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Abstract
We study criticalities of generalized Schrodinger operators in terms of the Schrodinger forms
induced by generalized Feynman-Kac perturbations of symmetric Markov processes, which
extend earlier work due to Takeda [26]. The related functional inequalities and analytic charac-
terizations of criticalities of Schrédinger forms are given. As applications, we establish some
maximum principles via the analytic characterization.

1. Introduction and main results

In this paper, we study subcriticality, criticality and supercriticality of the Schrodinger
forms induced by generalized Feynman-Kac perturbations and characterize their properties
in terms of the bottom of the spectrum relative to the Schrodinger form, with applications
to some maximum principles. The notion of criticalities for Schrodinger operators has been
extensively studied over the recent decades (see [21], [22], [23], [25], [27], [31] and the
references therein) which is closely related to the existence of harmonic functions in the
sense of Schrodinger operators.

Let E be a locally compact separable metric space and m a positive Radon measure on £
with full topological support. In [26], Takeda introduced a new way to define subcriticality,
criticality and supercriticality of the Schrodinger form with a local perturbation

EXE, ) = ECF f) - fE Pdu feDEY= DE.

through Doob’s A-transform, where (£, D(£)) is a symmetric regular Dirichlet form on
L*>(E;m) and yu = u* — u~ is a signed Radon measure of Kato class of the symmetric Hunt
process X associated with (£, D(E)). It was shown in [26] that these definitions of criti-
calities are well-defined by the existence of superharmonic functions and the recurrence or
transience of A-transformed Dirichlet forms. Furthermore, some analytic chracterizations
for these definitions were studied in terms of the bottom of the spectrum A(u) of the time-
changed process of X by u*: the Schrodinger form (¥, D(EF)) is subcritical (resp. critical
and supercritical) if and only if A(u) > 1 (resp. = 1 and < 1). These characterizations were
then extended to more general cases containing non-local perturbations by Li [20]. Global
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property such as recurrence and transience of a symmetric Markov process is closely related
to some functional inequalities with respect to the associated Dirichlet form. Takeda estab-
lished a Poincaré-type inequality for the critical Schrodinger form by using an L?-version
of Oshima’s inequality and from which he extended the dichotomy result on diffusion pro-
cesses due to Pinchover and Tintarev [23] to more general symmetric Markov processes
([26, Theorem 3.2, Corollary 3.4 and Theorem 3.7]).

The purpose of this paper is to extend the previous results in [26] to the Schrodinger
form induced by the so-called generalized Feynman-Kac semigroup, with applications to
some maximum principles studied in [29], [30]. Before stating our results, let us explain the
necessary notations and some known facts. Let (£, D(£)) be a symmetric regular Dirichlet
form on L*>(E; m) and X = (X,, P, ) the associated m-symmetric Hunt process on E, which
is assumed to satisfy (I) and (RSF) (see Section 2 for the definitions). Denote by (N, H)
be the Lévy system of X. We may and do assume throughout the whole exposition that
all considering measures and additive functionals are supposed to be in the strict sense.
Let y; and p, be positive smooth measures corresponding to positive continuous additive
functionals A" and A/ of X, respectively. Set u := p; — pp. Let Fy and F, be positive
symmetric bounded Borel functions on £ X E vanishing on the diagonal. Set F' := F| — F».
Then AF := AP — AP with AT = ¥ ., Fi(X,_,X,), (i = 1,2) is an (discontinuous)
additive functional of X whenever it is summable. For a bounded continuous Borel function
u on E locally in D(E) (Dyo(€) in notation), let Ny be the continuous additive functional
of zero quadratic variation appearing in the Fukushima decomposition of u(X;) — u(Xy) (see
(2.3) below). Note that N} is not necessarily of bounded variation in general. It is natural
to consider the following generalized non-local Feynman-Kac functional by the additive
functionals A, := N" + A} + AF" of the form

(1.1) ea(t) := exp(A,)

because the process X admits many continuous additive functionals which do not have
bounded variations, and many discontinuous additive functionals. With (1.1), we define
the Feynman-Kac semigroup {P*},s¢ and resolvent {R%},-¢ by

(12) P f(x) = Ex[ea(f(XD],  Ryf(x) = fo TP

for any Borel measurable function f. Let Q be the symmetric quadratic form defined by
(1.3) Q(f.9) := E(f.9) + Eu. fg) — A(f. 9),

where

1 1
Ew, fg) := 3 f S gy + 3 f g At )
E E

A(f.g9) == fE F()g(x)p(dx) + fE fE F)g@) (e — DN(x, dy)un(dx).

In view of Stollmann-Voigt’s inequality (see (2.2) below), we can see that Q(f, g) is well-
defined under some mild conditions on u, i and F.

Let X* be the subprocess of X killed by e~A-A"  Note that X" is a transient Markoy
process under (I) of X provided p, + N(F;)uy is non-trivial. So we always assume the



GENERALIZED SCHRODINGER FORMS AND MAXIMUM PRINCIPLES 733

transience of X when p, + N(F2)uy = 0. Let Sp(X) (resp. Sk(X) and S},(X)) denote the
class of positive smooth measures of extended Kato class (resp. of Kato class and of Dynkin
class) with respect to X. In addition, under the transience of X, we denote by Schm(X)
the family of Green-tight measures of Kato class with respect to X (see Section 2 for the
definitions). We make the following condition:

{ 1+ N(e 2 (" = Dupy € Sp(X"), gy € Sp(X*),
2 + N(Fo)uy € Sp(X).

Under (A)*, the generalized Feynman-Kac semigroup {P?},5( forms a strongly continuous
semigroup on L*(E;m) associated with the Schrodinger form (Q, D(Q)) (see [15, Lemma
2.1)).

In Section 3, we introduce the class of positive superharmonic functions of {Pf}tzo,

(A"

MY = {h € Dioe(€) N C(E) | h > 0 and Plh < h}.

Suppose Hf # 0 and take h € Hf. Then the h-transformed semigroup {P’;"h}lzo of {P;‘},Zo
defined by P‘;"h f(x) := (1/h(x))PX(fh)(x) is naturally Markovian and its associated qua-
dratic form (Q", D(Q")) is given by

{ D(Q") := {f € L*(E; Pm) | fh € D(Q)},

Q"(f,9) := Q(fh,gh), f,g € D@Q".

Note that (Q", D(Q")) is to be a regular Dirichlet form on L?(E;h*m) (Lemma 3.1). We
make the following definition for the subcriticality, criticality and supercriticality of the

Schrédinger form (Q, D(Q)) in terms of the transience or recurrence of (Q", D(Q")), and the
emptyness of H.

DermniTion 1.1. The Schrodinger form (Q, D(Q)) is said to be

(1) subcritical if HA # 0 and (Q", D(Q")) is transient for some h € H4.
(2) critical if Hf # 0 and (Q", D(Q")) is recurrent for some / € Hf.
(3) supercritical if Hf =10.

We show that these classifications for criticalities of (Q, D(Q)) are well-defined (Propo-
sition 3.1). Furthermore, we will prove the following functional inequalities relative to the
subcriticality and criticality for (Q, D(Q)) which extend the previous results in [23], [26].
Let D,(Q) be the extended Schodinger space of (Q, D(Q)) (see Section 3).

Theorem 1.1. Suppose that H? + 0 and (A)*. Then the following dichotomy holds:

(1) There exists a strictly positive measurable function g on E such that

fE Pgdm<0(f.f). feDuQ).

(2) For any ¢ € By(E) with compact support on E and h € H? satisfying fE phdm # 0,
there exists a strictly postive function g € L'(E; m) and a constant C > 0 such that

2
¢ [[rom<arnc( [ rean) . sepi
E E
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Define the bottom of the spectrum of the Schrédinger form (Q, D(Q)) by
(1.4) °() = inf{Q(f,f) ’ fe D(Q),ffzdfl = 1},
E

where 1 :=n, . F = 1 + N(e P2V — U = D)upy + %ufm with U(x, y) := u(x) — u(y).

In Section 4, we give analytic characterizations for the criticality and subcriticality of
(Q,D(Q)) in terms of the bottom of the spectrum (1.4) by proving the existence of the
superharmonic functions in each cases. The main result is the following:

Theorem 1.2. Assume that u; + N(F)ug + pu € Slcxm X*) and py + N(Fy)ug € S}((X).
Then the quadratic form (Q, D(Q)) is
(1) subcritical, if and only if A°(n) > 0.
(2) critical, if and only if 1%(n7) = 0.
(3) supercritical, if and only if 12() < 0.

In a series of papers [28], [29], [30], the author obtained a necessary and sufficient condi-
tion for several maximum principles for Schrodinger operators with local perturbations. In
Section 5, we partially extend the results in [29], [30] to the case of generalized Feynman-
Kac perturbation by applying the criticalities of generalized Schrédinger forms obtained in
the previous section. In particular, we prove that the analytic characterzation for the subcriti-
cality of (Q, D(Q)) is equivalent to several maximum principles (Theorem 5.2 and Corollary
5.1).

Throughout this paper, we use the following notations: For a,b € R, a A b := min{a, b}
and a V b := min{a,b}. We denote by B,(E) (resp. Cp(F)) the space of bounded Borel
functions (resp. the space of bounded continuous functions) on E.

2. Preliminaries

Let E be a locally compact separable metric space and m a positive Radon measure on
E with full topological support. Let d be a point added to E so that E5 := E U {0} is the
one-point compactification of E. The point d also serves as the cemetery point for E. Let
(€, D(E)) be a symmetric regular Dirichlet form on L*(E;m). A function f on E is said to
be locally in D(E) (denoted as f € D,.(£)) if for any relatively compact open set G of E
there exists an element f; € D(E) such that f = f; m-a.e. on G. Let D.(€) be the family
of m-measurable functions f on E such that [f| < co m-a.e. and there exists an £-Cauchy
sequence {f,} >, of functions in D(E) such that lim, .« f, = f m-a.e.. We call D (€) the
extended Dirichlet space of (£, D(E)).

Let X = (Q,F,5,X,,P,,{) be the m-symmetric Hunt process on E generated by
(&,D(E)). Here F and F; are the minimal (augmented) admissible filtration of X and ¢
is the lifetime of X, ¢ := inf{¢ > 0 | X; = d}. Here and in the sequel, unless mentioned other-
wise, we use the convention that a function defined on E takes the value O at 0. Let denote
by {P;}r=0 and {R,}.>0 the transition semigroup and the resolvent of X which are defined by

P f(x) = Ex[f(X)], Rof(x) = fo e P f(x)dr.

Throughout this paper, we always assume that X satisfies the following properties:
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(I) (Irreducibility): If a Borel set B C E is P,-invariant, that is, P,(1zf) = 1gP;f m-
a.e. for any f € L2(E;m) N B,(E) and t > 0, then B satisfies either m(B) = 0 or
m(B°) = 0.
(RSF) (Resolvent Strong Feller Property) : R,(B,(E)) C C,(E) for any/some a > 0.
The process X is said to satisfy the absolute continuity condition ((AC) in abbreviation) if the
transition kernel p,(x, dy) of X is absolutely continuous with respect to m, that is, p,(x, dy) =
pi(x,y)m(dy) for any x € E and ¢ > 0. Under (AC), there exists a non-negative jointly
measurable a-order resolvent kernel R, (x, y) defined for all x,y € E and @ > 0. Moreover,
R,(x,y) is a-excessive in x € E and in y € E (see Lemma 4.2.4 in [10]). Since o +—
R, (x,y) is decreasing for each x,y € E, one can define 0-order resolvent kernel Ry(x, y) :=
lim,_,g R,(x,y) provided X is transient. We simply write R(x,y) for Ro(x,y) and call the
Green function of X. For a non-negative Borel measure v, we write

Rov(x) = fE Ra(x, y)v(dy)

and Rv(x) := Ryv(x). In particular, R, f(x) := R,(fm)(x) for any f € B,(E). We remark that
(RSF) implies (AC).

A Dirichlet form (&, D()) on L*(E;m) is said to be transient if there exists a bounded
m-integrable function g strictly positive m-a.e. on E such that

j;lflgdm <VE(, f), forany f e D(E)

([10, (1.5.6)]). A Dirichlet form (£, D(E)) on L>(E; m) is said to be recurrent if the constant
function 1 belongs to D,(£) and £(1,1) = 0 ([10, Theorem 1.6.3(iii)]).
A positive Radon measure v on E is of positive-order finite energy integral if

2.1 lev(x)v(dx) = ff R (x, y)v(dx)v(dy) < co.
E EXE

We denote by Sy(X) the set of all positive Radon measure of positive-order finite energy
integral ([10, (2.2.1)]). Let Spo(X) be the set of v € Syp(X) such that v(E) < oo and
sup,.p Riv(x) < oco. A positive Radon measure v on E of O-order finite energy integral
(v € §3(X) in notation) can be similarly defined by the validity of (2.1) with R(x, y) instead
of R (x, y) under the transience of (£, D(£)). Similarly, we also define Sé%)(X) with R(x, y)
instead of Ry (x, y).

An increasing sequence {K,}*, of compact sets is called a generalized compact nest if
for any compact set K, lim,_,, Cap(K \ K,) = 0. We call a non-negative Borel measure v
on E smooth if there exists a generalized compact nest {K,,}.” , such that v(E'\ Ume1 Kn) =0
and 1k, -v € Spo(X) (cf. [10, Theorem 2.2.4]). We denote by S(X) the family of all smooth
measures. A non-negative Borel measure v on E is said to be smooth in the strict sense if
there exists a sequence {E,} 7, of Borel sets increasing to E such that 1g,-v € Soo(X) for
each n and P,(lim, .o 0p\g, > {) = 1 forany x € E, where op\g, = inf{t > 0| X; € E\ E,,}.
We denote by S;(X) the totality of the smooth measures in the strict sense ([10, Section
5.1]).

A measure v € §1(X) is said to be of Dynkin class (resp. of Green-bounded) of X if for
some @ > 0, sup,p Ryv(x) < oo (resp. sup,.p Rv(x) < oo under the transience of X). We
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denote by S})(X) (resp. S})O(X)) the family of measures of Dynkin class (resp. of Green-
bounded). Note that every measure v € S})(X) is a Radon measure on E on account of
the regularity of (£, D(£)) and the Stollmann-Voigt inequality ([24, Theorem 3.1]): For
veSH(X)anda > 0,

22) fE Pdv < IRAwElf, f). f € DE),

where &,(-,-) := £(-,+) + (-,*)- This inequality also holds for f € D.(£),v € SEO(X) and
a=0.

A measure v € §1(X) is said to be in the Kato class (resp. extended Kato class) with
respect to X if limg—,c SUP, e Rev(X) = O (resp. limy 0 SUP . RyV(x) < 1) and denote by
S}{(X) (resp. S}EK(X)) the family of measures of Kato class (resp. of extended Kato class).
Clearly, Sk(X) c SL(X) c S},(X) and S}DO(X) c 5p(X).

Now we recall the notion of Green-tight measures of Kato class ([2, Definition 2.2]).

DEermniTiON 2.1. Suppose that X is transient. A measure v € S;(X) is said to be a Green-
tight measure of Kato class with respect to X if for any £ > 0 there exists a Borel subset
K = K(¢) of E with v(K) < co and a constant 6 > 0 such that for all v-measurable set B C K
with v(B) < 6,

sup R(1puk<v)(x) = sup f R(x,y)v(dy) < e.
BUK*®

xeE xeE

We denote by S(I:Kw (X) the family of Green-tight measures of Kato class with respect to
X. It is known in [2, Proposition 2.2] that SéKm X)csS bO(X) and SICKOO X)cs }<(X).
We say that a positive continuous additive functional (PCAF in abbreviation) in the strict

sense A} of X and a measure v € S;(X) are in the Revuz correspondence if they satisfy for
any t > 0, f € By(E),

ff(x)v(d)C) =T lim lEm [ft S(X5) dA‘;] :
E 10t 0

It is known that the family of equivalence classes of the set of PCAFs in the strict sense and
the family of positive measures belonging to S;(X) are in one to one correspondence under
the Revuz correspondence ([10, Theorem 5.1.4]).

Let (N(x,dy), H;) be a Lévy system for X, that is, N(x, dy) is a kernel on (E, B(E)) and
H; is a PCAF with bounded 1-potential such that for any nonnegative Borel function ¢ on
E X E vanishing on the diagonal and any x € E,

E, lz (X, X)) | = E, [ fo fE (X5, YN(Xs, dy) dH, |

s<t

To simplify notation, we will write

Ne(x) = fE #(x, y)N(x, dy).

Let yp be the Revuz measure of the PCAF H,. Then the jumping measure J and the killing
measure k of X are given by
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1
J(dxdy) = EN(X’ dy)up(dx) and «(dx) = N(x, {0)ug(dx).

These measures feature in the Beurling-Deny decomposition of £: for f,g € D (£),

E(f.9)=E(f.9) + (f(x) = f)g(x) — g(y)J(dxdy) + fE S(x)g(x)k(dx),

EXE

where £° is the strongly local part of £.

Lemma 2.1. The condition uy + N(Fo)uy € SII)(X) always implies (i + N(Fy)ug €
S}, (X).
0

Proof. For notational convenience, let AﬁV(FZ)“ o= fot N(F,)(X,)dH. Note that Mf 2=

Af 2 —Aiv(FZ)“ " is a martingale additive functional under N(F;)uy € S})(X). Denote by R* the

0-order resolvent of X*. Then

R (> + N(F2)un)(x) = E, [ fo e (A 4 AY <F”"”)]

e ) o L]
<E, [ f A dar f oA dAﬁV(Fz)uH]
0 0

_am Y
=1-E, [e 4 ] +E, f e Arszﬁv‘FZ”‘H] .
0
Since the third term of the last sentence is estimated by

oo F W F ! F
E, U e—ArsztN(F”“H] = lim E, f e—Assz"gV(FWH] = lim E, U e—szdA?]
0 t—o0 | Jo 1—o0 0

= limE, |’ A Fy(X, XS)}

—oo
L s<t

< limE, Z e_Airz (eFZ(X‘*’X“) - l)l

f—o0
L s<t

. _AfZ
< }Lrg E, Z -A (e )l

L s<t

+E,

[ F:
=limE,|1 —e_Asz] =1-E, [e_Afz] <1,

—00

we see that sup, .z R* (2 + N(F2)up)(x) <2 < co. O

Let us consider a bounded Borel function u € Djo(€) N C(E) satisfying g,y € S})(X).
In [16, Theorem 6.2(2)], we proved that the additive functional u(X;) — u(Xp) admits the
following strict decomposition:

(2.3) u(X;) —u(Xo) = M + N te[0,{[ P,as.forallxekE,

where M} is a square integrable martingale additive functional in the strict sense on the
random time interval [0, (] (see [4] for the definition) and N} is a continuous additive func-
tional (CAF in abbreviation) in the strict sense which is locally of zero energy. M} can be
decomposed as
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(2.4) M = M"™ + M" + M,

where M"/, M"* and M"* are the jumping, killing and continuous part of M" respectively.
Those are defined P,-a.s. for all x € E by [16, Theorem 6.2(2)]. Let 1, ,ufm, ,u{m and ,u’{u> be
the smooth Revuz measures associated with the quadratic variational processes (or the sharp
bracket PCAFs in the strict sense) (M"),, (M"<),, {M"J), and {M"*), respectively. Then

My (dx) = pai,y (dx) + ,u{m(dx) + g,y (d).

Note that E(f, f) = %vm(E) with vy = ,ufﬂ +u{f> + 2;1’<‘f> provided f € D,.(€).

3. Schrodinger forms and their related inequalities
Let us introduce a class of superharmonic functions:
MY = {h € Dioe(€) N C(E) | h > 0 and Pl < h}.
Assume that H% # 0. For h € H%, define the quadratic form (Q", D(Q")) on L*(E; h*m) by

{ D(Q") :={f € L*(E:h*m) | fh € D(Q)},

Q"(f.9) := Qfh.gh), f.g € DQ".

By a similar way of [26, Lemmas 2.3, 2.4 and 2.5], we can see that D(E) N Co(E) = D(Q) N
Co(E) = D(Q") N Cy(E) provided the condition (A)*. Here Cy(E) denotes the space of
continuous functions on E with compact support.

(3.1)

Lemma 3.1. Assume that (A)* and H? # 0. For any h € HY, the quadratic form
(Q", D(Q")) is a regular symmetric Dirichlet form on L*(E; h*m).

Proof. It is enough to show the regularity of (Q", D(Q")). We see by [15, Lemma 2.1]
that there exists C > 0 such that

CE(f, ) < Qulfo ) < CES. f), [feDE)

for some large @ > 0 and the generalized Feynman-Kac semigroup {P?}( forms a strongly
continuous semigroup on L>(E;m). From this fact and (3.1), the required regularity can be
easily derived under H% # 0. O

Let X" be the Hunt process generated by (Q", D(Q")). Clearly, X" is h*m-symmetric and
its semigroup {Pf"h}lzo and resolvent {Rﬁ,\’h}wo are given by

P () = B [LMFO)|, RY () = f CPM e dr,
0

where

an . h(X)
(3.2) LM o= e

and e4(7) is the generalized Feynman-Kac functional given by (1.1). Note that X" also
satisfies (I) because of the positivity of L?’h and (I) of X.

Let D,(Q") be the extended Dirichlet space of the regular Dirichlet form (Q", D(Q")).
Using D,(Q"), we define the extended Schridinger space D,(Q) by
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DuQ) = {f | f1h e D@}

We also give another definition of the extended Schrdédinger space D.(Q), the family of
m-measurable functions f on E such that [f| < oo m-a.e. and there exists a Q-Cauchy
sequence {f,}", of functions in D(Q) such that lim, ., f, = f m-a.e.. Note that Q is a
non-negative definite quadratic form on L?(E; m) under the (sub)criticality. For f € 5€(Q)
and the sequence {f,}” |, define é(f, f) =1lim, . Q(f,, f»). Then we see that (@, 56(Q)) is

well-defined. Moreover, by the same way as in the proof of [26, Lemma 2.8], we can show

that (Q, D,(Q)) = (Q, D,(Q)).

Now, the following proposition guarantees that Definition 1.1 is well-defined.

Proposition 3.1. Assume (A)* and Hf # 0. If (Q", D(QM)) is transient (resp. recurrent)
for some h € Hf, then (Q", D(QM)) is transient (resp. recurrent) for any h € Hf.

Proof. The proof can be similarly deduced by [26, Lemmas 4.1 and 4.2]. We address
here the proof for reader’s convenience. Note that since (Q", D(Q")) satisfies (I), it is either
to be transient or recurrent. For /; and A in Hf, let us suppose that (Q™, D(Q™)) and
(Q", D(Q™)) are transient and recurrent, respectively. Then, it follows from the transience
of (Q", D(Q™M)) and [11, Proposition 2.2] that there exists a bounded measurable function
g > 0 m-a.e. such that |[R4"¢||, < I and

fﬁwﬁmﬂﬁ%MWMﬂSWmﬂ for any f € D,(Q™).
E

By the definition (3.1), this is equivalent to

(3.3) ffzgdm <9O(f.,f), forany f e D, Q).
E

On the other hand, the recurrence of (Q"2, D(Q"?)) implies that 1 € D,(Q") and Q"2(1,1) =
0, equivalently, h, € D.(Q) and Q(h,, hy) = 0. Applying this fact to (3.3), we can conclude
that 1, = 0 m-a.e., which is contradictory. O

We say that an m-symmetric Hunt process X = (X;, P,) is Harris recurrent if m(B) > 0,
then Px(foDo 15(X,)dt = o0) = 1 for any x € E and B € B(E). Denote by B, o(E) (resp.
B;’O(E)) the set of bounded (resp. positive bounded) Borel functions on E with compact
support.

Proposition 3.2. If (Q, D(Q)) is critical, equivalently, (Q", D(Q")) is recurrent for some
h € HY, then there exist a strictly positive function g € L'(E; m) and a constant C > 0 such
that

1 2
(3.4) EffzgdmsQ(f,fHC(ff‘ﬁdm) [ E€DAQ)
E E

for any ¢ € B} (E) satisfying fE phdm # 0.
To prove Proposition 3.2, we need several lemmas:

Lemma 3.2. For any compact set K C E and 3 > 0, we have
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inf Rz(x,y) > 0.
nf (X, y)

Proof. First we note that for any 8 > 0 and x,y € E, Rg(x,y) > 0 by [13, Lemma 6.1].
For each fixed y € E, x = Rg(x, y) is B-excessive, hence it is lower semi continuous. Thus
forany y € E,

Jx(y) = inf Ry(x, y) = min Ry(x, y) > 0
holds. It is easy to see that for each z € E, aR,.5fk(2) < fx(2) so that

fx(@ = lim aRq.pfk(@) < fi().

Then we have 71((1) = limy 0 a/RaJrﬁfK(z), that is, ?K is B-excessive, hence it is lower semi
continuous under (RSF) of X. From this, we obtain the conclusion

;glg k(@) = xl,?e% Rg(x,2) > 0.

Indeed, since ?K < fx on E, fx(z) = 0 for z € K implies f,((z) = 0so that R,.4fk(z) = 0 for
any @ > 0. Thus we get fE Sx(WRa+5(z, y)m(dy) = 0 and hence fx(y) = 0 m-a.e. y € E. This
contradicts to fx(y) > O forally € E. O

Lemma 3.3. Let R|(x, y) be the 1-resolvent density of the time changed process of X by
the PCAF [) ¢(X,)ds, ¢ € B} (E). Then
inf Ri(x,y)> 0,
x,yelF
where F is the fine support of ¢ - m.
Proof. Let K be the compact support of ¢ - m. Then F' C K and the proof is quite similar
as in the proof of [26, Lemma 3.3] with Lemma 3.2. O
Lemma 3.4. Assume (A)* and Hf # 0. Forany h € Hf, the process X" satisfies (RSF).
In particular, if X" (or (Q", D(QM)) is recurrent, then it is Harris recurrent.
Proof. By a similar way as in the proof of [5, Lemma 3.2], one can show that

(3.5) lim supE, [|L*" - 1]| = 0.

t—0 xeE

Then for any f € B,(E) and «,8 > 0,
3.6 RS ~BRsRI ]|,

< |Ravr - pro"RA £+ B[R R — RoRE £

< |’R2’h f — aRARAN f”oo +B|RA | fo " b SUpE, ||~ 1) at
XE

Sﬁ_l”f”oo " HRg,hf“oo‘f(; e! sug E, [ L?/Z; - 1” dr.
XE

The last term in the right hand side above goes to 0 as § — oo in view of (3.5) and the
dominated convergence theorem. Hence we have Rﬁ’h f € Cy(E) because so is ,BR/gRé’h £
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which tells us (RSF) of X". The last assertion follows from the fact that any recurrent
symmetric Markov process satisfying (I) and (RSF) is Harris recurrent ([10, Lemma 4.8.1]).
O

Proof of Proposition 3.2.  The proof is similar to that of [26, Corollary 3.5] under
Lemma 3.3 and Lemma 3.4. Indeed, following to the arguments for proving [10, Theorem
4.8.2(ii)] (or [17, Theorem 2.1])), we can establish the following Poincaré type inequality
for the Harris recurrent Dirichlet form (Q", D(Q")) for some h € H% : for any ¢ € By, o(E)
satisfying fE ¢dmy, # 0 (my, := h*m), there exists a strictly positive function g € L'(E;my,)
such that

2
f{ Mdm ffasdmh) gdm, < Qf. f), feD.Q"),
E h

equivalently,

2
fE[v - fﬂpﬁ nga dm) gdm < Q(v,v), veD,(Q)

forv = fhand ¢ = ¢ph € By o(E). Then the inequality (3.4) can be induced by the same way
as in the proof of [26, Lemma 3.3 and Corollary 3.5]. m|

Proof of Theorem 1.1. By Lemma 3.4, the process X" satisfies (I) and (RSF) for any
h € H!. So the Dirichlet form (Q", D(Q")) of X" is either transient or Harris recurrent.
Hence, the former and the latter imply (1) and (2) of the present theorem in view of (3.3)
and Proposition 3.2, respectively. |

4. Analytic characterizations of criticality and subcriticality for Schrodinger forms

4.1. Girsanov and Feynman-Kac transforms. Fix a function u € Dj.(£) N Cp(E) with
My € St (X). In [16, Theorem 6.2(2)], we proved that the additive functional u(X;) — u(Xo)
admits the following decomposition in the strict sense:

u(X)) — u(Xo) = M™ + M + M™ + N*, 1€[0,]

P,-a.s. for all x € E. Then, there exists a purely discontinuous locally square integrable local
martingale additive functional MY on [0, £[ such that AMY = U(X,_, X;) = u(X,-) — u(X,),
t € 0,[ Py-as. for all x € E (see [5, Lemma 3.1]). Moreover, MtU is given by

MY =M™ + M

Therefore, there also exists a purely discontinuous locally square integrable local martingale
additive functional Mfu‘l on [0, ][ such that AMfU‘1 = eU&-X) _ 1 ¢ € [0, [ Py-a.s. for
all x € E. Mfu‘l is given by

!
M = MU Z ¥ -U-D(X,_, X,) - f N@EY - U - )(X,)dH,, t<{.
0

O<s<t

Put M, := M¢ ! + M;"“ and let U, := Exp(M), be the Doléans-Dade exponential of M,,

t
that is, U, is the unique solution of
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!
U =1 +f Us_dM;, t<{, Py-as.
0

Note that U, is positive and a local martingale on [0, [[. Therefore it is a supermartingale
on [0,Z[. In particular, U,y is a supermartingale with E,[U;1,.] < 1 for all x € E.
Moreover, U, can be represented as

! 1
4.1 U, = exp (MtU + M~ f N(eY — U - 1)(X,)dH, — §<M“’C>,), t<{.
0

by a similar way as in the proof of [14, Theorem 3.1]. In addition, we also note that U, can
be defined for ¢ € [0, oo[ P,-a.s. for all x € E provided p,, € S E(X) ([14, Proposition 3.1]).

Let U = (X,, P)LC’) be the transformed process of X by U,. Then U is an e‘zum—symmetric
Hunt process on E (cf. [14, Theorem 3.1] or [6, Lemma 3.2]).

Let X* = (X;, P}) be the subprocess of X killed by e~ =A"  Note that X* is a transient
and irreducible Markov process and its Lévy system is given by (e ">*¥ N(x, dy), H;). We
denote by (£*, D(E*)) the associated Dirichlet form of X* on L?(E; m).

Let U* = (X,, PY") be the transformed process of X* by the supermartingale multiplicative
functional U; defined by

- |
(42) U’ =exp (M}f + M — f N(e P2V = U - 1)(X,)dH, - §<M”")[), t<<.
0

The functional U; plays the same role for getting U* from X* as U, does for getting U
from X. Let (€Y7, D(£Y")) be the Dirichlet form on L*(E; e~*m) generated by U*. Then, it
follows from [14, Theorem 3.2] that D(EY") = D(£*) = D(E) and for f € D(EY)

. 1
eV () =5 fE TN CE)

+ (f(x) = f(y) e O ORI N(x, dy)up(dx) + f F(0)*e™ Di(dx).
E

EXE

From this expression and the boundedness of u and F, we see that £ U" < &*, that is, there
exists a constant C > 0 such that for f € D(E)

(4.3) CEf. ) < VS, f) < CE(S. /).
By [13, Lemma 4.1 and Corollary 5.1(3)], we have the following:

Lemma 4.1. Assume that p, € S}((X*). Then the following hold.
(1) Forv e SL(X"), ey € S1,(U").
(2) Forv € SL(X"), ey € SL(U").
(3) Forv € Sp(X*), e v € S, (U").
(4) Forv e Sgy (X), ey € Sy (U*) provided ) € Sgy (X¥).

Let Y* = (X, PY") be the transformed process of U* by the supermartingale multiplicative
functional Y; defined by

4.4) Yt* = exp(— ftN(eU—Fz (eFl _ 1))(XS)dHS+A;:I), 1< <.
0

Note that Y* is also an e~?*m-symmetric Hunt process on E, because it is the transformed
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process induced by a pure jump Girsanov-type transform. Let (€Y, D(EY")) be the Dirichlet
form on L*(E; e~*m) generated by Y*. Then D(£Y') = D(EV") and E'" can be expressed as

@) €GN =" Gn+ [ PN (e 1))

= | FQ@f e OO (N0 - 1) N(x, dy)p(d)
EXE

(cf. [3]). In the sequel, we denote the semigroup and the resolvent of the process X* (resp.
U, Y*) by {P}}iz0 (resp. {PY }iz0, {P] }i20) and {R}}o>0 (resp. {RY }os0. {RY }as0), respec-
tively.

Consider the generalized non-local Feynman-Kac transforms by the additive functionals
Al := A+ AT+ N" of the form

eq(t) :=exp(AD), t>0.

Then we see that for gy + N(F)uy € SH(X*)
(4.6) eqi(f) = XU U; exp (A,Vf + Af ‘) = HXD-ul) Y, exp (A?),

where

Vi =+ N(e_F2 (eU -U- 1)),uH + %,ufm and n=v,+ N(eU_F2 (eF‘ - 1))/1H.

Lemma 4.2. Assume that u; + N(F\)uu + tuy € SICKDO(X*) and py + N(Fy)uy € S})(X).
Then e~y € SICKOO (Y").

Proof. First, we note under the assumptions that v} € Sg,, (X*) and N(eV "> ("' = 1))uy €
SlCKm(X*) by the boundedness of u and F. Then we see n € SlCKw (X*), and hence e 2“5 €
Sex_(U*) by virtue of Lemma 4.1(4). We prove Sg (U*) C Sg (Y*). Recall that U* is
obtained from X* by the supermartingale multiplicative functional U; under X*. Applying
[13, Corollary 5.1(3)] to the transient process X* with p,y € Schm(X*), one can get

(4.7) e (ugy + N(FDun) € Six (U”).

Now, let us consider the supermartingale mulitiplicative functional ¥ of X defined by

Y; =Exp(Z(eF‘ - DX Xo) = f N(e" —1)(Xs)stJ
0

s<t
!
:exp(Afl - f N(e! —1)(XS)dHS).
0

Then we have Siy, (X) C Sg (Y') under N(F1)up € Siy_(X) by [14, Corollaries 5.1(3) and
5.2(2)], where Y! is the transformed process from X by Y. From this observation, we can
see the following fact that the supermartingale multiplicative functional ¥; under U* plays
the same role so that S5, (U*) C Si (Y*) under (4.7) by applying [14, Corollaries 5.1(3)
and 5.2(2)] from U* to Y*. The proof is complete. O

For v := vi — v, € S1(X) — §1(X), define the semigroup (not necessarily Markovian)
{Plv’F }so and the resolvent (R} 0 : for f € By(E)
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PYFf() = B 0], R f) = f e
0

Lemma 4.3. Assume that v; + N(F)ug € S}((X) fori = 1,2. Then there exists ayg > 0
such that for any @ > ay and f € By(E), R:F f € Cy(E). In particular, if vi = Fy = 0, then
the assertion holds for any a > 0.

Proof. By Khas’minskii’s lemma, we see that for sufficiently small 7 > 0,

1
— . (i=12),
1 - sup,ep B [A] + [[ N(G)(X,) dH]

(4.8) sup E, [Exp (A" + AG")I] <

Here Exp(A), denotes the Stieltjes exponential of a PCAF A and G; := ef' — 1 (i = 1,2).
Vi F;
Clearly Exp (A"" + ACi )t = M+’ Then we have

Exp (4™ +A%) - 1”

. viAF . V1, 4 F1 v2  4F2
lim sup E, “eA' A 1” <limsupE, “eA' AT AT
-0 (cp =0 xeE

< limsupE, [

Exp (A"‘ + AG‘>[ - 1” +limsup E,

=0 yep =0 xeE
=0
by (4.8). Now the assertion follows from [18, Corollary 5.1]. O

Lemma 4.4. Assume that p; + N(F\)pu + tuy € S'CKDO(X*) and py + N(Fo)uy € S}<(X).
Then, the processes U* and Y* satisfy (RSF).

Proof. In view of Lemma 4.3 of X, the killed process X* satisfies (RSF) under u, +
N(Fo)uy € S}<(X). Moreover, by a similar way of (3.5) and the estimate (3.6), we can show
that

limsup E[|U; - 1]] = 0

=0 xeE
and for f € By(E) and a,3 > 0, |RY f —,BR;Rg*flloo — 0 as 8 — oo. From this fact, we see
that U* satisfies (RSF). On the other hand, both e 2“N(eV=F2(ef' — 1))uy and e 2 N(F))uy
belong to S }((U*) by virtue of Lemma 4.1(2) and the boundedness of u and F. Then, by
applying v, = N(eV="2(ef' — 1))uy to Lemma 4.3 with U* as the underlying process, we see
that there exists @y > 0 such that for any @ > a¢ and for f € By(E), R(Z* f € Cp(E), which
implies (RSF) of Y*. |

4.2. Analytic characterzations of criticality and subcriticality. Define the bottom of
the spectrum of the quadratic form (Q, D(Q)) by

(4.9) A%(n) := inf {Q(f,f) ’ fe D(Q),ffzdn = 1}-
E
Let g4 be the gauge function defined by

(4.10) ga(x) :=E;[ea1 ()] .

It is known by [15, Theorem 1.4] with Lemma 2.1 that g4 is bounded if and only if /IQ(,T[I) >
0, where i} := u; + NV — U — Duy + %yfw. In addition, the boundedness of g4 is



GENERALIZED SCHRODINGER FORMS AND MAXIMUM PRINCIPLES 745

also equivalent to 12(57) > 0 because i is absolutely continuous with respect to 1 (cf. [15,
Corollary 1.1]).

Proposition 4.1. Assume that iy + N(F )y + iy € Sq (X)) and piz + N(Fy)py € Si(X).
If A2(n) > O, then the Schrodinger form (Q, D(Q)) is subcritical.

Proof. Let g4 be the gauge function defined in (4.10). First, we prove that g, € H%. It
is easy to check by the Markov property of X* that the function g, is P?-excessive, that is,
Png(Jg) T ga(x) as t — 0 (cf. [26, Lemma 5.2]). Put ga(x) := e"WE [eq1()e " ¥)] =
Ef: [eAf ]. Then, by a similar way as in the proof of [26, Lemma 5.3], it holds that

(4.11) Ga() = 1+ R (e7Gan) (v).

Note that RY (e72g4n) is bounded under 12(57) > 0, because so is g4 by the boundedness of
ga and u. By using a similar way of (3.5) and the estimate (3.6), we see then ||[RY (e 2“g,n) -
BRY R (e7'gan)llss — 0 as B — co, which implies that R" (e7*'gan) € C(E) because so is
RY(RY (e *g4n)) by (RSF) of U* proved in Lemma 4.4. Therefore we have g4 € C(E) in
view of (4.11) and the continuity of u. Moreover, similarly to the proof of [12, Lemma 4.2],
we can show that RY (e72“gan) € Dioe(EY) = Dioe(E), As a consequence, gs € Dioe(E).
Hence we can conclude that g4 € Djo.(E£) N Cp(E).

Next, we prove the transience of (Q%, D(Q9)). We note that the transformed processes
U* and Y* satisfy (I) by the positivities of (4.2) and (4.4), and (I) of X*, respectively. It
follows from (4.3) that D(EY") = D(£*) and £Y" = £*. Then we see that (EYV", D(EY ) is a
transient Dirichlet form on L?(E; e *m). Moreover, since the Dirichlet form £7 in (4.5) can
be expressed as

eV N =N+ % f (f(x) = f(y))? e OO (P00 — 1IN(x, dy)pap(dx)

EXE

for f € D(EY)(= D(EY)), one can also get eV < g by the boundedness of u# and F again.
Therefore we see that (£¥', D(€Y")) is also a transient Dirichlet form on L*(E; e~**m). Under
this transience, we can take a positive bounded e~?m-integrable function g such that

(4.12) f FPgdm < EV (fe", fe"), feDE).
E

On the other hand, since

Quf.N) = evse g - [ i [ oot (e - NG dypanta
E E

XE
— gU*(feu’feu) _ fde(VT + N(eU—Fz (eFl _ 1)),11_1)
E
+ % f ((fe")(x) = (fe")y))* e OOl (0D DN (x, dy)pp(d)
EXE

by virtue of (4.6), we have
(4.13) Q(f,f)=5Y*(f€",f€”)—ff2d77-
E

Then the bottom of the spectrum A9(z) can be written as
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AQm):inf{eY*(fe",fe“)— f fzdn‘fev(ey*), f frdn = 1}
E E

by applying (4.13) to (4.9), which implies that £¥" (fe, fe*) > (1%(n) + 1) fE f2dn. From
this with (4.12), we have

o.n =" e s~ [ fran B [ fgam
A%+ 1
Let
- 2n) - g
g =
J@2o + 1) [ gg3dm

Then, we see that for f € D(Q%), equivalently, for g4 f € D(Q)

/19( )+ 1
which implies the transience of (Q9, D(Q%)). O

Q
QU (S, f) = Qgaf.gaf) = — D f f ggAdm>( f |fr*gAdm) ,

Proposition 4.2. Assume p1 + N(F1)puy + iy € S k.. (X)) and o + N(Fo)pp € S| «X). If
A2(n)) = 0, then the Schrédinger form (Q, D(Q)) is critical.

Proof. As we have already seen in the proof of Proposition 4.1, the process Y* (or £V")
is transient and satisfies (I). Moreover, Y* also satisfies (RSF) by Lemma 4.4. In addition,
e2'n € S{x_(Y*) by Lemma 4.2. Note that A°(;7) can be written as

fe De(ey*),fﬁdn = 1}.
E

Then, it follows from [25, Theorem 2.1] that there exists a minimizer iy € D,(EY") of (4.14)
(equivalently, of (4.9)), namely a ground state of (£ Y D(EY)), that is,

(4.14) %) + 1 = inf {8“( fe", fe")

(4.15) A°) + 1 = Y (hye", hoe"), and f hidn=1.
E

Now, define h(x) := RY (e ?*hon)(x), a version of the minimizer k. Then, by a similar way
of Section 5.2 in [26], we can see that h € H%'. The function 4 belongs to D.(Q)(= D,(E""))
and Q(h, h) = E"" (he", he") - [ h* dny = 0, equivalently, 1 € D,(Q") and Q"(1, 1) = 0 which
implies that (Q", D(Q")) is recurrent. o

Remark 4.1. The conditions on measures imposed in Proposition 4.2 is milder than the
previous one due to Li [20] even if we restrict ourselves to dealing with only non-local
perturbations.

Proof of Theorem 1.2. Note that if 12(57) < 0, then H4 = 0. Indeed, if H{ # 0, then
we can take a function s € Hf such that Q(f, f) = Q"(f/h, f/h) > 0 for any f € D(Q), and
thus A2(n7) > 0. From this fact with Propositions 4.1 and 4.2, we can finish the proof of the
theorem. |
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5. Maximum principles related to genenalized Schrodinger forms

In this section, we study some maximum principles related to the generalized Feynman-
Kac semigroup by using the criticalities of generalized Schrodinger forms obtained in the
previous section. In a series of papers [28], [29], [30], Takeda investigated an analytic con-
dition for several maximum principles for Schrodinger operators with local perturbations.
We partially extend his results to the case of generalized Feynman-Kac perturbations.

First, let us consider a condition for the Green kernel to satisfy generalized Ugaheri’s
maximum principle in terms of the spectral function 19(1).

Theorem 5.1. Assume that (1, + N(F)up + py € S]CKW(X*) and iy + N(F)uy € S}<(X).
Let v be a positive Radon measure with compact topological support S,. Then the following
hold:

(1) If 22(5)) > O, then there exists a constant C > 0 such that

sup RYv(x) < C sup RAv(x).

xeE xeS,

(2) If %) = 0, then for any a > 0 there exists a constant C > 0 such that

sup R1v(x) < Csup Rv(x).

xeE x€S,

Proof. (1): Let g4 be the gauge function defined in (4.10). As we showed in the proof of
Proposition 4.1, g € Hf and (Q94, D(QY4)) is transient. Moreover, by virtue of [ 14, Lemma
4.9] and (4.6)

0< e‘z”“”‘”Ef [eAZ] < e‘“(")E;’* [eAZe”(Xf*)] =E;[eq ()] = ga(x) < sug ga(x) < o
XE

under the assumptions. Then since R = gaR*9(v/g,), we have

sup R*v(x) < sup ga(x) - sup R*4(v/ga)(x) = sup ga(x) - sup R* (v/ga)(x)

xeE xeE xeE xeE x€S,

Sup,cg ga(x) A
— e sup R v(x)
inf e, ga(x) x€SFV)

RA v(x)) <

1
= sup ga(x) - sup (
ga(x)

xeE x€S,

< Csup R*v(x).

xeS,

Here we used in the first equality the Frostman’s maximum principle for the resolvent R4-94
of X9, that is, sup,cp R*9*v(x) = sup,.g R*94v(x) ([19]).
(2): Let @ > 0. In this case, one can express that

RAv(x) = EI [ fo e—“’“‘r‘dA;] =E/ [ fo e/?fdA,”],

where ;l: = A? —at. Since A9(5—am) > 19(5)) = 0, the gauge function EV [eZl ] is bounded.
Thus, so is ga_, because

Ga-a(¥) = B} [en (e ] = e VR [e&el,(xg_)

< Al gY [ eAg]

in view of [14, Lemma 4.9] and (4.6) again. Moreover, similar to the proof of Proposition
4.1 we can see that g4, € Hf. Then, the assertion can be obtained from the proof of (1)
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with g4—_,. Now, consider the case @ = 0. In view of the proof of Proposition 4.2, the
assumption A2(57) = 0 implies that there exists a strictly positive function # € H% such that
X" (or (Q", D(Q"))) is to be recurrent. Hence X" is to be Harris recurrent by Lemma 3.4.

Then we have
00 00 1
R*v(x) = E, [ f eA'dAV] = h(x)EM [ f dAV] = 00
0 ' *ldo h(Xp) !

forany x € E. o

Next two lemmas are used to show the equivalence between several maximum principles
and the analytic condition of subcriticality for genenalized Schrodinger forms.

Lemma S5.1. Assume py + N(F)ug + oy € SICKDO(X*) and 1 + N(Fy)uy € S}((X). If
A9(1)) > 0, then for h € D,(Q)

Qhg) = lim B (h = pRih.¢) . forany ¢ €DQ).
Proof. We note that for any f € D.(£) and v € D(E)
(5.1) Ef,0) = lim B(f = BRof.0),

([29, Lemma 3.13]). By Definition 1.1 and Theorem 1.2, the condition 19(1) > 0 is equiv-
alent to H% # (. Taking g € H* and applying (5.1) to f = h/g, v = ¢/g and € = QY, we
have

Qh,¢) = Q%(h/g,¢l9) = lim (h/g = BRy*(h]9). ¢]9) ,, = lim (1= R, o)

g*m m

for any ¢ € D(Q). |

Lemma 5.2. Assume M1+ N(F])/JH + My € Sé‘Km(X*) and M2 + N(FQ),L[[_] S S}((X) If
A2(1)) < 0, then for there exists a positive function h € D.(Q) N Cy(E) such that

Q(h, ) =0, forany ¢ € D(Q)NCy(E).

Proof. First, suppose 12() = 0. In this case, there exists a version of the minimizer
hy € D.(Q) of (4.14) (or equivalently, (4.9)) which is strictly positive bounded continuous
and satisfies P;‘hl = hy (hence ,BRghl = hy for B > 0), in view of the proof of Proposition
4.2. Then the assertion of the present lemma follows from Lemma 5.1. Next, suppose that
A9(17) < 0. Put A := 22(n) + 1. Then, by (4.14), one can see

(5.2) inf {sY* (fe", fe*)

feDJET), f Ay = 1} =1
E

which implies that 12(An) = 0. Thus we see from the first case above that there exists a
strictly positive bounded continuous function i, € D,(Q), a version of the minimizer of
(5.2). Note that the relation between /; and &, is given by h; = ﬁhz. Hence Pfhz = h, and
the assertion holds in view of Lemma 5.1 again. |

Let us introduce three function spaces on E defined by
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SH{ ={h € B(E) | his bounded above, P'h > h, Vit 2 0},

SHj = {h € D.(Q) N C(E) | h is bounded above, P{h > h, ¥t > 0},

SH{ ={h € D.(Q) N C(E) | his bounded above, Q(h, ¢) < 0, Vg € D(£) N C3(E)}.
We define the maximum principle as follows :

(MP);,  Ifhe SHA, thenh(x) <Oforallxe E (i=1,2,3).

REmARK 5.1. Itis easy to see that (MP), implies (MP), because S Hf cS Hf‘. Moreover,
ifheS Hf, then i < ,BRgh (8 > 0), hence Q(h, ¢) < 01in view of Lemma 5.1. Therefore we
see that (MP); implies (MP),.

RemARK 5.2. A function in SH? is regarded as a weak subsolution to the formal
Schrédinger equation —£4u := —(L + Lu + u + ugF)u = 0, where F is a non-local lin-
ear operator defined by

Ffw = [0 DfgNGdy. e E.
E
In this sense, (MP); is more closer to the maximum principle analytically defined.

Theorem 5.2. Suppose that py + N(F1)pw + puy € SICKDO(X*) and pp + N(Fp)uy € S}((X)
holds. Assume further that X* is almost surely killed, that is,

Pi({ = ) = E, e_Agz_A?;{ =o|=0, xekE.

Then the following are equivalent:
(1) %) > 0.
(2) (MP); holds for anyi=1,2,3.

Proof. (1) = (2): In view of Remark 5.1, it suffices to show that 12(n) > 0 = (MP),
and (MP), = (MP);. The proof of the former assertion is already made in [13, Theorem
7.1]. To show the latter assertion, we shall prove SH5 C SH2. For h € SHY, let h, :=
he" v (—n), n € N. Define the functional InQ by

(5.3) 19(0) = —Q(hy, ) = —E (hye", pe*) + f hapdn, ¢ € D(Q)NCH(E).
E

Then I,? is a pre-integral for any n € N, that is, I%(¢,) | 0 for ¢, € D(Q) N Cg (E) such that
we(x) 1 0, x € E, as £ — co. Noting that the smallest o-field generated by D(Q) N Car (E)
is identical with the Borel o-field by the regularity of (£ Y* D(EY)), one can see that there
exists a positive Borel measure v such that

(5.4) 19(¢) = f edv™, neN
E

([9, Theorem 4.5.2]). We prove that e 2y e S,(Y*) for n € N. Let K be a compact
set of zero capacity. Then for a relatively compact open set D such that K C D, there
exists a sequence {¢;} € D(Q) N Car (D) such that ¢, > 1 on K and & v (@ee", pre") — 0 as
£ — oo ([10, Lemma 2.2.7]). By Lemma 4.2, 7%y € S]CKW (Y*), hence e %n € S'DO(Y*) (12,
Proposition 2.2]). Then by (4.13) and Stollmann-Voigt’s inequality (2.2)
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Qe o) < (1+ IR (7)) €Y (pre", gre) — 0, as € — oo
and from which with (5.3) and (5.4), we see that e v € S{"(Y*),n € N. This implies that
we can take a 0-order potential UY (e=2*v™) € D,(EY") such that
(5.5) L¢ dv™ = gV (UY*(e_Zuv(")), goe”) .
On account of (5.3), (5.4) and (5.5), we see then
v (UY*(e_zuv(")) + h,e", goe”) =& (UY*(e_zuhnn), goe”)

and thus UY (e72v™) + h,e* = UY (e ?*h,n), m-a.e. This relation implies ||[UY v"||,, < oo
because e ?“h,n € S})O(Y*). Then for a sequence {K;} of relatively compact sets increas-
ing to E, e ?1x,v™ is a finite measure in S(()O)(Y*) and ||UY (e 21, v™)|l < oo, that is,
| K[v(") € Sé%)(Y*). Consequently e 2™ e §,(Y") forn e N by virtue of [10, Theorem
5.1.7].

Note that the equation (5.3) leads us to

EY (hpe, pe*) = f @ (hydny — dv'™), o e DEY) N CL(E).
E

Applying this result to [10, Theorem 5.4.2], we have

Q)

ha(X;) = ho(Xo) = M — fo t ho(X)dAT + A", 1< ¢, PV -as. forany x € E,
where M’ is a square integrable martingale additive functional. Then by It&’s formula,
eA;]h,,(Xt) - h,(Xp) = f: eATde?" + j: eAszf”), t<{, Pf:*—a.s. forany x € E.
Put 7, = inf{r > O | A;’ > k}. Since n € S})O(X*), P’ (limy_,o 74 = o0) = 1. Hence
E; [ear(ti A Dy (Xep)e™ ¥ | = e "ORY [0y (X )]

. TN\t ) "
= e “Oh,(x) + e "WEY [f et dAY ]
0
> ¢ “Op,(x) for any x€E.

Letting k — oo and then n — co, we see that Pfh(x) > Pflh(x) > h(x) for any x € E by the
dominated convergence theorem, which implies that 4 € S Hf.

(2) = (1): Suppose 12(17) < 0. Then by Lemma 5.2, there exists a strictly positive
bounded continuous function & € D,(Q) such that Q(h, ¢) = 0 for any ¢ € D(Q) N Car (E),
which means that (MP); does not hold. O

In the rest of this section, we assume that (£, D()) is strongly local, that is, £(f,g) = 0
for any f,g € D(E) such that f is constant on a neighborhood of the support of g. In this
case, the Feynman-Kac semigroup (1.2) is given by

(5.6) PAf(x) = Eea)f(X)]  with eq(r) = exp(N; + AY).

Let Q be the symmetric quadratic form associated with (5.6). Then by virtue of (1.3)
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Q(f. ) = E(f.g) + Eus fo) - fE F)g00 u(d).

Consider a sequence {x,}°, C E such that lim,_,« x, = d and lim,_, P, ({ > &) = 0 for
any € > 0. We denote by S the family of such sequences. Then we see under the condition
My + M1 € S}((X) that if h € SH%, then lim,,_,, h(x,) < O for any {x,}2, € S. Indeed, it

holds that there exists p > 1 such that sup, ., Ex[ef"(Nf¢+A¢)] < oo forasmall r > 0 ([8, Lemma
3.1]). Hence, for {x,}> € S,

(5.7) [im h(x,) < Tim PPa(x,) < 17|l Tim E,, [ea()1ien]
n—oo n—oo n—00
u 1 —_—
< |||l sup E [e”(Nf +A17)] "” fim P, (. >nP VP =0
xeE n—00

Let us introduce another function spaces on E:

SH, = {h € Dioo(Q) N C(E) | his bounded above, PLh > h, Vi > 0],

h is bounded above, Q(h, ¢) < 0, Vo € D(E) N C;(E) }

—A
S =1{h € Dy NCE) | =
H, { € Dioc(Q) NC(E) limy, e h(x,) < O for any {x,} €S

Now, let us define another maximum principle by
(MP), Ifhe SH| thenh(x)<Oforallxe E (i=2,3).
In particular, we call (Wh the refined maximum principle (cf. [1], [28]).

Corollary 5.1. Under the same assumptions of Theorem 5.2, the following are equiva-
lent:
(i) %) > 0.
(i) (MP); holds for any i = 2, 3.

Proof. By the same argument as in the proof of (1) = (2) in Theorem 5.2, one can show
— A T —A — A
that SH; C SH,. Moreover, SH{ = SH; in view of (5.7). Then we see that

A_ oA - A

Now the assertion is an easy consequence of the inclusions above and Theorem 5.2. |

ReMARk 5.3. Let X = (X,,P,) be a Brownian motion on R, a typical irreducible strong
Feller process of resolvent. The associated Dirichlet form on L*(R) is (H'(R?), D), where
H'RY) = {f € L*(RY) | [Vf] € L*(RY)} and D is the classical Dirichlet integral on R,
D(f.g) := [., Vf(x) - Vg(x)dx. Fix a bounded function u € H; (R?) N C(RY).

Let D be a regular domain of R with respect to X (see [7] for the defintion). The ab-
sorbing Brownian motion X = (X, P? ,Tp) (or the part process of X on D) is defined as
the process killed upon leaving D. Here 7p = inf{tr > 0 | X, ¢ D}, the first exit time
of X, from D. It is known that X, is a transient irreducible strong Feller process of re-
solvent on D ([7]). Let Rp(x,y) be the Green function of Xp. We say that D is Green-
bounded if sup fDRD(x, y)dy = sup,.p E,[tp] < oo, equivalently m € S}JO(XD), where
m is the d-dimensional Lebesgue measure on D. Suppose that v(dx) = n(dx) — ux(dx) :=
(%qul2 + p1)(dx) — up(dx) satisfies the following condition:
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d =1, D isbounded and |v|(D) < o or,
(5.8) d =2, D is Green-bounded and |v| € S}((X) with |[v|(D) < oo or,
d>3, |V eSLX) with V(D) < .

Then we can see |v| € SlCKw (X) (see [15, Example 4.1]). Hence, Corollary 5.1 implies the
following equivalence:

12°() >0 < (MP); holds,

where
1
A% () = inf{QD<f, ) I feCyD), f f(x)? (§|Vu|2 +m) (dx) = 1}
D

with Qp(f, f) := 3Dp(f, f) + §Dp(f%u) — [, f*du and Dp(f,g) := [, Vf(x) - Vg(x)dx.
Moreover, if D is Green-bounded, then the condition 12”(57) > 0 is equivalent to

A92(m) = inf {Qn(f > )

feCyD), f fxPm(dx) = 1} >0
D

in view of [15, Corollary 1.2]. Hence we have

(5.9) A2°(m) > 0 < (MP); holds.

Note that the result (5.9) can be regarded as an extension of [1, Theorem 1.1] (or [29, Ex-
ample 4.4]) in which the authors proved (5.9) under 1 = 0 and m(D) < oo.
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