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Abstract

In this paper, we give some conditions that insure the non-negativity of the solu-
tion of the relativistic Boltzmann equation in a full curved space-time, generalizing
thereby some previous results known in the flat Minkowski space-time and for the
non-relativistic Boltzmann equation.
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1 Introduction

It is clear that the unknown of the Boltzmann equation is the distribution function (or

the particle number density) f which is by definition a non-negative real valued function.
It therefore appears that when solving the Boltzmann equation, the non-negativity of f
should be insured. In many cases the non-negativity of solutions is proven when proving
the existence of solutions ([7,9,12]). But the proof of the non-negativity of solutions might
be a problem due to technical tools used to prove existence. This is the case when global
existence of solutions which are close to Maxwellian is studied ([15]). In order to obtain
the non-negativity of the solutions f of the non-relativistic Boltzmann equation, Giraud [8]
used an appropriate decomposition f = M (1+ F), and proved that for sufficiently small
initial data Fp, there exists a solution F' such that f is non-negative. Some other results
on non-negativity of solutions of the non-relativistic Boltzmann equation have been found
in 2001 by X. Lu and Y. Zhang [15]. They proved the non-negativity of mild solutions in
the case of collision kernels with angular cut-off and for both soft and hard potentials un-
der suitable assumptions. They further applied their results to derive the non-negativity of
some previous known solutions by showing that those known solutions satisfy the so called
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suitable assumptions. Many other works on classical non-relativistic Boltzmann equation
have been achieved by several authors who studied and proved non-negativity when proving
existence of solutions ([1,5,6,10,13,14]). In contrast to the many works on the classical
non-relativistic Boltzmann equation, the literature is relatively poor in the case of the rel-
ativistic Boltzmann equation (RBE). In this later case, M. Dudynski and Ekiel-Jezewska
[7] proved simultaneously the existence and non-negativity of global mild solutions in the
flat Minkowski space-time. N. Noutchegueme and E. Takou [12] obtained a global in time
solution of the relativistic Boltzmann equation in the Robertson-Walker space-time by us-
ing a method that preserves the necessary non-negativity physical property of the solution.
For the full curved space-time, D. Bancel and Y. Choquet Bruhat [3,4] proved the existence
and uniqueness of a local strong solution of the Boltzmann equation; but the non-negativity
of the solution was not proven. This paper aims at stating some suitable conditions un-
der which the solution of the relativistic Boltzmann equation in a full curved space-time is
non-negative.

The paper is organized as follows: section 2 is devoted to the relativistic Boltzmann
equation in a full curved space-time with specified conditions on the collision kernel. In
section 3, the main result is stated and proved. The paper also contains an appendix where
the existence of particles paths for the relativistic Boltzmann equation is rigorously proved.

2 The relativistic Boltzmann equation in a curved space-time

2.1 Notations and preliminaries

In all what follows, unless otherwise is specified, Greek indexes vary from O to 3 and Latin
ones from 1 to 3. The Einstein summation convention is used i.e., AqB* = Y A,B%. A
space-time (M, g) is considered where M is a four dimensional time oriented manifold and
g is the metric tensor with signature (—,+,+,4). (x*) denote the local coordinates on M
with x = ¢ representing time and x = (xi) representing space. We consider the collisional
evolution of massive relativistic particles in absence of electromagnetic field. The time-
evolution of these particles is described by their distribution function f (also called the
particles number density) which is a non-negative real-valued function of the position (x*)
and the momentum (p%). The local coordinates on the phase space TM are denoted by
(x*, p*) . The following notations are used for convenience,

X:([,X), X = (xlvxzax3)7 P = (p07plap27p3)7 pP= (p17p27p3)'

For two vector fields U = («*) and V = (v*), denote by

3.
UV:gaBuo‘vB, w =Y uv', |ul= [

i=1 . i 2.1)
3

(U V)= |UV) = (UU)(vv)

The rest mass m > 0 of the particles is normalized to unity so that the equation of the future
sheet of the mass-shell F; (P) of the particles at (x*) with momenta momenta P is given by

pP=—-1, p’>o0. (2.2)
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The condition p° > 0 means that particles eject towards the future. The equation (2.2)
allows to express p° in terms of p and (x*) through g. This gives

D=

0 goip' + [(gol'P’) —goo (gijp' P! + 1)}
p =- . (2.3)
800
Equation (2.3) shows that f is a function of (,x,p). The invariant volume element on

F,(P) is (see [3,4]),

g2
Po
where dp = dp'dp?dp? and |g| stands for the absolute value of the determinant of g =
(2ap) -

It is assumed that at a given position (x*) only two particles collide instantaneously and
that the collision only affects the momenta of the particles that change after the collision.
(This is the so called instantaneous, binary and elastic scheme due to Lichnerowicz and

dP =

dp,

Chernikov). Denote by (P, P.) (resp. (P/,P;>) the momenta of two colliding particles be-
fore (resp. after) collision. The relation between precollisional and postcollisional momenta

is determined by the conservation law of momentum due to the elasticity of the collisions.
This conservation law reads
P+P. =P +P. (2.4)
Equation (2.4) is equivalent to the system
P 4pl=p°+pl, ptp=p +p. (2.5)
It is easy to show the following relations
PP,=PP, (PP)= <P’,P;>. (2.6)
The relation
P’ +pl=p"+p)
is the conservation of energy and can be rewritten using (2.3) to give the following conser-
vation law
e+e, :e,—|—e;, 2.7
where e stands for the energy and is defined by
1
2

e=e(t,x,p)= [(g()ip")z —go0 (8i;p'P’ + 1)] 2.8)

Remark. The conservation law (2.7) is the generalization to the full curved space-time
of analogous ones known in Minkowski and Robertson-Walker space-times (see [1,12]).
For simplicity, denote by

f=flxp), fo=fexp), f=f(txp), f=f(rxp). @9



26 C. Tadmon

2.2 The Boltzmann equation

In a curved space-time endowed with a metric g, the Cauchy problem for the Boltzmann
equation is (see [3,4]),

d iar TP oy ) . 33
;T{ ﬁoaﬁ ‘Xﬁpo a;]:f:,%) in Ry xR’ xR,

(2.10)
f(oaxap) =/fo (xap) on R’ x R?.

Here F&B are the Christoffel symbols associated to the metric g, defined by

d d
r —lg”< 835, 98 M). 2.11)

of T o ox% oxP  oxt

C(f) (t,x, p) is the non-linear collision operator which describes the rate of change of f due
to binary, instantaneous and elastic collisions. It is often formally written as the difference
between the gain term C (f) and the loss term C~ (f) (see [4]),

C(f) (t,x,p) =C" (f)(t,x,p) =C™ (f) (t,x,p),

where

CH (1) (x,0) = fia lgl? 35 [Ji2 £ A8 (5, p,p- @) dw | .,
C™ () (t.5,p) = Jos |8|? 2L [z ££:8 (1,3, p, po, @) d] ..

S? stands for the unit sphere in R3. S(¢,x, p, p.,®) is the collision kernel (also called the
collision cross-section) which is a non-negative real-valued regular function. It will later
be assumed that S (¢,x, p, p.,®) satisfies the following symmetry conditions for s € R,
x,p,p*,p,,p; eR} wes?

(2.13)

S(Saxapvp*’(’o) — S(s,x,p*,p,w) (2 14)
PO (Saxap)p*o (S,X,p*) pg (S,X,p*)po (s,x,p)’
S(S;x7p7p*70)> _ a(p,p*) S(S,X,p,p*,(})) (2 15)

PO(s,x,p) Py (s,x,p,) (P, p) PO (5,X,p) pao (5, X, pi)

This implies the relativistic analogue of the classical conservation laws for f (see (3.14)).
The system (2.10) describes the time evolution of the distribution function f = f (¢,x, p) on
the phase space TM. The Boltzmann equation is a first order partial differential equation
with a non local source term. Different types of solutions can be considered, e.g. strong,
weak, mild, renormalized solutions. In this paper, the non-negativity of mild solutions of
(2.10) is considered. Those mild solution may be derived from the strong ones which are
shown to exist (see [3,4]). The definition of a mild solution of (2.10) will be recalled later.
Integrating (2.10) along the particles paths ¢ — (¢,x+w, p+z), defined by

, t pi ‘ 1 T P%(5)P(s)
w! (tvxvp) = 0 PO((i))dS’ z (tvxvp) = _/0 Bpwdsv (216)
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leads to the following mild form of (2.10) on R, x R3 x R3,
Flextwpt2) = folep) - fy (G (sxtw(sep)ptatsnp)ds o o
teRy, x,pe]R3.
Denote by
fH(tx,p) = f(t,x+w(t,x,p), p+2(t,x,p)).
Equation (2.17) then reads
t
) = folep)+ [ KO xp)ds, 1R xpeR,  (@18)
0
where )
C
K (txp) = <P (exp). 219

The proof of the existence of particles paths defined by (2.16) is somewhat lengthy, requires
some technical tools and is given in the appendix. We now give the definition of mild

solutions of (2.10).

Definition. A function f is called a mild solution of (2.10) on R, x R® x R? with
measurable initial value fy if f is measurable on R, x R? x R* and for almost all (x, p) in

R3 xR, K*(f)*(.,x,p) are in L}, (R+) and (2.18) holds for each t > 0.

2.3 Assumptions on the collision kernel

Consider the following change of variables

(t7'x’p) - (t7y?v)7
where
y(t.x,p) =x+w(t,x,p), v=p+z(t,x,p).
Here w and z are given by (2.16). Let B, D, o, J, [ and 3 be defined for

(5,7, ,v5,0) € Ry x R} x R¥ x R? x §?

as follows
S(s7y?v7v*?0))

B 1 70) - ’
(S YV, Ve ) vo(s,y,V)V*() (S,y,V*)

D(s,y,v,v*) :/ZB(S7y7V7V*7(D)d0‘)7

1 D (s,y,v,vy) 0
a(s) = esssu W2 ————|fe|V (5,9, vs)dVi |,
= e | [ st SRt s
_|9(s,x,p) 01 /
S0 = |50 1) = [ )]

(2.20)

2.21)

(2.22)

(2.23)

(2.24)
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B(s)= esssup |2 (s,y, V)1 (5,3,v)
(y,v)ER3XR3 (S,y, )

The assumptions (2.14 — 15) can be rewritten as

B(Sa)’,VaV*,(O) :B(S7)’7V*7V7w)7

ro vy,
B <s7y7v 7V*70~)> = a((‘:j];;))B(s,y, V,V*,(D).

Moreover the functions o and P are assumed to satisfy the following conditions

ae Llluc (R+) )

B € Llloc (R+) .
For any real number r, let ¥ and  (r) be defined by

r* =max(0,r),

(y { 0ifr<0,
X=93 1itr>o.

It is easy to check that

fo(x,p) > 0 implies [—f# (t,x,p)]Jr = /Ot ([—f# (s,x,p)r)/ds,

(£ s.0p))7) = =K (5.5 0) 2 (~* (5. p) -
From (2.32) and (2.33) it follows that

[ f# txp /K (s,x,p) X(—f#(s,x,p))ds.

(2.25)

(2.26)

2.27)
(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

Notice that the assumption (2.26) holds for the kernel used in the flat Minkowski space-time

(see [2]).

3 The main result

The main result is the following

Theorem. Let f be a mild solution of the system (2.10) on R, x R? x R? with a non-
negative initial datum fy. Assume (2.26 —28). Then f is non-negative on R, x R? x R3.

Proof. The proof uses similar tools to those introduced by X. Lu & Y. Zhang [15] for the
non-relativistic Boltzmann equation. It consists in three steps and uses the splitting of the

function u defined on R, as follows,

//R3><]R3 t X P)]+ (Pojil)#(l,)c,p)dxdp,

3.1
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It holds that
ﬂ ty? )] p (f,yvV)dde- (31&)
]R3><R*

Since p° (t,y,v) is positive, it is sufficient for proving the non-negativity of f on R, x R3 x
IR3, to show that u(t) = 0 for any ¢ > 0.
Splitting of u(t)

From an integration by parts, using (2.33) and the non-negativity of fj, it holds that
=7t )] (27 (55 )}
:fé( [—r*(s,x,p) +) (p°7 )" (s,x,p) ds
o [~ 1*(s.%,p)] (pOJ W (s.x.p)) ds (32)
== JoK()* (s.x. ) (=f* (s,x.)) (P D (s,x,p)ds
+ Jo [=F*( sxp] ((pOJ 1) (s,%,p) )

Then by (3.1 —2) and the non-negativity of f we get

u(r) =nh(r)+hL(@), (3.3)
where
1) = = Jy (Ml KO (5,5,0) 2 (- f# <s %0)) (p%1)" (5,x, p) dxdp ) ds,
/ 34
L(t)= [y <ffR3><]R3 [—f*(s,x,p)] ( (s x,p)) a’xdp) ds.

Treatment of I (t)
By the change of variables (s,x, p)

= /Ot <//R3><]R3 [=K(f) (s;3:v)] 0 (= f (5,5,v)) [voJfl] (5,9,v)J (s,y,v) dydv) ds.

By (2.19) it follows that

:/Of (//WXRs{ . 1g(s,y)|? [/Sz (—f/fi+ff*)x(—f) Voi*o }dv*}vodydv> ds.
(3.5)

Here the following notations have been used for convenience

— (s,y,v), it holds that

PO(s,3,v) =V0(5,3,v),  peol(s,3,05) = vio(s,y, vi). (3.6)
From lemma 2 established by X. Lu & Y. Zhang [15], it holds that
<—r/rik + rr*) x(=r) < (—rlr;>+ —(=rr) T (=r) T, (3.7)
for any real numbers r,r,,r ,r,. (3.7) implies that
3.8)

I; (t) < I]J(f) +11’2(t),
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where [ 1 (¢) and I; »(t) are defined as follows,

a0 = J5 (s { s e ol [ 1 | (=7 12) = (| ma] av. borasar ) as,
12() = Ji (oo Lo l8 0)1* [ 111 (1) ] Bdw] dv. | dyav) .
It holds that

! AN
na)= [{ et | I (7 8) = | maviv.aa) v} as
i 0 R3xR3 x 52
3.9)
By (2.26) and changing the role of v and v, we have,

fffRsstxsz[( 7)) ( f£) }B 53,700, 01 (5,3,7) dvdv,do

(3.10)
= JfIrsxrixs2 [( ff* (—ffs +] B(s,9,v, v, )V (5,y,v.) dvdv.do.

Moreover, by the change of variables (v,v,) — (v/, v,*) and using (2.26) we have,

JITr3 xr3 %52 [(—f/f;>+ - (—ff*)Jr] B(5,7,v, v+, ®)V" (s,y,v) dvdv.do
= JfJrs xR3xs? [(*ff*)Jr - (*f/f;)ﬂ B (S,y,v/,vl*,u)) W (s,y7 vl) dvldv;dm 3.11)
= — [[[r3sxr3xs2 [(—f'f;)+ - (—ff*)ﬂ B(s,y,v,vs, @)V’ (s,y, v') dvdv,do.

Finally, changing once more the role of v and v, using (2.22) in the last equality of (3.11),
we have
/L +
fff]R3><]R3><S2 I:(_f f*) - (_ff*)+:| B(S7y7vv V*,O)) vO (S,y,V) dvdv.do
n (3.12)
- _fffR3><R3><Sz |:<_ff*> _<_ff*)+:| B(S7y7vav*7('0) (S »V )dVdV*dO)

It follows from (3.10 — 12) that

J / +
4fffR3><R3><Sz |:(_f f*) - (_ff*)+:| B(Say,va V*70)) VO (S,y,V) dVdV*d(l)
J J +
= fffR3><R3><S2 |:<_f f*) - (_ff*)+:| B(S,y,V,V*,CO) X (3.13)
[vo (s,,v) £ (s,y,v.) —° (s,y7 vl) —0 (s,y, vl*>] dvdv.do.
The conservation of the energy

W (5,9,0) 0 (s,3,v.) =" (S,y,v ) +0 (s,y,v*)

therefore implies that,

///R3><R3><52 [(—f/f;>+ — (—ff*)ﬂ B(s,y,V, v, ®) W (s,y,v)dvdv.do=0. (3.14)
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From the definition of 1; ; (¢), (3.14) implies that
11’1 (l‘):O (315)
The term /; »(¢) is now handled. Since D (s,y,v,v.) = [ B(s,y,v,vs, ®)d® it holds that,
hat = [ < /[ o) 11 (£ D (5,330,010 (5,3,1) dvdv@;) ds.
R3><R3><]R3

(3.16)
By the change of variables (v,v,.) — (v.,v) and (2.26) we obtain,

I 2 / </// S y)‘z ‘f*‘( ) (S7y7V7V*70)) W (s,y,v*)dvdv*dy> ds,
]R3><R3><R*

and then

D .
Iale /(///R e ,y>rzvﬁ)s(j’;”))|f*rv0<s,y,v*><—f>+ s,y )dvdv*dy)ds.
(3.17)

Due to the assumption (2.27), (3.17) implies that,

L 2(1) / (//]1@3><R3 (s,y,v )dvdy) ds. (3.18)

Recall that, due to equalities (3.1a) and (3.6), it holds that

// O(s,y,v)dvdy = u(s).
R3><Rg
So, inequality (3.18) gives

t
na(t) < / ou(s) u(s)ds. (3.19)
0
Finally, the relations (3.8), (3.15) and (3.19) imply that,

L) < /O " o (s) u(s)ds. (3.20)

!
Treatment of L(t) = [, (ffR3xR3 [—/*(s,x,p)] T x ((pOJ*I)# (s,x,p)) dxdp> ds
From (2.24), it holds that

/ <//]R3><R3 (s, p)}Jrl#(S’xaP)dXdP) ds

By the change of variables (s,x,p) — (s,y,v), it follows that

0= ( [, s 1<s,y,v>J<s,y7v>dydv) ds
R*xﬂ@
Therefore, we get

/ <//Rasz = s‘;(s) SV (S»y’v)]“o(s,y,V)dydv) ds.  (3.22)
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Using (3.22), assumption (2.28) implies that

S/o B(s)u(s)ds. (3.23)

Combining the inequalities (3.20) and (3.23) together with equalities (3.3) and (3.4), the
following final estimate of u(t) is derived,

u(t) < /0 [0c(s) + B (5)] u(s)ds. (3.24)

By Gronwall’s lemma, the inequality (3.24) implies that u(¢) = 0. Thus the theorem is
proved. O

Appendix: Existence of characteristics with respect to the relativistic Boltzmann
equation

Consider the Boltzmann equation

Oaf f i o Baf

The characteristic system associated to equation (A.1) is

—= — = = =T %P = =c(). A2
=P =P P P o =C(f) (A2)
The last equation of system (A.2) is automatically verified if the first three hold together
with equation (A.1). We can therefore focus on the following system

0 X AP i A3
P TP apP P (A.3)
The solutions of system (A.3) are called particles paths or trajectories. Note that p° is

known if gqg and p' are known since

1

goip'+ [(gOiPi)2 —goo (gijp' P/ + 1)} :

0
P =-
800
. . . . 0 pi r LBPQPB oo
Moreover, under suitable regularity assumptlons on the metric g, p°, 05 o are C
functions of x* and p’. Furthermore equatlon =p° (with P’ > 0) shows that ¢ can be

taken as an increasing parameter along the partlcles paths. The differential system (A.3)
can be written as follows,

di_ddpodp T "
dv ' dtv pY dtv po '
. . i Fl o [5
Setting z = (7,x', p') and ¥ = <1, %, B;:) > system (A.4) takes the following form
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dz
i Y (2). (A.5)

i p%pb
As % and % are C* functions of z, the vector field Y (z) is locally lipschitz. The

local existence of particles paths therefore follows i.e., for any zo = (fo,x}), pj)), there ex-
ists €(zp) > 0 such that equation (A.5) has, for |t| < €(z0), one and only one solution z
satisfying z(0) = zo. According to the system (A.4), the solution z (1) is given by

z2(t) = (t(t,20),%' (t,20) , p' (T, 20)) ,
where
1(T,20) = T+1o,
X (t,20) = %o+ Jo L5 (s)ds, (A.6)

; ; g p%pP
P (v,20) = ph— Jg 5 (s)ds.

To prove the global existence of particles paths, it is enough to show that any solution of
the Cauchy problem

dz

i
is contained in a fixed ball. Let T be a given real number such that 7 > 0. It is clear that
1(t) =7T+1 is bounded for 0 <t < T —1.

Y(z), z(0) =z, (A7)

The next step is to prove that x' (t) = xh + [; S—; (s)ds is bounded.

Let xp and x; be the projections of the points
yo = (x5, pp)
and o
v = (x,p})
respectively. The distance d (xo,x;) is defined as the length of T" where I : T — x' (1) is

the projection of the flow of the vector field Y passing through zo = (f,x)), p})) and z, =
(t,x;', pi) . This implies that

Cod
! dx' dx’'|?
= [ | ——= A.
atox) = [ [es () 5 5 (%)
According to the system (A.4), along I it holds
dx' dx/ pipl
8ij(x(‘f))aﬁ = 8ij (X(T))ﬁlﬁ. (A.9)

The hyperbolicity assumptions made by Y. Choquet-Bruhat and D. Bancel on g in [3,4]
insure that
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p p
de>0:g;; <ec.
7 p0 po

The hyperbolicity assumptions mentioned above are the following,
Ja,b>0:ale < g8 <bEf,
—800 > a, _gOO > a,
where

g =y (&),

i=1

(A.10)

(A.11)

(A.12)

Recall that the mass-shell on which the momenta of the particles are located has the equation

gapp®PP =1, p’>o0.

A lengthy calculation shows that equation (A.13) is equivalent to

2
gij(wf+zf)(wf+zf)_—}m—<1>, P >0,

g P’
where
SR
w==— I'=-2=
o g0
From assumptions (A.11) and equation (A.14) one deduces that
C C 1
alw+1[* < gij (W +1') (W + 1) < T S

Therefore

1
w+lI| < —.
a

From the inequality |w|— |I| < |w+1[, it follows due to inequality (A.17) that

1
wl <]+~
a

The relations (A.11) and (A.15) imply that

] << g,

Q=

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

If we assume that g is uniformly bounded as it is done in [3,4], then / is bounded and so is

w. Now using assumptions (A.11) it follows that

Py i 2
gij—— =giww! <b|w|".
Y p0 p? Y
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So as w is bounded, the inequality (A.10) is obtained. Coming back to equality (A.8) and

using inequality (A.10) it holds that

d (x0,x;) < Vet —19) < e (T —1ty), for0<t <T.

From this it follows that x' (1) is bounded for 0 <t < T —¢.

The last step is to prove that p' (1) is bounded in R3.

To achieve this task, it is sufficient to show that

Jc>0: gijpipj <ec.

Setting o
v(T) = (gip'p' +1) (t,20),
it holds that
dv dp’ ; dgi dp’ ; 0gij dx®
A, PR Sut i ind 28U o pitt i ]
dr EUP e trp dt Py trp ox% dt

By (A.4) and (A.22), we gain

dv , FéBPOLPB - . (dgi; dgi; p~
G PO i %pT 7 i] J Uy )
d’C gl]p ( p() +p p <ax0 + axk p()

Denote for simplicity,

ag(xB .
oy Sob

The relation
FQB = %gw (8ar.p+ 8pro — apr) »
implies that _
28ijrfx5 = 8ai,p T &Bio — ap,i-
It follows that

28iip Tl PP = p'p™pP (goip + pic— Zap.i)
=2p'p*PPgaip — P P PPgop.i-
The relations (A.24) and (A.25) imply that

drt
The reduction of equation (A.26) gives

dv i i [ J
o = —2p0p180i,0 + poplgoo,i - P’p‘/gij-,O-

Now set

v 2 1, - P
= —Fp’p“pﬁgw,s + ﬁp’p“pﬁgas,i +p'p’ (gij,o + pogich) :

(A.20)

(A21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.20)

(A.27)
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0(1) = {(go,-p’) - gooV] (t) = g0ig0;P' P’ — goov- (A.28)
It holds that
i dp’ i o o
4 = 2g0ip' [80]'7'1 +PJg0j,oc%] — 800 % —vgoo.a
i Togr®rP ' ' i
=200 [g0j ( -2 ) + Plgojo+ Pgoix (%) (A29)
_ —20pion 0 ign o pipie.. ) _ i
goo( P D 80i0+P P800 — PP gz;,o) V800,0 — V800,k | 0 ) -
A straightforward and lengthy calculation shows that
% = —POPi (£0i200,0 — 280080i,0 + £00800,i)
.. k
+p'p’ <280igo j.0+ 8008ij.0 + 55.80i8 k.0 — 280i800, j> (A.30)
—V800,0 — ;,%Vgoo,i-
Using the fact that w = (;%) is bounded, we have
P
dcg >0 ‘0 < ¢p. (A.31)
p
Due to assumptions (A.11) and the definition of v, it holds that
alp® < giip'p’ <v.
From the relation
1 1
v=——/(—goov) < —6.
800 a
it follows that
1P| < 5‘/6' (A.32)
Since .
0_ _8up'+ Ve
go
it follows from assumptions (A.11) that
o1 i
'] < - (leor'| +VB).
So, if g is bounded, then
Jeg >0 |p°| < ¢ V6, (A.33)

where ¢, is a constant depending on g. Due to the presence of first derivatives of g in
equation (A.30), we assume that those derivatives are also uniformly bounded. Doing this,
we derive the following inequality from the relations (A.30), (A.31), (A.32) and (A.33)
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do
— < (9, (A.34)
drt

where C is a constant depending on g and the first derivatives of g. Inequality (A.34) implies
that

0()<6(0)+ [ “ 0 (s) ds. (A35)
0
Thus Gronwall’s lemma implies that
1 1 1/t 1 1
6(1)]% < [6(0)]% exp [ / Cds} — [6(0)]% exp [c:]. (A.36)
2 Jo 2

Finally O satisfies the following inequality for 0 <t < T —1#y, 0 <1y < T,
0(t) < [K(T), (A37)
where K (T') = [0 (0)]% exp [$CT| . Coming back to the definitions of
v(t) = (giip'p’ +1) (1),

and .
0(t) = [(gOiP’) —goov} (1),

we get

(eurf) () < v(5) < o) < KL

which is the desired inequality (A.21).
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