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Abstract

This paper deals with affine Osserman connections on 2-dimensional manifolds.
We give in an explicit form, a sufficient condition for an affine connection to be Os-
serman. As applications, examples of affine Osserman connections are given.
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1 Introduction

Let (M,g) be a Riemannian manifold. Let R be the curvature operator. The Jacobi operator
JR (X) : Y → R (Y,X)X is a self-adjoint operator and it plays an important role in the cur-
vature theory. A Riemannian manifold is said to be an Osserman space if the eigenvalues
of the Jacobi operators are constant on the unit sphere bundle S(M,g). The investigation of
Osserman manifolds has been an extremely active and fruitful one in recent years; we refer
to [2, 4] for further details.

The purpose of this paper is to study the generalization of these notions to the affine
geometry. Let ∇ be a torsion free connection on T M. The pair (M,∇) is said to be an affine
manifold. Let R ∇ be the curvature operator and JR ∇(·) be the affine Jacobi operator; we
will write R ∇ and JR ∇ when it is necessary to distinguish the role of the connection. One
says that (M,∇) is affine Osserman at p ∈M if JR ∇ has the same characteristic polynomial
for every X ∈ TpM. Also (M,∇) is called affine Osserman if (M,∇) is affine Osserman at
each p∈M. It is well-known that for any affine Osserman manifolds Spect{JR ∇(X)}= {0}.

The concept of affine Osserman connection originated from the effort to build up ex-
amples of pseudo-Riemannian Osserman manifolds via the construction called the Riemann
extension. This construction assigns to every m-dimensional manifold M with a torsion-free
affine connection ∇ a pseudo-Riemannian metric g∇ of signature (m,m) on the cotangent
bundle T ∗M. (See [6], for more details.)
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In this note, we give in an explicit form, a sufficient condition for an affine connection
on 2-dimensional manifolds to be Osserman. We shall prove the following result:

Theorem 1.1. Let R2 and let ∇ be the torsion free connection given by
∇∂1∂1 = f 1

11(u1,u2)∂1 + f 2
11(u1,u2)∂2;

∇∂1∂2 = f 1
12(u1,u2)∂1 + f 2

12(u1,u2)∂2;

∇∂2∂2 = f 1
22(u1,u2)∂1 + f 2

22(u1,u2)∂2.

(1.1)

Then ∇ is affine Osserman if and only if the functions f 1
11, f 2

11, f 1
12, f 2

12, f 1
22, f 2

22 satisfy the
following PDE’s

∂2 f 2
11−∂1 f 2

12 + f 2
12( f 1

11− f 2
12)+ f 2

11( f 2
22− f 1

12) = 0;

∂1 f 1
22−∂2 f 1

12 + f 1
22( f 1

11− f 2
12)+ f 1

12( f 2
22− f 1

12) = 0;

∂1 f 1
12−∂2 f 1

11−∂1 f 2
22 +∂2 f 2

12 +2( f 1
12 f 2

12− f 2
11 f 1

22) = 0.

(1.2)

2 Preliminaries

Let M a two-dimensional manifold and ∇ a smooth torsion-free connection. We choose a
fixed coordinates domain U(u1,u2)⊂ M. In U, the connection is given by

∇∂1∂1 = f 1
11(u1,u2)∂1 + f 2

11(u1,u2)∂2;

∇∂1∂2 = f 1
12(u1,u2)∂1 + f 2

12(u1,u2)∂2;

∇∂2∂2 = f 1
22(u1,u2)∂1 + f 2

22(u1,u2)∂2;

where we denote ∂i =(∂/∂ui)(i = 1,2). We will denote the functions f 1
11(u1,u2), f 2

11(u1,u2),
f 1
12(u1,u2), f 2

12(u1,u2), f 1
22(u1,u2), f 2

22(u1,u2) by f 1
11, f 2

11, f 1
12, f 2

12, f 1
22, f 2

22 respectively, if
there is no risk of confusion.

Lemma 2.1. The components of the curvature operator are given by

R ∇(∂1,∂2)∂1 = a∂1 +b∂2, R ∇(∂1,∂2)∂2 = c∂1 +d∂2.

where

a = ∂1 f 1
12−∂2 f 1

11 + f 1
12 f 2

12− f 2
11 f 1

22,

b = ∂1 f 2
12−∂2 f 2

11 + f 2
11 f 1

12 + f 2
12 f 2

12− f 1
11 f 2

12− f 2
11 f 2

22,

c = ∂1 f 1
22−∂2 f 1

12 + f 1
11 f 1

22 + f 1
12 f 2

22− f 1
12 f 1

12− f 2
12 f 1

22,

d = ∂1 f 2
22−∂2 f 2

12 + f 2
11 f 1

22− f 1
12 f 2

12.

We say that the affine connection ∇ is flat if and only if the curvature tensor R ∇ van-
ishes on M. It is well-known that ∇ is flat if and only if around each point it exists a local
coordinate system such that all Christoffel symbols vanish.
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Lemma 2.2. If X = ∑
2
1 αi∂i is a vector on M, then the affine Jacobi operator is given by

JR ∇(X)∂1 = A∂1 +B∂2, JR ∇(X)∂2 = C∂1 +D∂2,

where

A = α1α2a+α
2
2c, B = α1α2b+α

2
2d, C =−α

2
1a−α1α2c, and D =−α

2
1b−α1α2d.

Lemma 2.3. The components of the Ricci tensor are given by

Ric∇(∂1,∂1) = ∂2 f 2
11−∂1 f 2

12 + f 2
12( f 1

11− f 2
12)+ f 2

11( f 2
22− f 1

12);
Ric∇(∂1,∂2) = ∂2 f 2

12−∂1 f 2
22 + f 1

12 f 2
12− f 2

11 f 1
22;

Ric∇(∂2,∂1) = ∂1 f 1
12−∂2 f 1

11 + f 1
12 f 2

12− f 2
11 f 1

22;

Ric∇(∂2,∂2) = ∂1 f 1
22−∂2 f 1

12 + f 1
22( f 1

11− f 2
12)+ f 1

12( f 2
22− f 1

12).

The skew-symmetric of Ric∇ means that, in local coordinates

Ric∇(∂1,∂1) = Ric∇(∂2,∂2), Ric∇(∂1,∂2)+Ric∇(∂2,∂1) = 0. (2.1)

We easily see that the conditions (2.1) reduce to:

∂2 f 2
11−∂1 f 2

12 + f 2
12( f 1

11− f 2
12)+ f 2

11( f 2
22− f 1

12) = 0;

∂1 f 1
22−∂2 f 1

12 + f 1
22( f 1

11− f 2
12)+ f 1

12( f 2
22− f 1

12) = 0;

∂1 f 1
12−∂2 f 1

11−∂1 f 2
22 +∂2 f 2

12 +2( f 1
12 f 2

12− f 2
11 f 1

22) = 0.

The authors of [1], characterized affine connections on surfaces which are affine Osserman
by skew-symmetric of their Ricci tensor.

A affine connection ∇ on M is locally symmetric if and only if:

∇R ∇ = 0. (2.2)

Writing this formula in local coordinates, we find that any locally symmetric affine connec-
tions must satisfy eight equations.

Proposition 2.4. The connection ∇ defined by (1.1) is locally symmetric if and only if the
functions f 1

11, f 2
11, f 1

12, f 2
12, f 1

22, f 2
22 are solutions of the following:

∂1a+ f 1
11a+ f 1

12b = 0,

∂1b+ f 2
11a+ f 2

12b = 0,

∂1c+ f 1
11c+ f 1

12d = 0,

∂1d + f 2
11c+ f 2

12d = 0,

∂2a+ f 1
12a+ f 1

22b = 0,

∂2b+ f 2
12a+ f 2

22b = 0,

∂2c+ f 1
12c+ f 1

22d = 0,

∂2d + f 2
12c+ f 2

22d = 0.



106 A. S. Diallo

Proof. Let Xk = αk
i ∂i, k = 1,2,3,4, i = 1,2. The condition

∇X1R ∇(X2,X3)X4 = 0

leads to

∇
α1

i ∂i
R ∇(α2

i ∂i,α
3
i ∂i)α4

i ∂i = 0, i, j,k = 1,2.

Equivalently,

∇
α1

1∂1
R ∇(α2

j∂ j,α
3
k∂k)α4

l ∂l +∇
α1

2∂2
R ∇(α2

j∂ j,α
3
k∂k)α4

l ∂l = 0, j,k, l = 1,2.

Straightforward calculation give


∇∂1R ∇(∂1,∂2)∂1 = [∂1a+ f 1

11a+ f 1
12b]∂1 +[∂1b+ f 2

11a+ f 2
12b]∂2,

∇∂1R ∇(∂1,∂2)∂2 = [∂1c+ f 1
11c+ f 1

12d]∂1 +[∂1d + f 2
11c+ f 2

12d]∂2,

∇∂2R ∇(∂1,∂2)∂1 = [∂2a+ f 1
12a+ f 1

22b]∂1 +[∂2b+ f 2
12a+ f 2

22b]∂2,

∇∂2R ∇(∂1,∂2)∂2 = [∂2c+ f 1
12c+ f 1

22d]∂1 +[∂2d + f 2
12c+ f 2

22d]∂2.

The proof is complete.

A smooth connection ∇ on M is locally homogeneous if and only if it admits, in neigh-
borhoods of each point p∈M; at least two linearly independent affine Killing vectors fields.
An affine Killing vector field X is characterized by the equation:

[X ,∇Y Z]−∇Y [X ,Z]−∇[X ,Y ]Z = 0 (2.3)

which has to be satisfied for arbitrary vectors fields Y,Z (see [5]). It is sufficient to sat-
isfy (2.3) for the choices (Y,Z) ∈ {(∂1,∂1),(∂1,∂2),(∂2,∂1),(∂2,∂2)}. Moreover, we eas-
ily check from the basic identities for the torsion and the Lie brackets, that the choice
(Y,Z) = (∂1,∂2) gives the same conditions as the choice (Y,Z) = (∂2,∂1).

In the sequel, let us express the vector field X in the form

X = F(u1,u2)∂1 +G(u1,u2)∂2.

Writing the formula (2.3) in local coordinates, we find that any affine Killing vector field X
must satisfy six basics equations. We shall write these equations in the simplified notation:

∂11F + f 1
11∂1F +∂1 f 1

11F − f 2
11∂2F +∂2 f 1

11G+2 f 1
12∂1G = 0,

∂11G+2 f 2
11∂1F +(2 f 2

12− f 1
11)∂1G− f 2

11∂2G+∂1 f 2
11F +∂2 f 2

11G = 0,

∂12F +( f 1
11− f 2

12)∂2F + f 1
22∂1G+ f 1

12∂2G+∂1 f 1
12F +∂2 f 1

12G = 0,

∂12G+ f 2
12∂1F + f 2

11∂2F +( f 2
22− f 2

11)∂1G+∂1 f 2
12F +∂2 f 2

12G = 0,

∂22F − f 1
22∂1F +(2 f 1

12− f 2
22)∂2F +2 f 1

22∂2G+∂1 f 1
22F +∂2 f 1

22G = 0,

∂22G+2 f 2
12∂2F − f 1

22∂1G+ f 2
22)∂2G∂1 f 2

22F +∂2 f 2
22G = 0.
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A complete description of locally homogeneous affine Osserman surfaces is given by Kowal-
ski, Opozda and Vlášek in [5].

3 Proof of Theorem

The matrix associated to JR ∇(X) with respect to the basis {∂1,∂2} is given by

(JR ∇(X)) =
(

A C
B D

)
.

It follows from the matrix associated to JR ∇(X), that its characteristic polynomial satisfies

Pλ[JR ∇(X)] = λ
2−λ(A+D)+(AD−BC).

Through the results of [1], (M,∇) is affine Osserman if and only if

Spect{JR ∇(X)}= {0}.

Since JR ∇(X)X = 0, we conclude that

det{JR ∇(X)}= (AD−BC) = 0.

Thus Spect{JR ∇(X)}= {0} if and only if A+D = 0. Straightforward computations of give

∂1 f 1
12−∂2 f 1

11−∂1 f 2
22 +∂2 f 2

12 +2 f 1
12 f 2

12−2 f 2
11 f 1

22 = 0;

∂1 f 1
22−∂2 f 1

12 + f 1
11 f 1

22 + f 1
12 f 2

22− f 1
12 f 1

12− f 2
12 f 1

22 = 0;

∂1 f 2
12−∂2 f 2

11 + f 2
11 f 1

12 + f 2
12 f 2

12− f 1
11 f 2

12− f 2
11 f 2

22 = 0.

The proof is complete. �

Corollary 3.1. [1] Let ∇ be the affine connection on R2 given by

∇∂1∂1 = f 1
11(u1,u2)∂1, ∇∂1∂2 = 0, ∇∂2∂2 = f 2

22(u1,u2)∂2. (3.1)

Then ∇ is affine Osserman if and only if the functions f 1
11, f 2

22 satisfy the following equation:

∂2 f 1
11 +∂1 f 2

22 = 0.

The authors of [2] used the connection defined by (3.1) to construct examples of
pseudo-Riemannian nonsymmetric Osserman manifolds of signature (2,2).
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Corollary 3.2. Let ∇ be the affine connection on R2 given by

∇∂1∂1 = 0, ∇∂1∂2 = f 1
12(u1,u2)∂1, ∇∂2∂2 = f 1

22(u1,u2)∂1.

Then ∇ is affine Osserman if and only if the functions f 1
12 and f 1

22 have the form

f 1
12(u1,u2) = f (u2), and f 1

22(u1,u2) = u1G(u2),

where G depending only u2 satisfying G(u2) = ∂2 f 1
12 +( f 1

12)
2.

Corollary 3.3. Let ∇ be the affine connection on R2 given by

∇∂1∂1 = 0, ∇∂1∂2 = f 2
12(u1,u2)∂2, ∇∂2∂2 = f 2

22(u1,u2)∂2.

Then ∇ is affine Osserman if and only if the functions f 1
12 and f 1

22 have the form:

f 2
12(u1,u2) =

1
u1

, and f 2
22(u1,u2) = f (u2).

One has the following observation:

Theorem 3.4. Let (M,∇) be a 2-dimensional affine Osserman manifold. If ∇ is locally
symmetric, then the Ricci tensor of ∇ is zero.

Example 3.5. Let ∇ the connection on the plane R2 defined by

∇∂1∂1 = 0, ∇∂1∂2 = u2∂1, ∇∂2∂2 = u1(1+u2
2)∂1.

A straightforward calculation shows that ∇ is a locally symmetric affine Osserman connec-
tion.

Example 3.6. Let ∇ the connection on the plane R2 defined by

∇∂1∂1 = 0, ∇∂1∂2 =
1
u1

∂2, ∇∂2∂2 = eu2∂2.

A straightforward calculation shows that ∇ is a symmetric affine Osserman connection.

Theorem 3.7. Let (M,∇) be a 2-dimensional affine Osserman manifold. If ∇ is nonsym-
metric, then the Ricci tensor of ∇ is skew-symmetric.

Example 3.8. ( [2]) Consider the connection ∇ on R2 defined by

∇∂1∂1 = 0, ∇∂1∂2 = eu2u1∂1, ∇∂1∂2 =
1
2

eu2u2
1∂1 + eu2u1∂2.

We have

R ∇(∂1,∂2)∂1 = eu2∂1, R ∇(∂1,∂2)∂2 = eu2∂2.

Now the nonvanishing components of the Ricci tensor are given by

Ric∇(∂1,∂2) =−eu2 , Ric∇(∂2,∂1) = eu2 .

It follows that the Ricci tensor of ∇ is skew symmetric, and thus, an affine Osserman con-
nection. We use (2.2) in order to show that (R2,∇) is nonsymmetric.
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