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Abstract
The purpose of this paper is to derive some subordination and superordination

results for analytic functions involving modified Saigo fractional integral operator in
the open unit disk.
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1 Introduction

Let H(U) denote the class of analytic functions in the unit disk U := {z ∈ C, |z| < 1}. For
n positive integer and a ∈ C, let

H[a,n] := { f ∈ H(U) : f (z) = a+anzn +an+1zn+1 + ..., z ∈U},

and An = { f ∈ H(U) : f (z) = z + anzn + an+1zn+1 + ..., z ∈U} with A1 = A. A function
f ∈ H[a,n] is convex in U if it is univalent and f (U) is convex. It is well known that f is
convex if and only if f (0) 6= 0 and

ℜ{1+
z f ′′(z)
f ′(z)

}> 0, z ∈U.

Definition 1.1. [1] Denote by Q the set of all functions f (z) that are analytic and injective
on U −E( f ) where

E( f ) := {ζ ∈ ∂U : limz→ζ f (z) = ∞}
and are such that f ′(ζ) 6= 0 for ζ ∈ ∂U −E( f ).
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†E-mail address: maslina@ukm.my (corresponding author)
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Let F and G be analytic in the unit disk U. The function F is subordinate to G, written
F ≺G, if G is univalent, F(0) = G(0) and F(U)⊂G(U). Alternatively, given two functions
F and G, which are analytic in U, the function F is said to be subordination to G in U if
there exists a function h, analytic in U with

h(0) = 0 and |h(z)|< 1 f or all z ∈U

such that
F(z) = G(h(z)) f or all z ∈U.

Let φ : C2 → C and let h be univalent in U. If p is analytic in U and satisfies the differ-
ential subordination φ(p(z)),zp′(z)) ≺ h(z) then p is called a solution of the differential
subordination. The univalent function q is called a dominant of the solutions of the differ-
ential subordination, if p ≺ q. If p and φ(p(z)),zp′(z)) are univalent in U and satisfy the
differential superordination h(z)≺ φ(p(z)),zp′(z)) then p is called a solution of the differ-
ential superordination. An analytic function q is called subordinant of the solution of the
differential superordination if q ≺ p.

We shall need the following results.

Lemma 1.2. [2] Let q(z) be univalent in the unit disk U and θ and φ be analytic in a
domain D containing q(U) with φ(w) 6= 0 when w∈ q(U). Set Q(z) := zq′(z)φ(q(z)), h(z) :=
θ(q(z))+Q(z). Suppose that
1. Q(z) is starlike univalent in U, and
2. ℜ

zh′(z)
Q(z) > 0 for z ∈U.

If θ(p(z))+ zp′(z)φ(p(z))≺ θ(q(z))+ zq′(z)φ(q(z)) then p(z)≺ q(z) and q(z) is the best
dominant.

Lemma 1.3. [3] Let q(z) be convex univalent in the unit disk U and ψ and γ ∈ C with
ℜ{1+ zq′′(z)

q′(z) + ψ

γ
}> 0. If p(z) is analytic in U and ψp(z)+ γzp′(z)≺ ψq(z)+ γzq′(z), then

p(z)≺ q(z) and q is the best dominant.

Lemma 1.4. [4] Let q(z) be convex univalent in the unit disk U and ϑ and ϕ be analytic in
a domain D containing q(U). Suppose that
1. zq′(z)ϕ(q(z)) is starlike univalent in U, and
2. ℜ{ϑ′(q(z))

ϕ(q(z)) }> 0 for z ∈U.

If p(z) ∈ H [q(0),1]∩Q, with p(U) ⊆ D and ϑ(p(z))+ zp′(z)ϕ(z) is univalent in U and
ϑ(q(z)) + zq′(z)ϕ(q(z)) ≺ ϑ(p(z)) + zp′(z)ϕ(p(z)) then q(z) ≺ p(z) and q(z) is the best
subordinant.

Lemma 1.5. [1] Let q(z) be convex univalent in the unit disk U and γ ∈C. Further, assume
that ℜ{γ}> 0. If p(z) ∈ H[q(0),1]∩Q, with p(z)+ γzp′(z) is univalent in U then q(z)+
γzq′(z)≺ p(z)+ γzp′(z) implies q(z)≺ p(z) and q(z) is the best subordinant.

Let F(a,b;c;z) be the Gauss hypergeometric function (see [5]) defined, for z ∈U, by

F(a,b;c;z) =
∞

∑
n=0

(a)n(b)n

(c)n(1)n
zn,



On sandwich theorems for subclasses of analytic functions... 111

where is the Pochhammer symbol defined by

(a)n :=
Γ(a+n)

Γ(a)
=

{
1, (n = 0);
a(a+1)(a+2)...(a+n−1), (n ∈ N).

We need the following definitions of fractional operators in the modified Saigo type frac-
tional calculus (see [6],[7]).

Definition 1.6. Let 0 ≤ α < 1 and β,η ∈ R then

Dα,β,η
0,z,m f (z) =

d
dz

[
zm(α−β)

Γ(1−α)

Z z

0
(zm−ζ

m)−αF(β−α,1−η;1−α;1− ζm

zm ) f (ζ)dζ
m]

where the function f (z) is analytic in a simply-connected region of the z−plane containing
the origin, with the order

f (z) = O(|z|ε)(z → 0), ε > max{0,m(β−η)}−m

and the multiplicity of (zm− ζm)−α is removed by requiring log(zm− ζm) to be real when
zm−ζm > 0.

The operator Dα,β,η
0,z,m include the well-known Riemann-Liouville and Erdély-Kober operators

of fractional calculus. Indeed, we have

Dα,α,η
0,z,1 f (z) = Dα

z f (z),

where Dα
z is the Riemann-Liouville fractional derivative operator [8]. Also,

Dα,1,η
0,z,1 z f (z) = E−α,−η

0,z f (z)+(α−η)E1−α,η
0,z f (z),

in terms of Erdély-Kober operator (see [9]).

Definition 1.7. For α > 0 and β,η ∈ R, the fractional integral operator Iα,β,η
0,z,m is defined by

Iα,β,η
0,z,m f (z) =

z−m(α+β)

Γ(α)

Z z

0
(zm−ζ

m)α−1F(α+β,−η;α;1− ζm

zm ) f (ζ)dζ
m

where the function f (z) is analytic in a simply-connected region of the z−plane containing
the origin, with the order

f (z) = O(|z|ε)(z → 0), ε > max{0,m(β−η)}−m

and the multiplicity of (zm−ζm)α−1 is removed by requiring log(zm−ζm) to be real when
zm−ζm > 0.

The main object of the present paper is to find the sufficient conditions for certain normal-
ized analytic functions f (z),g(z) to satisfy

[
Iα,β,η
0,z,m g1(z)
ρα,β,m(z)

]µ ≺ [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ [
Iα,β,η
0,z,m g2(z)
ρα,β,m(z)

]µ
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and

q1(z)≺ [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ q2(z),

where µ 6= 0, , ρα,β,m(z) 6= 0 and q1, q2 are given univalent functions in U. Also, we obtain
the results as special cases. Further, in this paper, we study the existence of univalent
solution for the fractional differential equation

Dα,β,η
0,z,m u(z) = F(z,u(z)), (1.1)

subject to the initial condition u(0) = 0, where u : U → C is an analytic function for all
z ∈U and F : U×C→C is a normalized analytic function on U. The existence is obtained
by applying Schauder fixed point theorem. Moreover, we discuss some properties of this
solution involving fractional differential subordination and superordination. The following
results are used in the sequel.

Theorem 1.8. Arzela-Ascoli (see [10]) Let E be a compact metric space and C(E) be the
Banach space of real or complex valued continuous functions normed by

‖ f‖ := supt∈E | f (t)|.

If A = { fn} is a sequence in C(E) such that fn is uniformly bounded and equi-continuous,
then A is compact.

Let M be a subset of Banach space X and A : M → M an operator. The operator A is called
compact on the set M if it carries every bounded subset of M into a compact set. If A is
continuous on M (that is, it maps bounded sets into bounded sets ) then it is said to be
completely continuous on M. A mapping A : X → X is said to a contraction if there exists
a real number ρ, 0 ≤ ρ < 1 such that ‖Ax−Ay‖ ≤ ρ‖x− y‖ for all x,y ∈ X .

Theorem 1.9. (Schauder) (see [11]) Let X be a Banach space, M ⊂ X a nonempty closed
bounded convex subset and P : M → M is compact. Then P has a fixed point.

2 Subordination and superordination results.

In this section, we study the subordination and superordination involving fractional integral.
Assume that f ,g are analytic functions in U.

Theorem 2.1. Let the function q(z) be univalent in the unit disk U such that q(z) 6= 0.

Suppose that zq′(z)
q(z) is starlike univalent in U. Let

ℜ{b
a

q(z)+
2c
a

q2(z)+
zq′′(z)
q′(z)

− zq′(z)
q(z)

}> 0, a, b, c, ∈ C, a 6= 0. (2.1)

If the subordination

b[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ +c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]≺ bq(z)+cq2(z)+

azq′(z)
q(z)



On sandwich theorems for subclasses of analytic functions... 113

holds. Then

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ q(z)

and q(z) is the best dominant.

Proof. Let the function p(z) be defined by

p(z) := [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ, z ∈U, ρα,β,m(z) 6= 0, µ 6= 0.

By setting
θ(ω) := bω+ cω

2 and φ(ω) :=
a
ω

,

it can easily be observed that θ(ω) is analytic in C, φ(ω) is analytic in C\{0} and that
φ(ω) 6= 0, ω ∈ C\{0}. Also we obtain

Q(z) = zq′(z)φ(q(z)) = a
zq′(z)
q(z)

and

h(z) = θ(q(z))+Q(z) = bq(z)+ cq2(z)+a
zq′(z)
q(z)

.

By the assumption of the theorem we find Q(z) is starlike univalent in U,

ℜ{zh′(z)
Q(z)

= ℜ{b
a

q(z)+
2c
a

q2(z)+
zq′′(z)
q′(z)

− zq′(z)
q(z)

}> 0

and that

bp(z)+ cp2(z)+
azp′(z)

p(z)
= b[

Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ + c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +az
([

Iα,β,η
0,z,m f (z)
ρα,β,m(z) ]µ)′

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z) ]µ

= b[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ + c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]

≺ bq(z)+ cq2(z)+
azq′(z)

q(z)

The assertion of the theorem follows by an application of Lemma 1.2.

Corollary 2.2. Assume that (2.1) holds and q is convex univalent in U. If f is analytic in U
and

b[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ + c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]

≺ b[
1+Az
1+Bz

]µ + c[
1+Az
1+Bz

]2µ +
aµ(A−b)z

(1+Az)(1+Bz)



114 R.W. Ibrahim and M. Darus

then

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ [
1+Az
1+Bz

]µ, −1 ≤ B < A ≤ 1

and q(z) = [1+Az
1+Bz ]

µ is the best dominant.

Corollary 2.3. Assume that (2.1) holds and q is convex univalent in U. If f ∈ A and

b[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ +c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]≺ b[

1+ z
1− z

]µ +c[
1+ z
1− z

]2µ +
2aµz

(1− z2)

for z ∈ U, z 6= 0, µ 6= 0, and a 6= 0, then

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ [
1+ z
1− z

]µ

and q(z) = [1+z
1−z ]

µ is the best dominant.

Corollary 2.4. Assume that (2.1) holds and q is convex univalent in U. If f is analytic in U
and

b[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ + c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]≺ beµAz + ce2µAz +aAµz

for z ∈ U, µ 6= 0, and a 6= 0, then

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ eµAz

and q(z) = eµAz is the best dominant.

Next, by applying to Lemma 1.3, we prove the following theorem.

Theorem 2.5. Let f ,g be analytic in U, [
Iα,β,η
0,z,m g(z)
ρα,β,m(z) ]µ be convex univalent in U, [

Iα,β,η
0,z,m f (z)
ρα,β,m(z) ]µ be

analytic in U and

ℜ{1+
zG′(z)
G(z)

+(µ−1)
zρα,β,m(z)

Iα,β,η
0,z,m g(z)

G(z)+
1
γ
}> 0, γ ∈ C, µ 6= 0, G(z) 6= 0, z ∈U,

where G(z) := [
Iα,β,η
0,z,m g(z)
ρα,β,m(z) ]′. I f the subordination

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ{1+γµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}≺ [

Iα,β,η
0,z,m g(z)
ρα,β,m(z)

]µ{1+γµ[
z(Iα,β,η

0,z,m g(z))′

Iα,β,η
0,z,m g(z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}

holds then

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ [
Iα,β,η
0,z,m g(z)
ρα,β,m(z)

]µ

and [
Iα,β,η
0,z,m g(z)
ρα,β,m(z) ]µ is the best dominant.
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Proof. Denotes

p(z) := [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ and q(z) := [
Iα,β,η
0,z,m g(z)
ρα,β,m(z)

]µ.

We can observe that

ℜ{1+
zq′′(z)
q′(z)

+
ψ

γ
}= ℜ{1+

zG′(z)
G(z)

+(µ−1)
zρα,β,m(z)

Iα,β,η
0,z,m g(z)

G(z)+
1
γ
}> 0

where ψ = 1. By the assumption of the theorem we have

p(z)+ γzp′(z) = [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ{1+ γµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}

≺ [
Iα,β,η
0,z,m g(z)
ρα,β,m(z)

]µ{1+ γµ[
z(Iα,β,η

0,z,m g(z))′

Iα,β,η
0,z,m g(z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}

= q(z)+ γzq′(z).

Hence in view of Lemma 1.3, we obtain p(z)≺ q(z) and q(z) is the best dominant.

Theorem 2.6. Let the function q(z) be analytic and convex univalent in the unit disk U such
that q(z) 6= 0 and zq′(z)

q(z) be starlike univalent in U. Let

ℜ{q(z)q′(z)[
b
a

+
2c
a

q(z)]}> 0, a, b, c, ∈ C, a 6= 0. (2.2)

Assume that [
Iα,β,η
0,z,m f (z)
ρα,β,m(z) ]µ ∈ H [q(0),1]∩Q and

b[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ + c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m g(z))′

Iα,β,η
0,z,m g(z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]

is univalent in U. If the subordination

bq(z)+cq2(z)+
azq′(z)

q(z)
≺ b[

Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ +c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]

holds. Then

q(z)≺ [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ

and q(z) is the best subordinant.

Proof. Let the function p(z) be defined by

p(z) := [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ, z ∈U, ρα,β,m(z) 6= 0, µ 6= 0.



116 R.W. Ibrahim and M. Darus

By setting
ϑ(ω) := bω+ cω

2 and ϕ(ω) :=
a
ω

,

it can easily be observed that ϑ(ω) is analytic in C, ϕ(ω) is analytic in C\{0} and that
ϕ(ω) 6= 0, ω ∈ C\{0}. By the assumption of the theorem we find

ℜ{ϑ′(q(z))
ϕ(q(z))

= ℜ{q(z)q′(z)[
b
a

+
2c
a

q(z)]}> 0

and that

bq(z)+ cq2(z)+
azq′(z)

q(z)
≺ b[

Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ + c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]

= bp(z)+ cp2(z)+
azp′(z)

p(z)
.

The assertion of the theorem follows by an application of Lemma 1.4.

Theorem 2.7. Let f ,g ∈ A, [
Iα,β,η
0,z,m g(z)
ρα,β,m(z) ]µ be convex univalent in U, [

Iα,β,η
0,z,m f (z)
ρα,β,m(z) ]µ ∈H[q(0)∩Q]

and

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ{1+ γµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}, ℜ{γ}> 0, µ 6= 0,

is univalent in U. If the subordination

[
Iα,β,η
0,z,m g(z)
ρα,β,m(z)

]µ{1+γµ[
z(Iα,β,η

0,z,m g(z))′

Iα,β,η
0,z,m g(z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}≺ [

Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ{1+γµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}

holds then

[
Iα,β,η
0,z,m g(z)
ρα,β,m(z)

]µ ≺ [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ

and [
Iα,β,η
0,z,m g(z)
ρα,β,m(z) ]µ is the best subordinant.

Proof. Denotes

p(z) := [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ and q(z) := [
Iα,β,η
0,z,m g(z)
ρα,β,m(z)

]µ.

By the assumption of the theorem we have

q(z)+ γzq′(z) = [
Iα,β,η
0,z,m g(z)
ρα,β,m(z)

]µ{1+ γµ[
z(Iα,β,η

0,z,m g(z))′

Iα,β,η
0,z,m g(z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}

≺ [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ{1+ γµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}

= p(z)+ γzp′(z).

Hence in view of Lemma 1.5, we obtain q(z)≺ p(z) and q(z) is the best subordinant.
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Combining Theorem 2.1 and Theorem 2.6 and Theorem 2.5 and Theorem 2.7, we get the
following sandwich theorems.

Theorem 2.8. Let the function q1(z) be analytic and convex univalent in the unit disk U
such that q1(z) 6= 0 and zq′1(z)

q1(z)
be starlike univalent in U with

ℜ{q1(z)q′1(z)[
b
a

+
2c
a

q1(z)]}> 0, a, b, c, ∈ C, a 6= 0. (2.3)

Let the function q2(z) be univalent in the unit disk U such that q2(z) 6= 0. Suppose that zq′2(z)
q2(z)

is starlike univalent in U such that

ℜ{b
a

q2(z)+
2c
a

q2
2(z)+

zq′′2(z)
q′2(z)

− zq′2(z)
q2(z)

}> 0, a, b, c, ∈ C, a 6= 0 (2.4)

Assume that [
Iα,β,η
0,z,m f (z)
ρα,β,m(z) ]µ ∈ H[q1(0),1]∩Q and

b[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ + c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]

is univalent in U. If the subordination

bq1(z)+ cq2
1(z)+

azq′1(z)
q1(z)

≺ b[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ + c[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]2µ +aµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]

≺ bq2(z)+ cq2
2(z)+

azq′2(z)
q2(z)

holds. Then

q1(z)≺ [
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ q2(z)

and q1(z),q2(z) are respectively the best subordinant and best dominant.

Theorem 2.9. Let f ,g1,g2 be analytic in U. [
Iα,β,η
0,z,m g1(z)
ρα,β,m(z) ]µ, [

Iα,β,η
0,z,m g2(z)
ρα,β,m(z) ]µ be convex univalent in

U,

ℜ{1+
zG′

2(z)
G2(z)

+(µ−1)
zρα,β,m(z)

Iα,β,η
0,z,m g2(z)

G2(z)+
1
γ
}> 0, γ ∈ C, µ 6= 0, G2(z) 6= 0, z ∈U,

where Gi(z) := [
Iα,β,η
0,z,m gi(z)
ρα,β,m(z) ]′, i = 1,2. Also, assume that [

Iα,β,η
0,z,m f (z)
ρα,β,m(z) ]µ ∈ H[q1(0)∩Q] and ana-

lytic in U with

[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ{1+ γµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}, ℜ{γ}> 0, µ 6= 0,
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is univalent in U. If the subordination

[
Iα,β,η
0,z,m g1(z)
ρα,β,m(z)

]µ{1+γµ[
z(Iα,β,η

0,z,m g1(z))′

Iα,β,η
0,z,m g1(z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}≺ [

Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ{1+γµ[
z(Iα,β,η

0,z,m f (z))′

Iα,β,η
0,z,m f (z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}

≺ [
Iα,β,η
0,z,m g2(z)
ρα,β,m(z)

]µ{1+ γµ[
z(Iα,β,η

0,z,m g2(z))′

Iα,β,η
0,z,m g2(z)

−
zρ′

α,β,m(z)

ρα,β,m(z)
]}

holds then

[
Iα,β,η
0,z,m g1(z)
ρα,β,m(z)

]µ[
Iα,β,η
0,z,m f (z)
ρα,β,m(z)

]µ ≺ [
Iα,β,η
0,z,m g2(z)
ρα,β,m(z)

]µ

and [
Iα,β,η
0,z,m g1(z)
ρα,β,m(z) ]µ, [

Iα,β,η
0,z,m g2(z)
ρα,β,m(z) ]µ are respectively the best subordinant and best dominant.

3 Existence of univalent solution.

In this section, we establish the existence of univalent solution for equation (1.1). Let
B := C [U,C] be a Banach space of all continuous functions on U endowed with the sup.
norm

‖u‖ := supz∈U |u(z)|.

(H1) Assume the function F : U ×B → C−{0} is analytic for z ∈U and continuous in u
satisfies that there exist a positive function Ω : U → R+ such that

|F(z,u)| ≤ Ω(z) z ∈U, u ∈ C.

(H2) Denotes Bn := (α+β)n(−η)n
(α)n(1)n

.

Theorem 3.1. (Existence) Let the assumptions (H1) and (H2) hold. Then (1.1) has at least
one locally univalent solution.

Proof. Operating by Iα,β,η
0,z,m , the initial value problem (1.1) becomes

u(z) = Iα,β,η
0,z,m F(z,u(z)), α > 0, β < 0, η ∈ R. (3.1)

Define an operator P : B → B by

(Pu)(z) :=
z−m(α+β)

Γ(α)

Z z

0
(zm−ζ

m)α−1F(α+β,−η;α;1− ζm

zm )F(ζ,u(ζ))dζ
m.
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We need only to show that P has a fixed point by applying Theorem 1.9.

|(Pu)(z)|= |z
−m(α+β)

Γ(α)

Z z

0
(zm−ζ

m)α−1F(α+β,−η;α;1− ζm

zm )F(ζ,u(ζ))dζ
m|

≤ |Ω(z)||z
−m(α+β)

Γ(α)

Z z

0
(zm−ζ

m)α−1F(α+β,−η;α;1− ζm

zm )dζ
m|

≤ |Ω(z)||
∞

∑
n=0

(α+β)n(−η)n

(α)n(1)n

z−m(α+β+n)

Γ(α)

Z z

0
(zm−ζ

m)n+α−1dζ
m|

≤ ‖Ω‖
∞

∑
n=0

|Bn
z−mβ

Γ(α+1)+nΓ(α)
| ≤ ‖Ω‖

∞

∑
n=0

|Bn|
Γ(α+1)+nΓ(α)

|z|−mβ

<
∞

∑
n=0

‖Ω‖|Bn|
Γ(α+1)+nΓ(α)

:= r.

Thus P : Br → Br and P maps Br into itself. Now we proceed to prove that P is equicontin-
uous. For z1,z2 ∈U such that z1 6= z2, we have |zm

1 − zm
2 |< δ, δ > 0. Then ∀u ∈ S := {u ∈

C, : |u| ≤ r,r > 0}

|(Pu)(z1)− (Pu)(z2)| ≤ |Ω(z)||
z−m(α+β)

1
Γ(α)

Z z1

0
(zm

1 −ζ
m)α−1F(α+β,−η;α;1− ζm

zm
1

)dζ
m

−
z−m(α+β)

2
Γ(α)

Z z2

0
(zm

2 −ζ
m)α−1F(α+β,−η;α;1− ζm

zm
2

)dζ
m|

≤ |Ω(z)||
∞

∑
n=0

(α+β)n(−η)n

(α)n(1)n
[
z−m(α+β+n)

1
Γ(α)

Z z1

0
(zm

1 −ζ
m)n+α−1dζ

m

−
z−m(α+β+n)

2
Γ(α)

Z z2

0
(zm

2 −ζ
m)n+α−1dζ

m]|

≤ ‖Ω‖
∞

∑
n=0

|Bn|
Γ(α+1)+nΓ(α)

|z−mβ

1 − z−mβ

2 |

≤ ‖Ω‖
∞

∑
n=0

|Bn|
Γ(α+1)+nΓ(α)

|(zm
1 )−β− (zm

2 )−β +2(zm
1 − zm

2 )−β|

<
∞

∑
n=0

2‖Ω‖|Bn|
Γ(α+1)+nΓ(α)

|zm
1 − zm

2 |−β

<
∞

∑
n=0

2‖Ω‖|Bn|
Γ(α+1)+nΓ(α)

δ
−β

which is independent on u. Hence P is an equicontinuous mapping on S. In view of the
assumption of the theorem we have P is a univalent function (see [12]). The Arzela-Ascoli
theorem (Theorem 1.8) yields that every sequence of functions from P(S) has got a uni-
formly convergent subsequence, and therefore P(S) is relatively compact. Schauder,s fixed
point theorem asserts that P has a fixed point. By construction, a fixed point of P is a
univalent solution of the initial value problem (1.1).
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In the following theorem we show the relation of univalent solution for the initial value
problem (1.1).

Theorem 3.2. Let the assumptions of Theorem 2.8 be satisfied. Then every univalent solu-
tion u(z) of the problem (1.1) satisfies the subordination q1(z)≺ u(z)≺ q2(z), where q1(z)
and q2(z) are univalent function in U.

Proof. Setting µ = 1, F(z,u(z)) := f (z) and ρα,β,m(z)≡ 1.

Theorem 3.3. Let the assumptions of Theorem 2.6 be satisfied. Then univalent solutions
u1,u,u2, of the problem (1.1) are satisfying the subordination u1 ≺ u ≺ u2.

Proof. Setting µ = 1 and let F(z,u1(z)) := g1(z), F(z,u2(z)) := g2(z), F(z,u(z)) := f (z)
and ρα,β,m(z)≡ 1.

Note also, the authors have recently established the existence solutions for different types
of differential equations of fractional order in the complex plane (see [13, 14, 15, 16]).
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