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Abstract

This paper deals with affine Osserman connections on 2-dimensional manifolds.
We give in an explicit form, a sufficient condition for an affine connection to be Os-
serman. As applications, examples of affine Osserman connections are given.
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1 Introduction

Let (M, g) be a Riemannian manifold. Let & be the curvature operator. The Jacobi operator
Jg (X):Y — R(Y,X)X is a self-adjoint operator and it plays an important role in the cur-
vature theory. A Riemannian manifold is said to be an Osserman space if the eigenvalues
of the Jacobi operators are constant on the unit sphere bundle S(M, g). The investigation of
Osserman manifolds has been an extremely active and fruitful one in recent years; we refer
to [2, 4] for further details.

The purpose of this paper is to study the generalization of these notions to the affine
geometry. Let V be a torsion free connection on 7M. The pair (M, V) is said to be an affine
manifold. Let R Y be the curvature operator and Jgv () be the affine Jacobi operator; we

will write RV and Jgv when it is necessary to distinguish the role of the connection. One
says that (M, V) is affine Osserman at p € M if Jv has the same characteristic polynomial
for every X € T,M. Also (M,V) is called affine Osserman if (M, V) is affine Osserman at
each p € M. Ttis well-known that for any affine Osserman manifolds Spect{Jgv(X)} = {0}.

The concept of affine Osserman connection originated from the effort to build up ex-
amples of pseudo-Riemannian Osserman manifolds via the construction called the Riemann
extension. This construction assigns to every m-dimensional manifold M with a torsion-free
affine connection V a pseudo-Riemannian metric gy of signature (m,m) on the cotangent
bundle T*M. (See [6], for more details.)
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In this note, we give in an explicit form, a sufficient condition for an affine connection
on 2-dimensional manifolds to be Osserman. We shall prove the following result:

Theorem 1.1. Let R? and let V be the torsion free connection given by

Vo, 01 = fl(ur,u2)01 + f3 (ur,u2)02;
Vo, 02 = fl(ur,u2)01 + 5 (ur,u2)02; (1.1)

Va,00 = fiy(u1,u2)01 + [ (u1,u2)0,.

Then V is affine Osserman if and only if the functions flll, flzl, fllz, f122, f212, f222 satisfy the
following PDE’s

0fii —ofh+ 1Bl — fh) + (5 — fly) = 0
A1fay — 0afly + I (fly — ) + [l (3 — f) = 0 (1.2)

O1fiy —0ofl) — 1S5 +0uf it +2(flofta — flif) = O.

2 Preliminaries

Let M a two-dimensional manifold and V a smooth torsion-free connection. We choose a
fixed coordinates domain U (u;,u;) C M. In U, the connection is given by

Vo, 01 = fi) (u1,u2)01 + f1 (11, u2)02;
Vg, 02 = fia(ur,u2)01 + fis (1, u2)05;
V3,02 = for (u1,u2)01 + f35 (w1, 12) 90

where we denote 9; = (9/du;) (i = 1,2). We will denote the functions £}, (u1,u2), f3 (u1,u2),

f112(u17u2)’ f122(u17u2)a f212(u1)u2)’ f222(1/£1,1/£2) by flll, f1217 fllz, f122, f2127 f222 respectively, if
there is no risk of confusion.

Lemma 2.1. The components of the curvature operator are given by
RY(01,02)01 = ady +bdy, RY(91,02)02 = cd; +dos.
where

a = dfh—0afli+fhft— fiifa,
b = 0fh—ouffi+ flflat fafta = Al — flifoas
¢ = qfn—0fht flifnt fafn—fafia— fafn,
d = 0ifp—hfir+ fiifn— fhfh
We say that the affine connection V is flat if and only if the curvature tensor ® " van-

ishes on M. It is well-known that V is flat if and only if around each point it exists a local
coordinate system such that all Christoffel symbols vanish.
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Lemma 2.2. IfX = Z% o,;0; is a vector on M, then the affine Jacobi operator is given by
JRV (X)81 = Ad; —I-Baz, JRV (X)ag = (0 +D82,
where
A=oqopa+03c, B=oob+03d, C=—03a—a,0s¢c, and D= —o3b— o 0ud.

Lemma 2.3. The components of the Ricci tensor are given by

Ric¥(01,01) = Ooffi—0ifha+ fa(fii — fia) + fi (foa — fia):
Ric¥(01,02) = 0ofty— 015+ flafta — fifzs
Ric¥(05,01) = 01fiy—0afis+ flafia — firfor:
Ric¥(05,02) = 01far—afia+ fo(fli — fia) + fla( 52— fia)-

The skew-symmetric of Ric¥ means that, in local coordinates

RicY(31,01) = Ric¥ (02,0,), Ric" (91,02) + Ric" (32,01) = 0. (2.1)

We easily see that the conditions (2.1) reduce to:

A0Sty — O1fh+ R (fly — i) + f1 (o — fi)
A fy —0afly+ [l fli = f) + [ (fa—fh) = O
Ofly— 0afl) —01fon + 0 fiy +2(flafia — flnf2a) =
The authors of [1], characterized affine connections on surfaces which are affine Osserman

by skew-symmetric of their Ricci tensor.
A affine connection V on M is locally symmetric if and only if:

|
=

Vg =0. (2.2)

Writing this formula in local coordinates, we find that any locally symmetric affine connec-
tions must satisfy eight equations.

Proposition 2.4. The connection V defined by (1.1) is locally symmetric if and only if the
functions flll, flzl, fllz, f122, f212, f222 are solutions of the following:

dia+ flia+ flb =
b+ fha+ fib =
dic+ flic+ flod
01d + flic+ fhd
0ra+ fira+ farb
b+ fha+ fb
Orc+ fhe+ flhd =
Ord + firc+ frd =

I
== A = ===l
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Proof. Let X; = 00;, k= 1,2,3,4,i = 1,2. The condition

VxRV (X2,X3)Xs = 0

leads to

Vs, RY (070;,050,)0j0; =0, i, j,k=1,2.
Equivalently,

Voo, RV (059, 060:)010) + V15, RY (050, 030) 0410 = 0, j,k, 1 = 1,2.

Straightforward calculation give

RY(01,0,)01 = [81a+f11a—|—f12b]81+[81b+f”a+f12b]az,
Val V(01,02)02 = [dic+ flic+ flhd]or +[01d + fiic+ f1d)0,
Vaz (81, 2) = [82a+f12a+f22b]81+[82b—|—f12a—|—f22b]82,
The proof is complete. 0

A smooth connection V on M is locally homogeneous if and only if it admits, in neigh-
borhoods of each point p € M; at least two linearly independent affine Killing vectors fields.
An affine Killing vector field X is characterized by the equation:

[X, VYZ] - VY [X,Z] - V[X,Y]Z = 0 (23)

which has to be satisfied for arbitrary vectors fields Y,Z (see [5]). It is sufficient to sat-
isfy (2.3) for the choices (¥,Z) € {(91,91),(01,02),(02,01),(02,02)}. Moreover, we eas-
ily check from the basic identities for the torsion and the Lie brackets, that the choice
(Y,Z) = (d1,0,) gives the same conditions as the choice (Y,Z) = (02,0).

In the sequel, let us express the vector field X in the form
X = F(ul,ug)al + G(Lt] s uz)ag.

Writing the formula (2.3) in local coordinates, we find that any affine Killing vector field X
must satisfy six basics equations. We shall write these equations in the simplified notation:

ONF + f101F + 01 flF — f10:2F + 02 f,G+2f1,01G =

G +2f{101F + (2ffy — f1)91G — fhd2G+ A1 fi F + 2 fiG =
O2F + (fl} — [12)02F + [01G + [1,0:G + 01 fLF + 02 /LG =
912G+ [01F + f1102F + (f3 — f1)01 G+ 01 foF +02fhG - =
OnF — [301F + (2f1s — f32)02F +2f2,00G + 01 foF + 902G =
002G +2fHF — [,01G + f3,)0:,G01 f5oF + 02 /G =

oo oo oo
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A complete description of locally homogeneous affine Osserman surfaces is given by Kowal-
ski, Opozda and Vl1asek in [5].

3 Proof of Theorem

The matrix associated to Jgv(X) with respect to the basis {dy,02} is given by

(g (X)) = ( ;} IC) >

It follows from the matrix associated to Jgv(X), that its characteristic polynomial satisfies

P[Jgv(X)] =A* = A(A+ D)+ (AD—BC).

Through the results of [1], (M, V) is affine Osserman if and only if

Spect{Jgv(X)} = {0}.

Since Jgv (X)X = 0, we conclude that

det{Jzv(X)} = (AD—BC) =0,

Thus Spect{Jgv(X)} = {0} if and only if A+ D = 0. Straightforward computations of give

Oifla—0afl) —O1for+0af+2flafb —2fT1f5 = O;
0ifsy—afly+ flifon+ flofon — fofla— flafn = O
Ifh—0afti+ fifl+ fafb—flif—fifn = O.

The proof is complete. (]

Corollary 3.1. [1] Let V be the affine connection on R? given by
Vj,01 = fi1(u1,u2)01, V3,00 =0, V0= f3(us,uz)0. (3.1)
Then V is affine Osserman if and only if the functions fi, ]’222 satisfy the following equation:
A fi) +901/2 =0.

The authors of [2] used the connection defined by (3.1) to construct examples of
pseudo-Riemannian nonsymmetric Osserman manifolds of signature (2,2).



108 A. S. Diallo

Corollary 3.2. Let V be the affine connection on R? given by
V5,01 =0, V0= fio(ur,u2)01, V3,00 = Fro(u1,u2)0y.
Then V is affine Osserman if and only if the functions f, and lez have the form
fhu,uz) = f(ua), and  fo(ur,u2) = i G(ua),
where G depending only uy satisfying G(up) = daf, + (f15)*
Corollary 3.3. Let V be the affine connection on R? given by
V3,01 =0, Vy0, :flzz(ul,uz)ag, V3,02 :fzzz(ul,uz)az.

Then V is affine Osserman if and only if the functions fll2 and le2 have the form:

flzz(ul,ug):ull, and  f3(ur,u2) = f(uz).

One has the following observation:

Theorem 3.4. Let (M,V) be a 2-dimensional affine Osserman manifold. If V is locally
symmetric, then the Ricci tensor of V is zero.

Example 3.5. Let V the connection on the plane R? defined by
V3,01 =0, V50, =uz01, V3,00 =ui(l1+u3)0;.

A straightforward calculation shows that V is a locally symmetric affine Osserman connec-
tion.

Example 3.6. Let V the connection on the plane R? defined by
1
Valal = 0, Valaz = —82, Vazaz = euzaz.
ui

A straightforward calculation shows that V is a symmetric affine Osserman connection.

Theorem 3.7. Let (M,V) be a 2-dimensional affine Osserman manifold. If V is nonsym-
metric, then the Ricci tensor of V is skew-symmetric.

Example 3.8. ( [2]) Consider the connection V on R? defined by
1
Valal =0, Valaz = eu2u181, Valaz = Ee“zu%al +e"u0,.

‘We have

RY(91,02)01 = €291, RY(31,02)0; = €0,.

Now the nonvanishing components of the Ricci tensor are given by

RiCV(a1 ,82) = —e“z, Ricv(az,a1) = e“z.

It follows that the Ricci tensor of V is skew symmetric, and thus, an affine Osserman con-
nection. We use (2.2) in order to show that (R?, V) is nonsymmetric.
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