.
TP v o TV

Moreover, the associated Toeplitz operator Ty is bounded (respectively compact) on LLif
|R(f)|dM is a Carleson measure (resp. a vanishing Carleson measure) for Bergman spaces.

Proof. In this case, the Bergman projection Pf of f is constant and identically equal to
Jaf(p)pdp. So the second assertion is a consequence of Theorem 1.1 (resp. Theorem 1.2).
We give the proof of the announced expression of R(f). First,

—wl? ,
R(f)(W) = ! 7|'C | fA (reiefw{((l)freiew_/)z I’dl’de
—w|?
= B PO e
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Next, since m = —%(i - ﬁ) and since the function z — m is analytic on A, an
application of the Cauchy integral formula gives
1 _ 1
f\ler (Z*W)z(lfzw‘/)zdZ - {IZ\ Vz zdz f\Z\ =rz—w (I- szdz}
_ zm{l ) = T i <
23;! if |w|>r

Finally, we obtain

w(2— |w|? —|w|? wl
R(7)00) = 22D [ ey 2P

L= w2 J w

For radial symbols f, we also give the following expressions of Tf/”é")

c>0, z€Aandge L].

and Tyg, where

Lemma 4.2. Let f be an integrable radial function on A. Then

T8 =2 [ 1e)ae) + L ENledp  (LEA),

for every g € LY. In particular, for all c > 0 and z € A, we have

T =20 1) [ SO gy + g pdp (C<4)

Proof. We start with the formula,

1 2n Py
10 =1 [ O o).
We denote by I(r,{) the inner integral. Then

1 glw) dw

I(nf) = i/w|p 1@y G .
_ L _wew)
o /w|—p w—gp2
= 2n[wg(w)) g2 = 21{g(Lp?) +p?g' (Cp%)}.

For the latest but one equality, we applied the Cauchy integral to the analytic function
wg(w) with the observation that |{p?| < p. The desired conclusion for Tyg() follows at

once. We deduce the expression of Tf12§“> (€) as the particular case where g = l~<§c) (0). o
Theorem 1.4 can be expressed in the following explicit form for radial symbols.

Corollary 4.3. Let f be an integrable radial function on A and let ¢ > 0. Then the following
two properties are equivalent:

1. The Toeplitz operator Ty is bounded on Lk
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2. The following estimate holds:

24c¢
g1 = [[| [ 10— e+ (= g 00 <

We also characterise compactness with radial symbols.

Theorem 4.4. Let f be an integrable radial function on A and let ¢ > 0. Then the following
two properties are equivalent:

(1) The Toeplitz operator Ty is compact on L;,'

(2) The following estimate holds:

tim (1= 220 1AM gasmose + (1= g JP4PIAA) =0

Proof. From Remark 3.3 and Theorem 1.3, we observe that all we have to show is that
for fixed r € (0,1),

A&, r) — 0as& — dA,
where A(E,r) is given by (3.2), that is

@r_/m/f 1_ 21— g A(w)

(ﬁvw)2+c
We study the inner integral when f is radial.

flw )(1=§]*)¢
/ 1_ d(w) =

§W 24c
(LR 1o |
e 70 ([ g g te) o

We call I(p) the integral with respect to d8. Then

d\(z).

v (m+DIm+24c) _ m
Ip)= ) Fa+ormrn) 2 )

m=0

This implies,

= (m+1D)I(m+24¢) _, o
L Terormen
(m+1D)I(m+2+c¢),
I'2+c)l'(m+1) 4

B = (m+1DI(m+24¢),
= 1+ ) T@tcpml(m)

IN

1(p)]

IN
s

= T(m+24+¢)
< 2L Fararm -
B = I'(n+340) 0 2|z I'(3+c¢)
= 1Y o arer T G T o
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So there exists a constant C(r) such that

A7)

IN

1
)1 =[Py [ 17(p)lpdp
C(r) (1~ g

This shows that A(§,r) — 0 as § — dA. O
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