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Abstract
In this paper we study the behavior of the total energy and the L?-norm of solutions of two
coupled hyperbolic equations by velocities in exterior domains. Only one of the two equations
is directly damped by a localized damping term. We show that, when the damping set contains
the coupling one and the coupling term is effective at infinity and on captive region, then the
total energy decays uniformly and the L>-norm of smooth solutions is bounded. In the case of
two Klein-Gordon equations with equal speeds we deduce an exponential decay of the energy.

1. Introduction and statement of the results

Let Q be a domain of RY, d > 2. We denote by A the Laplace operator on Q with
Dirichlet boundary condition. We consider the following hyperbolic equation with localized
linear damping

8,2u —Au+mu+ax)0u=0 inR, xQ,
(1.1) u=20 onR, xT,
(u(o’ ')7 alu(09 )) = (UO, ul) in Q?

where a € L*(Q) is a nonnegative smooth function and m € R.. It is easy to verify that the
energy given by

(1.2) E, (1) = % fg 10,u(t, X)I* + |Vu(t, x)]* + mlu(z, x)* dx,

is non-increasing and

E,(0) = f f a()|0,u(t, x)I> dxdt + E, (1), t > 0.
0 Q

When m = 0, the stabilization problem for the linear damped wave equation has been
studied by several authors. More precisely, when € is bounded, the uniform decay of the
total energy is equivalent to the geometric control condition of Bardos et al. [7]. On the
other hand, if Q is not bounded then, in general, the decay rate of the total energy cannot be
uniform. Indeed, in the whole space,i.e. Q = R¢, Matsumura [19] obtained a precise L” — L9
type decay estimate for solutions of (1.1), when a(x) = 1,

1

(1.3) E ) < C(1 + 4G22,
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(1.4) (e, N2, < C(1+ 1y 9212,

where C is a positive constant, i € [1,2] and I7 = [|uo|[?,, + llu1[I7, + lluol17; +[lu1][?,. The proof
in [19] is based on a Fourier transform method. In the case of exterior domains and when
a(x) = a” > 0on Q, it is easy to show that the weak solution u of the system (1.1) satisfies

(1.5) E ()< C(1+ 7' and |lu(@)|l?, < CL5, forall ¢ > 0.

In [20], Nakao obtained the estimate (1.5) for a damper which is positive near infinity and
near a part of the boundary (Lions’s condition). Daoulatli in [11] generalized this result by
assuming that each trapped ray meets the damping region which is also effective at infinity.
Recently, Aloui et al. [6] established the uniform stabilization of the total energy for the
system (1.1) when the initial data are compactly supported. They proved that the rate of
decay turns out to be the same as those of the heat equation, which shows that the effective
damper at space infinity strengthens the parabolic structure in the equation.

In the case m > 0, the energy (1.2) contains the L?> norm. Then, using the semi-group
property, the type of decay (1.5) implies the exponential one

(1.6) E (1) < Ce™E,(0), forallt > 0,

where C, 0 are positive constants. In [23] Zuazua considered the nonlinear Klein-Gordon
equations with dissipative term and he proved the exponential decay of energy through the
weighted energy method. This result has been generalized by Aloui et al. [5] for more
general nonlinearities. We refer the reader to the works of Dehman et al. [9] and Laurent et
al. [14] for related results.

In this paper we will study the stabilization problem for a system of two coupled hyper-
bolic equations in exterior domains. More precisely, let O be a compact domain of R with
C* boundary I' = 40 and Q = R\O

Pu— Au+ myu + b(x)d + a(x)du=0 inR, xQ,
8,21) - yzAv + mov — b(x)0u =0 inR, xQ,
(L.7) u=v=0 onR, xT,
(0, .), 0,u(0, .)) = (uo, uy) in Q,
(0, .), 0,00, .)) = (vg, v1) in Q,

where b € L™ (Q) is a smooth function, m, m, € R, and v is a positive constant.

Indirect damping of reversible systems occurs in several applications in engineering and
mechanics. In general it is impossible or too expansive to damp all the components of the
state, so it is important to study stabilization properties of coupled systems with a reduced
number of feedbacks.

We associate to the system (1.7) the energy functional given by

1
Evo(t) =3 f IVu(t, )1 + 10,u(t, x)* + mylu(t, ) dx
Q
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1
+5 f YVAVu(t, )I* + [00(t, x)I* + malu(t, X)* dx.
Q

2
Let H = (H Q) x L2(Q)) be the completion of (C{(€2))* with respect to the norm

1
2 2 2 2 2 2 2 2
w0, wr, wa, w3l = ( f Vwol” + Y2 [Vl + mylwol® + malwal® + lwy[* + w3 dx)’.
Q

The linear evolution equation (1.7) can be rewritten under the form

U, + AU =0,
(1.8)
U0)=VUyeH,
where
u up
U= oiu Uy = u
v 12
N)) vy

and the unbounded operator .A on H with domain

D(A) ={U e H, AU € H}

is defined by
0 —-1d 0 0
A= -A+mld a 0 b
B 0 0 0 -Id|
0 b —y’A+mpld 0

From the linear semi-group theory, we can infer that for U € H the problem (1.8) admits a
unique solution U” € C([0, +oo[, H).

n

In addition, if U € D(A"), for n € N, then the solution U" € ﬂ C" (R, D(AY).
i=0

It is easy to verify that

(1.9) iEu,y(r) =— f a(x)|0,u(t, x)|* dx.
dt o

Thus E, ,(?) is decreasing with respect to time.
For bounded domain, Kapitonov [13] considered the case of equal speeds (y = 1) and
proved, under some geometric conditions, the uniform decay

(1.10) E,o(t) < MePE,,(0), forallt >0,

where M, 8 > 0. In [3], Ammar et al studied the indirect stability of system (1.7) in the case
of one-dimensional space and when a and b have disjoint supports. More precisely, they
established that the “classical” internal damping applied to only one of the equations never
gives exponential stability if y # 1 and for the case y = 1 they gave an explicit necessary and
sufficient conditions for the stability to occur. In [22], Toufayli generalized this result for
different speeds and established, under some geometric conditions, a polynomial stability.
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The problem of the indirect stabilization has been also studied for coupled wave equations
by displacements (weakly coupled). Indeed Alabau et al [1] considered the following system

afu(z, x) — Au(t, x) + b(x)v(t, x) + a(x)ou(t,x) =0 inR, X Q,
8?v(t, x) — Av(t, x) + b(x)u(t,x) =0 inR, X Q,
(1.11) u=v=0 onR, xT,
(u(0,.), 0,u(0,.)) = (ug, ur) in Q,
(v(0, .), 0:0(0, .)) = (vo, v1) in Q,

where Q is a bounded domain. They proved that the system (1.11) can not be exponentially
stable and when the coupling term is constant they established a polynomial decay. In [2]
Alabau et al improved this result by assuming that the regions {a > 0} and {6 > 0} both
verify GCC and the coupling term satisfies a smallness assumption. This result has been
generalized by Aloui et al [4], for more natural smallness condition on the infinity norm
of the coupling term. Recently, Daoulatli [10] showed that the rate of energy decay for
solutions to the system on a compact manifold with a boundary is determined from a first
order differential equation when the coupling zone and the damping zone verify the GCC.

In the sequel, we fix a constant Ry > 0 such that
O C Bg, = {x € R, |x| < Ro}.

Suppose that there exist two positive constants a~ and b~ such that the damping set w,, :=
{a(x) > a= > 0} and the coupling set w; := {b(x) > b~ > 0} are non-empty open subsets
of Q. As usual for damped wave (resp. Klein-Gordon) equations, we have to make some
geometric assumptions on the sets w, and w, so that the energy of a single wave decays
sufficiently rapidly at infinity. Here, we shall use the Geometric control condition.

Dermition 1.1. (see [7, 15]) We say that a set w of Q satisfies the geometric control
condition GCC if there exists 7 > 0 such that from every point in Q the generalized geodesic
meets the set winatimet < 7.

If w satisfies GCC, we set
T, =inf{T > 0, (w, T) satisfies GCC}.

We need also the following assumptions

(A1) There exists C > 0 such that 0 < b(x) < Ca(x), Vx € Q.
(A») There exists R| > Ry such that
° Bfﬁ C wg Nwp, if (my,my) € Ry X RE,
° Bfel C wp and a(x) = Bb(x), |x| = Ry, for some 5 > 0, if m; =my = 0.

For y € R}, we set

1
I = E(0) + (1 - ;)ZEa,u,a,U(m + |, )OI, -

and
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y =

HN(LAQ)), ify =1,
D(A) N (LX(Q), ify # 1.

With this notation, we can state the stability result for the system (1.7).

Theorem 1.1. Let y € R} and (m;, my) € {(0,0)} UR, X R%. We assume that wy, satisfies
the GCC and that the assumptions (A1) and (A;) hold. Then for any solution (u,v) of the
system (1.7) with initial data (ug, uy,vo,v1) € H,, we have

(1.12) Eu() <CA+07'L and  |(u,0)DI[},,. < CL, forall t >0,

%[ 2

where C is positive constant. In addition for (ug, uy,v9,v1) € H, E, () converges to zero as
t goes to infinity.

In the case of Klein-Gordon-type systems we obtain the following uniform decay.

Corollary 1. Let m,my,y € R%. Assume that w;, satisfies the GCC and the assumptions
(A1) and (Ay) hold.

> Ify = 1, then there exist positive constants C and « such that
(1.13) E,,(t) < Ce ™E,,(0), forallt >0,

for all solution (u, v) of the system (1.7) with initial data (ug, u,,v9,v1) € H;.
> If y # 1, then there exists a positive constant C such that

C n
(1.14) Ewl®) < > Eg(0), forall t >0,
k=0

for all solution (u,v) of the system (1.7) with initial data (uy, u,, vy, v1) € D(A").

Remark 1. e The typical model of damping and coupling terms that satisfy the
hypothesis of Theorem 1.1 isa = XowiUB;, and b = XwsUB; » where R, > Ry, wy C w;
and w, controls the captive rays.

e To our best knowledge, our result is new for the indirect stabilization problem in
exterior domains (even in the free case).

e Note that in the case of negative coupling term, our results remain true under the
same hypothesis with the change of b by —b.

e Remark that, when y = 1, the energy of the system (1.7) decays as fast as that of
the corresponding scalar damped equation. So the coupling through velocities, in
this case, allows a full transmission of the damping effects, quite different from the
coupling through the displacements.

e To prove our main result we study the energy first at infinity (Section 2) and then
in bounded regions (Section 3). Keeping, only the second step, we can obtain the
exponential energy decay for the system (1.7) in bounded domains with Dirichlet
boundary condition.

e Due to technical difficulties we did not cover the Klein-Gordon-Wave case (m; > 0,
my = 0); we will be interested in the forthcoming work.

We conclude this introduction with an outline of the rest of this paper. In Section 2 we
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estimate the total energy at infinity by multiplier arguments. Section 3 is devoted to the study
of the energy in bounded domain. The proof of this result is based on observability estimate
for scalar wave equation. In order to control the compact terms, we prove in section 4 a
weak observability estimate that is based on a unique continuation result. Finally, in Section
5 we combine the results of the previous sections to established our main results.

We denote by Qg := QN Bg, Crr = QN (Bp\Bg), when 0 < R < R’

1
e = 5 f Ouat, P + [Vt 9P + myfuct, P dx
[x|>R

1
*+3 f |0,0(t, X)I* + Y [Vo(t, X)* + malu(t, )I* dx,
[x|>R

1
Er(w,v,1) =5 | |ou(t, 0 + [Vut, Y + mylu(t, x)I* dx
Qg

1
+3 | 10n, 0 + Y IVult, x)I* + malo(t, ©)* dx,
Qp

and A < B means A < CB for some positive constant C.

2. Estimate of energy near infinity
The main result of this section is as follows.

Proposition 2.1. Lety € R} and (m;,m;) € {(0,0)} UR, X R}. Let Ry > 0 be such that
(A») is satisfied and R, > R;. Then for every € > 0, there exists C. > 0 such that for all
solution (u,v) of (1.7) with initial data (uo, u,vo,v1) € H,, we have

! 1
2.1 G, )OI, 2 + fo E®(u, v, 5)ds < Ce(E,,(0) + (1 - ;)zEa,u,a,v(O))

! !
ve [ B dse G [ [Pl dxds 1000, ).
0 0 JQg,

forallt> 0.

Let ¢ € C*(RY) be a function satisfying 0 < ¢ < 1 and

1 for|x| > R,
| <

To prove Proposition 2.1, we need the following Lemma.

Lemma 2.1. We assume the hypothesis of Proposition 2.1 and we consider ¢ as above.
Then for every € > 0, there exists C, > 0 such that for all solution (u,v) of (1.7) with initial
data (ug, uy,v9,0v1) € H,, we have

(2.2) f f b(x)¢lou* dxds < Ce(E,,(0) + (1 — %YE;),M,M(O))
0 Q

! !
+C, f f [v]> dxds + & f E,.(s)ds,
0 JQ, 0
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forallt> 0.

Proof of Lemma 2.1. Multiplying the first and the second equation of (1.7) respectively
by ¢0;v and y—lchﬁtu and integrating the sum of these results on [0, f] X Q, we obtain

1 t
[f—2906,u6t0+m1<puv dx]t +f fb(x)gal@,vl2 dxds
QY 0 Jo Ja

!
1
= f f — b(xX)@ldul* — ea(x)dudw + eAudp
0 JaY
1
+ (m = %)‘pvaf” + @Avdu — (1 - ?)watva?u dxds.

Note that

! !
(2.3) fftpAuB,v dxds=[fgoAuv dx]t —f fgaAatuv dxds
0 Ja Q 0 Jo Ja
!
:—[fVu(Vgov+<va) dx];—f fA(gov)&,u dxds
Q 0o Ja
!
- f f (Apv + Avgp + 2VuVp)o,u dxds
0o Ja

- [fg Vu(Vyv + ¢Vv) dx];.

Then using Young’s inequality, we get

' ! ! 1
Fyl, + f f b(x)pldf* dxds < f f (a(x) +2)¢ + CVel)loul®
0 Jo 0Ja Y

1
+ Cop(1 — =) 107ul + |Agl* o] dxds
Y

' 2 ms ., 2
+e IVol™ + (m1 = =) llllolol
0 Ja Y

+10,ul* + ||@llcoldrv]? dxds,

where

F, = L go(%('),u()tv + myuv) + Vu(Vev + ¢Vu) dx.
By hypothesis
2.4) supp(p) C{x € Q,a(x) >a},

so, we deduce that

(2.5 f‘f‘b(x)gola,vl2 dxds < C, ffa(x)(l@,ul
+(1- )2|(92u| ) dxds + f f o> dxds + & f E,..(s) ds.
QRZ

Using the energy decay (1.9) and the fact that (m;, m,) € {(0,0)} UR, X R%, we can see that

(2.6) [F(9)] < Eusls)  Eun(®), ¥ 520
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Combining (1.9), (2.5) and (2.6), we obtain (2.2). |

Lemma 2.2. Let y € R} and (my,my) = (0,0). Let Ry > 0 be such that (A3) is satisfied
and Ry > Ry. Then for every € > 0, there exists C. > 0 such that for all solution (u,v) of
(1.7) with initial data (ug, uy, vy, v1) € H,, we have

! 1
2.7 lIGt, )72, 2 + fo E" (v, 5)ds < Co(Ey(0) + (1 = ;)zEa,u,a,u(O))

! !
+e f Eyos) ds + Co( f f ul? + o dxds + |, 0)O)| 2, ),
0 0 QR,,

forallt > 0. Where ER(v,1) = 10,0, x)I> + ¥*|Vo(t, x)|? dx.

|x|>R>

Proof of Lemma 2.2. We write the system (1.7) in the form

(x) a(x) .
Ou— Au+ a Y?Av+ b(x)0p =0 inR, X Qp,
2.8) t 50" b0 ) ’ *o
- va + yzAv + b(x)0u = in R, X QRL]‘.

Multiplying the first equation of (2.8) by ¢v and the second one by #gou and integrating the
sum of these results on [0, 7] X QQ, we obtain

[0t + ooy dx+p [ [ ot + 7190k dsds

- f f 2(,0,3|8tv|2+MT¢|U|2—VM(V(,OU+QDVU)
0 Q

1
+ Vo(Vou + ¢Vu) + (1 — —2)¢a,ua,u dxds
Y

b t
¢ [ E2RuO + o)) dx =[G,

where
1
G, = f @(Ouv + Bo,vv — —zc')tvu) dx.
Q Y

According to Lemma 2.1, hypothesis (A,) and using Young’s inequality, we deduce that
!
29) [t + 0Py s+ [ [ 00 + 9 s

S CeEup(0) + (1 = —) E,6,0(0) + 1(ut, 0)(O)I[7.

+ f f [0 + |ul* dxds + sf E, (s)ds+
0 JOg, 0

G| 5 CoyEualt) + 1 fg (O + o(OP) dx

%[ 2

[0

But we have

S Ce, Ep(0) + & f @(lu@®)P + (@) dx.
Q
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So, for £; small enough we get
8
2.10) f (O + oOP) dx + f f (190 + YV dx ds
Q 0 Q

*L2

1
S CeEyy(0) + (1 - ?)zEﬁ,u,ﬁ,v(O) + (|G, 0)(O)I7
! !
+ f f [0 + |ul* dxds + sf E, . (s)ds.
0 JOg, 0

(2.11) ¢ =1 for|x| > Rs,

Since

we deduce that

!
f () + [(0)|* dx + f E® (v, 5)ds
[x|>Ro 0
!
< f (O + OP) dx + f f (190 + YV dxds.
QR‘{ 0 QRT

Combining this estimate with (2.10), we conclude (2.7). This finishes the proof of Lemma
2.2. O

Now we give the proof of Proposition 2.1.

Proof of Proposition 2.1.  We distinguish the case m; = my; = 0 and the case where
m; € R, and mp € R:
First case m; = m; = 0. Multiplying the first equation of (1.7) by ¢u and integrating on
[0, f] X ©, we obtain

2 , /
(2.12) [ ©(0uu + Xl + b(x)uv) dx] + cp(IVul2 +10,ul?) dxds
Q 2 0 Jo Ja

' ) De o
=ff2cp|(?,u| +7|u| + @b(x)v0u dxds.
0 JQ

Note that we have

! !
(2.13) ffgob(x)v@tu dxds—f fcpv(@zv— 2Av) dxds
= f @B dx f f o(2IVoP = |9,0P) 52 S0|v|2 dxds.

So, combining this identity with (2.12) and using (2.4), we get

! ! !
(2.14) f f @(0ul* + |Vul?) dxds < f f a(x0)|oul* + f f @00
0 Q 0 Q 0 Q

!
+ 9’|Vl dxds + f f ul> + v dxds
0 JQg,

a(x)|uf?

t
— 0,0v) dx]o‘.

@(Ouu + b(x)uv +
Q
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Using that,
| L QD + b(x)uv + “(]glulz — 0)(1) da| 5 Ep(0) + fQ o(lu®P + o)) dx
and
| L O(Dyutt + b(x)uv + a5 ) da| S Eua0) + 1, )OI o,
we obtain

2.15) f t f (9P + [VuP) dxds < En(0) + f o(uOP + o(OP) dx

f f @(|0,0 + Y2 IVol*) dx ds + f f lul® + lol* dxds + ||(u, )OI, -
O,

According to (2.7), we find

! 1 !
(2.16) f ER(u, $)ds < CoEp(0) + (1 = =) Egu0,(0) + & f E,(s) ds
0 Y 0

!
+ f f il + 2 dxds + [, )OI,
0 Jag,

where E®(u,1) = 5 [\ 10u(t, 0P + [Vu(t, )P dx.

Combining (2.7) and (2.16), we conclude (2.1).

Second case m; € R, and m; € R%. Multiplying the first and the second equation of (1.7)
respectively by ¢u and ¢v and integrating the sum of these results on [0, 7] X €, we obtain

t 2 1
(2.17) f tpw dx + f f 0(10.ul* + |Vul*> + my|ul* + 0,0
Q 0 Q

t
+¥*|Vol® + maof) dxds = f f 2¢(10,ul® +10,0%) dxdss
0 JQ
Ao o0
+ 7(|M| + 7)) + 20b(x)vdu dxds
0 JQ

t 2
- [f‘p(af”” + 0o + b(x)uv) dx]o + f QDM d
7 o 2

t
s f f a(odul® + @10 + ellglicolol dxds
0 Jo
2
- [ftp(c?,uu + 0,00 + b(x)uv) dx]; + f ‘pw d
; Q

2
!
+ f f lul* + v dxds.
0 JQp,

Using the following estimates for &, small enough
| f @@y + D + B(u)(D)) dr] $ Co,Eol0) + &2 f olu(r)P dx,
Q Q

’ f @((Gruu + d,vv + b(x)uv)(0)) dX’ < Ey(0) + [lu(O)[7.,
Q
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and according to Lemma 2.1, we infer (2.1). The proof of Proposition 2.1 is now completed.
O

3. Estimate of energy in bounded region

In this section, we will study the energy in bounded domain. For this aim, we consider a
function ¢ € C5(R?) such that 0 < ¢ < 1 and

1 for |x| < R3,
Y(x) =
0 for|x| = Ry,

where Ry > R; > R, and R; > 0 be such that (A,) is satisfied.
It is easy to verify that (u,v’) = (Yu, Yv) satisfies the following system

Ou' — Au' + myu + b(x)0 + a(x)du’ = —2VyVu — uAy inR, x Qg,,
3.1) Btzvi - yzAvi + myv' — b(x)ou’ = —2y2V¢VU - yszzp inRy X Qg,,
’ ui = l)i = 0’ on R+ X aQR4,

(g, uy, vy, v)) = (Yug, Yy, Yoo, Yvy).

Proposition 3.1. Let y € R}, (m1,my) € {(0,0)} UR, X R} and ¥ be as above. Assume
that the assumption (A1) holds and that (wp, T) geometrically controls Q for some T > 0.
Then for every € > 0, there exist C, > 0 such that for all solution (u,v) of (1.7) with initial
data (ug, uy,v9,0v1) € H,, we have

+T t+T 1
(3.2) f Eg,(u,v, s)ds < C, f f a(x)(Bul* + (1 = =)*|07ul’) dxds
t t Q Y

+T +T +T T
+ sf E,  (s)ds+ Cgf f lul® + v dxds + Cgf ER(u, v, s)ds — []CVL
t t Qp t

4

forallt > 0. Where

b o A . .

K, = —f ()ZC) o' 00" + Vu'V((b(x)v') + m b(x)u'v' dx.
Qv

In order to prove Proposition 3.1 we need the following result.

Lemma 3.1. Assume that the hypothesis of Proposition 3.1 hold. Then for every & > 0,
there exists C, > 0 such that for all solution (u,v) of (1.7) with initial data (ug, u, vy, ;) €
H,, we have

t+T ) t+T 1
(3.3) f f b(x)*|0')* dxds < Cs f f a(x)(lc?,u|2+(1—?)zlé)tzulz) dxds
t Q t Q

t+T t+T
+e f E,(s)ds+ C, f f o] + |ul* dxds
t t QR4

t+T 4T
+C, f f Vul® + Vol dxds - [Ky|
t CR3,R4 4

forallt> 0.
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Proof of Lemma 3.1 . We multiply the first and the second equation of (3.1) respectively
by b(x)d,v and %&u" and we integrate the sum of these results on [£,¢ + T'] X Q, we get

t+T +T 2
Y t t Q t Q 72

t+T
+ (my — %)b(x)vi(?,ui) dxds — f f b(x)2VuVy + Alﬁu)atvi
t Q
b(x)
?
+T _ . _
- f f O (Ab(xX)V" + 2Vb(x)VY') dxds.
t Q

+T
+ VoV + Ayv)du’ dxds + f f (i2 — Db(x)0*u' 00" dxds
t QY

From Young’s inequality and using hypothesis (.A;), we infer that

t+T 1+T 2 i
(3.4) [K,], "+ f f b(x)*10.0 [ dxds
' Q
ot 2 L 500
< C, a(x)(|0ul” + (1 — ?) |07 ul”) dxds
t Q

" M2, 2 2 2 2
+& (my = —)7ol” + |0l + 10,0" + |Vo|” dxds
' Q Y

1+T t+T
+Ce f f lu® + o dxds + C, f f Vul® + Vo> dxds.
t QR4 t Cr

3Ry

This implies (3.3). O

Proof of Proposition 3.1. First, we recall the following observability estimate for the
wave equation (see Proposition 3, [11]).

Lemma 3.2. Lety,T > 0 and O a bounded domain. Let ¢ be a nonnegative function on
O and setting

V ={¢(x) > 0O}

We assume that (V, T) satisifies the GCC. There exists Cy > 0, such that for all (ug,u;) €
H(l)(O) x LX), f € L2 (R,,L*(O)), and all t > O the solution of

loc

Ou—y*Au+mu=f inR, x 0,
u=0 on R, X 00,
(M(O, ')’ atu(o’ )) = (MO’ l/l]) in (9’

where m > 0, satisfies with

1
OES f |0,u(t, )1 + mlu(t, x)I* + y*|Vu(t, x)* dx,
O

the inequality

t+T t+T
(3.5) f E.(s)ds < Cr f f d()0u) + |1 dxds.
t t O
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Let wp1 = wp N Bg, = {x € QN Bg,, b(x) > b~ > 0}. Since (wy, T') satisfies the GCC,
BRz]- C wp and R4 > R, we conclude that (w1, T) geometrically controls Qg,.
So, according to Lemma 3.2 and using hypothesis (A1), we have

t+T t+T ) t+T ]
(3.6) f E,(s)ds < f f 100" dxds + f f b(x)|0,u'Pdxds
t t Wp1 t Q
t+T t+T
+ f f Vo> dxds + f f vl dxds
t CR3<R4 t QR4

+T ) +T

< f f X200 ) dxds + f f a(x)|0,ul*dxds
t Q t Q
+T t+T

+ f f Vo> dxds + f f [v* dxds, t>0,
t CR3,R4 t QR4

1 , , ‘
Es) =7 f VIV (@, 0P + 10,02, 0)FF + molo' (2, ) dx.
Q

where

We have also

+T t+T )
(3.7) f E(s)ds < f f a(x)|d,ul* + b*(x)|0,0'>dxds
t t Q

t+T t+T
+ f f IVul*> dxds + f f lul> dxds, >0,
t CR3,R4 t QR4

1 . , )
E(t) = 3 f IVi'(t, )1 + 0, (2, X)* + my ' (2, x)* dx.
Q

where

Adding the two estimates above and using (3.3), we deduce that

t+T t+T 1
(3.8) f E,y(s)ds < Cs f f a(x)(0u® + (1 — =167 ul*)dxds
t t Q Y

t+T t+T t+T “+T
e f E,,(s)ds +C, f E®(u,v, s)ds + C, f f ul* + oPdxds + [k, |
t t t Qg,

Since ¢ = 1 for |x| < Rz, we get

t+T t+T
f ER,(u,v,5)ds < f E,ii(s)ds.
t t

Combining this estimate with (3.8), we conclude (3.2). m|

4. Weak observability estimate
In this section, we prove the following Proposition.

Proposition 4.1. Let y € R and my,my € Ry. Let Ry > 0 be such that (Ay) is satisfied
and Rs > R,. We assume that the assumption (A) holds. Then for every T > T, and a > 0,
there exists Cro > 0, such that for all (up, uy,vo,01) € (H(])(Q) x L*(Q))?, and all t > 0, the
solution of the system (1.7) satisfies the following inequality
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t+T t+T t+T
“4.1) f f ol + |ul* dxds < CT,Qf fa(x)la,ul2 dxds + af E, . (s)ds.
t QRS t Q t

Proof of Proposition 4.1.  We note that for each (ug, u;,vp,v1) € (H?(Q) x L2(Q))?,
the solution (u,v) are given as the limit of smooth solutions (u,, v,)(t) with (u,,v,)(0) =
(0, Vn0) € (CF())* and (Byutn, 0,0,)(0) = (n,1,0n,) € (CF(Q))* such that (u4,0,v40) —
(o, v0) € (Hy(Q)* and (4,1, vn,1) = (u1,v1) € (L*(Q))*. Note that

) = 1, Dl + 10t ) = Dot Mz —— 0,
(e, ) = vCt, Ml +119,00,) = Bio(t, Dz —— 0,

uniformly on the each closed interval [0, 7] for any 7' > 0. Therefore we may assume that
(u,v) is smooth.

To prove the estimate (4.1), we argue by contradiction. We assume that there exist a
positive sequence (z,) and a sequence

Un = (un’ atun, Un, 6tvn)

of solution of the system (1.7) with initial data (.0, tn,1, n0, Un,1) € (Hy(€2) X L*(€))?, such

that
t,+T t,+T t,+T
f f | |* + va]* dxds > n f f a(x)|0,u,* dxdt + « f E,, ., ds.
In QR5 ty Q ty
Set
t,+T
B = f f |l + lo,* dxds
Iy QRS
and
V,(t+1t,)
W D)0 = =T
n

We infer that

T
(42) [ [ b +1af dsas = 1.
0 Jag,

T
1

(4.3) f f a(x)|0,ynl* dxds < —,

0 JO n

T 1
4.4) f E, . (s)ds< —.

0 (02
Therefore

U z0) = (.2) in L2((0, T), Hy() N W'2((0,T), L3 (),
with respect to the weak topology. By Rellich’s lemma, we can assume that

WYn>20) = (,2) in (L*((0, T) x Qg,))*.

It is easy to see that the limit (y, z) satisfies the system
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Py—Ay+my+b(x)dz=0 in(0,T)xQ,

Pz -y Az+myz=0 in (0,7) x Q,
(4.5) t Y 2 ( )

y=z=0 on (0,7)xT,

a(x)o,y =0 in (0,7T)x Q
and

T
(4.6) f f lyl? + 12> dxds = 1.
0 JOg,

It is clear that (0,y, 0;z) satisfies the following system
7(0uy) — A@ry) + mdy + (0302 =0 in(0,T)xQ,

@n 2(0:2) — YA (B2) + myd,z = 0 in (0,7) x Q,
' 0y =0z=0 on (0,7) x 0Q,
a(x)oy =0 in (0,7) x Q.

From the first and previous equations in (4.7), we deduce that b(x)@fz = 0 on supp(a). But
supp(b) C supp(a), so 8?z = 0 on supp(b). Setting w = d,z, we have

ow=0 in (0,7) X wp,
43 (9,211) — v Aw + mow =0 in (0,7) x Q,
*45) w=0 on (0,7) X 69,

w e L*(0,T) x Q).

Using the first and second equations in (4.8), we can see that WF'(w) N (0, T) X w, x R x R?
is a subset of

((1,x,1,6) € (0, T) X QX R X R"; 7> = y*¢F = 7= 0} = (0, T) x Q x {0} x {0},

where WF!(w) denotes the H'-wavefront set of w. Since Bfe, C wy, we deduce that w €
H}()C((O, T) X B;]). Next, we will show that w € Hlloc([O, T] X Bg,). Let pg = (to, X0, To, &) €
T*([0,T] x Bg,) and I'y be the generalized bicharacteristic issued from pg. Set {p; :=
O, x1, 711, = Ton{t = 0} and {p := (T,x3,72,02)} = o N{t = T}, so we distin-
guish two cases,

1% case: x; or x, ¢ Bg,. In this case p; or p; ¢ WF'(w). Since T > T,,, then using
the propagation of regularity along the bicharacteristic flow of the operator 6> — A (see
[17, 18]), we obtain py ¢ WF'(w).

2" case:  xp,xy € Bg,. Since py,p2 € T*([0,T] X Bg,) and w; controls geometrically
[0, T]x €, then I'y intersects the region [0, 7] X (wp N€2g, ). Butw € H;OC([O, T1X(wpNQg,)),
then applying again the regularity propagation theorem, we deduce that py ¢ WF!(w).
Therefore, we conclude that w € H}, ((0,T) X Q). Now, set i = dw. Since R? \ Qg, C wy,
so @ = 0 on R? \ Q. and satisfies
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i — YA + myin = 0 in (0, T) x Qg.,

=0 on (0,7) x 0Qk,,
(4.9) } , ‘

w=0 in (0,T) X (wp N Qgy),

€ L*((0,T) x Qg,).

Since w, N Qg controls geometrically ., then using the classical unique continuation
result (see [7, 8] ), we infer that @ = 0 on (0, T') X Qg,. Therefore, the function z satisfies

2 .
— v Az+myz=0 in (0,7) x Q,
(4.10) ’ ? .1
z=0 in (0, T) x 0Q.
This implies that z = 0 on (0, 7)) X Q. Now, from (4.5) we obtain
ﬁtzy—Ay+m1y=0 in (0,7) x Q,

a(x)oy =0 on (0,7)x Q,
4.11)
y=0 on (0,7) x 0Q),
ye H((0,T)x Q).
Arguing as for z, we can prove that y = 0. This is in contradiction with (4.6). |

5. Proof of Theorem 1.1

Let R, > R;. According to (2.1) for t = nT, n € N*, we have

nT 1 nT
(5.1) f E®(u,v, 5)ds < CS(EM,U<0)+<1 — =) Egu5,0) + f f Juf?
0 Y 0 Qp

2
nT
+|v|2dxds)+s f E,.(s) ds + [, )OI, -
0

Next, using (3.2) with R3; = 2R, and R4 = 3R,, we get
(k+1)T (k+1)T 1
(5.2) f Exr,(u,v,5)ds < C, f f a(x)(0ul® + (1 — =)*|67ul*)dxds
k kT Q Y

T
(k+1)T (k+1)T
+e f E,.(s)ds + C, f E*®(u,v, s)ds

kT kT
(k+1)T
(k+1)T
+Cs f ul® + oPdxds - [KC,| Y keN.
kT Qs kT

Thus
n=1 AGk+1)T n-1 (k+DT
CETED M s)dssZ(ca [ [ ataar
= Jir = kT Q
| (k+DT (kDT
+(1 - ?) |07 ul")dxds + 8fkT E, (s)ds— [le]kT

(k+1)T (k+1)T
+ Cs( f E*(u, v, s)ds + f f uf® + |u|2dxds)),v neN*,
K K Qsg,

T T
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This gives
nT nT 1
(5.4) f Eag,(u,v,5) ds < C, f f a(x)(0ul® + (1 = —)*16;ul*)dxds
0 0 Ja Y
nT nT
+ sf E, (s)ds+ Caf E2R2(u, v,5)ds
0 0

nT T
+ Csf f lul> + [v*dxds — [ICY] ,VneN*.
0 Qsp, 0

From the following estimate
|ch(s)| < Eu(0),Ys >0,

and using (1.9) and (5.1), we deduce that
nT 1
(5.5 f Eog,(u,0,5) ds < Co(E,(0) + (1 - ?)ZEB,M,B,U(O))
0

nT nT
+e f E..(s)ds+ C, f f ul> + [v’dxds,¥ n € N*.
0 0 Qsp,

So, combining (5.5) and (5.1), we conclude for small enough ¢ the following estimate
nT
1
(56) f Eu,v(s)ds < Cs(Eu,v(O) + (1 - ?)ZEé,u,(),U(O))
0

nT
+ 1t )O)Es + C, f (o + ) dixds.
0 Qsr,

Next, from (4.1) with Rs = 3R, we have

n=1 ~(k+1)T n-1 (k+1)T
Z f f o + uf? dxdng( f f a(0)\d,ul* dxds
o0 VAT Qsp, =0 VAT Q
(k+1)T
+a f Ey(s) ds).
kT
Thus
nT nT
(5.7) f f o] + |ul* dxds < E,.,(0) + « f E,.(s)ds.
0 Qsg, 0

Finally, using (5.7) for @ small enough in (5.6), we find

nT 1
(5.8) f E,(5)ds S Co(E,,(0) + (1 — ;)2&9,“,5,,,(0)) + 1, )OI, -
0
Therefore
+00 1
f E,o(s)ds < E,p(0) + (1 — ;)ZEa,u,a,m + |G, )OI, 2
0

As the energy is decreasing then
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+00
(5.9 (1+0nE,, (1) < f E, (s)ds + E, ,(0)
0
1

SEmm+a—ﬁf&MAmﬂwmmebman>0

On the other hand, using (2.1), (5.7) and (5.8), we deduce that
1
(5.10) f#ww%ww%wsmmwa—?ﬂmm@+wmwmm.
Q

Since ¢ = 1 for |x| > R»,

(5.11) j@wwﬂww%m>f|wwﬂmwm,
Q @,
therefore
1
(5.12) LLJwﬁ+wmﬁusﬁwm+u—;f&mwm+m%mwﬁm.

Poincare’s inequality and the fact that the energy of (u, v) is decreasing give

(5.13) f ) + (@) dx < Co f IVu(t)]* + [Vo()]* dx < E,.(0)
Q3p,

Q3g,

for all ¢ > 0.
Adding (5.13) and (5.12), we infer that

1
(5.14) LQWWHwstmmHG—?ﬂmm@+wmwﬁm,

for all # > 0. This finishes the proof of (1.12).
Now, using the density of H, in H, we deduce from the first estimate in (1.12) that the
energy E,,(f) converges to zero as t goes to infinity, for every (up,u;,vo,01) € H. This
achieves the proof of Theorem 1.1.

Proof of Corollary 1. Let y = 1. From (5.9), we deduce that

E, () < gEu,U(O), for all ¢t > 0.

Now, using the semi-group property, we conclude the estimate (1.13).
In the case y # 1, we have

C 1
Eo(t) < —(Euo(0) + (1 - —)’Ed..0,(0)), for all £ > 0.
04
So, according to [1, Theorem 2.1], we infer the estimate (1.14). O
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