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Abstract
Let L be a positive-definite, even, integral lattice and 6 an automorphism of a central extension
of L. In this paper, we study the lattice vertex operator algebra V;, associated with L and its 6-
twisted modules. We also discuss the fusion products of V;-modules and completely determine
the fusion rules among them.

1. Introduction

The theory of vertex operator algebras is relatively new compared to other branches of
mathematics and has evolved quite rapidly since its inception in the late 1980s. Motivated
by the representation theory of affine Lie algebras and the “moonshine module”, Borcherds
introduced the mathematical formulation of vertex algebras in 1986 [4]. Two years later,
Frenkel, Lepowsky, and Meurman modified Borcherds’s definition and introduced vertex
operator algebras in their foundational work [14] on the subject. An active field of mathe-
matical research took off from there. The theory of vertex operator algebras was motivated
by and has applications in many areas of mathematics, such as number theory, group the-
ory, the theory of modular functions, etc. Vertex (operator) algebras are the mathematical
local counterpart of what theoretical physicists call “chiral algebras” in two-dimensional
conformal field theory.

In his original paper [4], Borcherds developed a new abstract theory of what he called
vertex operators by using the explicit structure of an even integral lattice L. Specifically, for
any such lattice, he constructed a space on which the vertex operators corresponding to the
elements in C[L] act. These actions were shown to satisfy infinitely many relations, which
then formed the axioms in the definition of a vertex algebra. In other words, the vertex
algebra of an even lattice is the original example of vertex algebras.

In this paper, we study the lattice vertex operator algebra V; associated with a positive-
definite even lattice and completely determine its fusion rules. For a vertex operator alge-
bra V with irreducible modules M!, M?, and M3, the fusion rule of type ( lew;/l ) is defined
to be the dimension of the vector space formed by all intertwining operators of this type. In
conformal field theory, these numbers are closely related to the fusion coefficients N{‘j in the
operator product expansion of two conformal families [¢;] and [¢;]:

[9:] x [6;] = >~ N[l
k
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(see [5]). Roughly speaking, the fusion coeflicients ij give the scattering amplitudes of the
outgoing primary fields ¢, when two primary fields ¢; and ¢; come into contact. We shall
see that the above equation is exactly the physical counterpart of what is called a fusion
product in mathematics literature.

Let us now give an overview of this paper. Let L be a positive-definite, even, integral
lattice of rank d and denote by L° its dual lattice. Since L is even, one can show that L C L°.
We set S = {1;,..., 4} to be the complete set of representatives of equivalence classes of L
in L°. It is well known that {V;,,|A € S} is the complete list of (inequivalent) irreducible
(untwisted) Vi -modules (see [14] and [6]). There are also V;-modules of twisted type, whose
construction is outlined as follows.

First, denote by L be the central extension of L by the cyclic group

Zz=<K|K2=1>=(—1>.

Let 6 € Aut(L) be an automorphism of L such that 6* = id; and 6(k) = —k. Let T, be
the irreducible £/ K-module, where K = {a"'6(a)|a € L}, associated to a central character
X: Z(L/K) — C* which sends kK = (=D)K to —1; that is, T, is an irreducible L/K-module
on which kK = (-1)K acts as —1. Finally, set VLT* = M(1)(0) ® T,, then the set of all VZX
such that 7 is an irreducible L/K-module associated to central character y is the complete
list of irreducible V-modules of twisted type (see [7]).

For any vertex operator algebra V, the fusion product of two irreducible V-modules M'
and M? is defined by a universal property. The pair (M, Y) is called the fusion product of
M" and M? if M is a V-module and Y is an intertwining operator of type ( M]MMZ) such that
for any V-module W and any intertwining operator Yy of type ( MIW Mz)’ there exists a unique
V-module homomorphism f : M — W such that Yy = f o Y. The fusion product of M'
and M? is denoted by M' ®y M?. If V is a rational, C»-cofinite vertex operator algebra, then
the fusion product of any two irreducible V-modules always exists [17], in which case we
use the following definition:

(1) M' &y M* = Z NV(MIMQ)Mi

where M’ runs over the set of equivalence classes of irreducible V-modules and the symbol
NV( M M2) denotes the dimension of the space formed by all intertwining operators of type

( MJ}’IMZ) namely, the fusion rule of type ( M Mz) We note that this definition works for when
M are irreducible #-twisted modules since the category of 6-twisted modules is semi-simple
and thus a fusion product of two irreducible 6-twisted modules is defined.

Our main object of interest, the lattice VOA V;, is known to be rational and C,-cofinite,
and thus the fusion products of its modules always exist. The fusion product of two un-
twisted irreducible V;-modules is well-known, namely Vi, Ry, Vi, = Vi, (see [9],
Proposition 12.9). In this paper, we determine the other two fusion products: Vi, Ry, VLT*
and VLT*1 Ry, VLTX2 by a method briefly outlined here. We invoke a result proved in [2], which

for V; is either O or 1 for any irreducible module

says that the fusion rule of type ( " M3)

M’ for V. For V., Ry, VLT* , we show that it is equal to VL" (a twisted V;-module deter-
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VT)((A)

mined by 4 and y) by showing that the fusion rule NVL(V - VT*) = 1 and all other fusion rules
L+ YV

NVL(VL j”vrx) = 0 where M is any other irreducible V;-module. This is proved by an explicit
+ L

v D
construction of a non-trivial intertwining operator of type (VL: VLT*)’ In almost exactly the
same way, we can determine the fusion product VLT“ Ry, VLT“.

This paper is organized as follows. In Section 2, we recall the definitions and some impor-
tant results about intertwining operators and fusion rules. Section 3 contains the construc-
tion of vertex operator algebra V; and its modules. Section 4 reviews a well-known result
by Dong and Lepowsky [9] concerning the fusion product of two untwisted V;-modules,

namely V3 Ry, Vi,,. The last two sections are heart of this paper, where we give detailed

. . T T T
computations of the two fusion products: V.4 Ry, V,* and VL*1 Xy, VL“.

2. Intertwining operators and fusion rules

Throughout this paper, we denote by V a vertex operator algebra (over the complex num-
ber field) with vacuum vector 1 and conformal vector w.

DeriNtTioN 2.1, Let (MY, Yyi) (i = 1,2, 3) be weak V-modules. An intertwining operator

M3
of type (M1 M2) is a linear map:

Y =Y(.2): M' — (Hom(M?, M*){z}
u Yu,z) = Z u,z "', where u, € Hom(M?, M)
neC
satisfying the following properties:

(1) Forany u € M',v € M?, and A € C, u,,.,v = 0 for sufficiently large integer m,
(2) For any a € V,u € M', the Jacobi identity holds:

22 — 21

zalé (Zl Z_O Zz) Yyp(a,z)Y(u,22) — zglé( )y(u, 2)Ye(a, z1)

=256 (Z—l Z_ ZO) Yy (a, z0)u, 22),
2
(3) Foru € M', the L(—1) derivative property is satisfied:
d
Y(I(-Du,z) = —V(u, 2).
dz

DeriniTION 2.2, Let g1, g2, g3 be automorphisms of V and let M', M?, and M? be gi-, go-,
3
and gs-twisted V-modules, respectively. A twisted intertwining operator of type (M1 M2)
is a linear map:

Y =Y(,2): M' - (Hom(M?, M*)){z}[log z]

K
u— Yu,z) = Z Z w2 " '(logz)*, where u, € Hom(M?, M?)
k=0 neC
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satisfying the lower truncation property, the duality property, and the L(—1) derivative prop-
erty as detailed in [16].

Denoting by IV( ) the vector space spanned by all intertwining operators of type

M
3
( MQ/IMZ), we have the following definition.

DeriniTion 2.3. The fusion rule of type ( ) for V is defined by

M! M2
M3 M3
NV(M] M2) = dlm IV(M] Mz).

Fusion rules have the following well-known symmetries (see [13], Propositions 5.4.7 and
5.5.2):

Proposition 2.4. Let M; (i = 1,2,3) be V-modules and M the corresponding contragre-

dient modules, then
M; M, M,
NV = NV = NV .
M, M, M, M, M, M}

We also quote here a useful result from [3], which shall be invoked repeatedly in the
derivation of our main results:

Proposition 2.5. Let V be a vertex operator algebra and let M', M>, M> be V-modules,
where M' and M? are irreducible. Suppose that U is a vertex operator subalgebra of V
(with the same Virasoro element) and that N' and N* are irreducible U-submodules of M’
and M?, respectively. Then the restriction map from IV( M M2) to IU(NIIW;Z) is injective. In
particular,

. M3 . &
dim IV(M1 M2) < dim ZU(NI NZ)'

DErINITION 2.6. Let V be a vertex operator algebra and M', M? its modules. The fusion
product of M' and M? is a V-module, denoted by M' ®y, M?, together with an intertwining
operator Y € IV(MA;?%Z
W and yW € IV(Ml‘}VMZ)9
such that Yy = fo V.

) that satisfies the following universal property: For any V-module

there exists a unique V-module homomorphism f : M' &y M?> — W

Remark. A fusion product may not exist; but when it does, it is unique up to isomorphism
as a consequence of the universal property.

If V is a rational and C,-cofinite vertex operator algebra, then the fusion product of any
two irreducible V-modules exists (Proposition 4.13 in [17]). Motivated by the concept of
a fusion algebra in conformal field theory (Equation (2.130) in [5]), we define the fusion
product, if it exists, as follows:

M ,

;‘11 ;”2_ i
= _ZNV(MIW)M’

1



Fusion RuLes For Lartice VOA V;, 221

where M’ runs over the set of equivalence classes of irreducible V-modules. If the context
is clear, we may drop the subscript V in M' ®y M? and simply write M' ® M?.

3. The vertex operator algebra V; and its modules

Let L denote a positive-definite even lattice of rank d, that is, L is a free abelian group
of rank d equipped with a Z-valued non-degenerate, positive-definite symmetric Z-bilinear
form ( , ) : L X L — Z satisfying (@, @) € 2Z for @ € L. The form being non-degenerate
means that if (@, L) = {0}, then @ = 0, while being positive-definite means (@, @) > 0 for
any non-zero @ € L. Our main interests are V;, whatever this symbol means at this point,
and its irreducible modules. The space V, is a tensor product of M(1) and C[L]; therefore,
we first recall a construction of M(1).

3.1. The vertex operator algebra M(1) and its modules. Letl) = C®z L be the complex
extension of L, then ) is a d-dimensional vector space which naturally inherits a C- bilinear
form ( , ) as the extension of the form on L. The lattice L is identified with 1 ®; L as a
Z-submodule of . Viewing ) as an abelian Lie algebra, we define the following Lie algebra
affinization:

h=peClr,r''1eCC
with the following commutation relations:
[y @ ", @y ®1"] = m (a1, @) 6inoC, [C,D] =0
for any @, @, € h and any m, n € Z. The Lie algebra b has an abelian Lie subalgebra
h* =peClr]eCC.

For any A € b, let Ce” denote the 1-dimensional H*-module with module actions defined by

h@tClr]-e' ={0), hef-e'=(Ah)e!, C-e'=¢'
for h € ). Now consider the induced f)—module:

M1,2) = Indgceﬂ = U(h) 8y, Ce' = SE'Clr ' @D,

where U(-) denotes the universal enveloping algebra and S(-) the symmetric algebra. The
action of h® " € f) on any H-module is denoted by h(n) (h € b, n € Z). The space M(1,0)
is spanned by vectors of the form v = hy(=n;) - - - hp(—n) ® € where h; € hand n; > 1. The
vertex operator of v on M(1, A) is given by the following linear map

Y =Y(,2): M(1,0) = (EndM(1, ))l[z, 21,

1 d\"! 1 d\*!
Y(v,2) := ¢ (m (d_z) hl(@]"'(m (d_z) hk(Z)) o

where hi(z) = Yez hi(n)z"7 L.

The symbol ¢ - ¢ denotes a normally ordered product (or normal ordering) which rear-
ranges the items enclosed between the colons so that the operators h;(n), for n < 0, are to
be placed to the left of the operators /;(n), for n > 0, before the multiplication is performed.
When A = 0, we simply write M(1) = M(1,0).
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Suppose that {8, ...,5,} is an orthonormal basis of Iy (= C ®z L) with respect to the form
(, ). We use the notations 1 and w to denote the following two elements of M(1):

1=18e M), w=

| —

d
D BB @ € M(1).
i=1

Then, as shown in [14], (M(1), Y(-, 2), 1, w) is a simple vertex operator algebra and M(1, A),
where A € b, are the irreducible M (1)-modules.

3.2. The lattice vertex operator algebra V; and its modules. We closely follow the
set-up in [14]. Let (L, -) be the central extension of L by the cyclic group (k) = </< | k% = 1>.
This means that we have the following exact sequence

1 —— (k) = (~1) L L 0

associated with a commutator map
c:LxL—>C* cap) =P =-1)*h

forany @, € L. Lete : L — L,a — e, be a section such that 0 — ¢y = 1. Then we have
L ={ke, | @€ L,i=0,1}. This section defines a 2-cocycle given by

€:LxXL—C*, eyep=elfeas
In [14], the following properties of € are known for any «, 3,y € L
e(a,ple(a +B,y) = B, y)e(@,B +7),
e(@.pEB. @) = c(@.p),
e(a,0) =€0,a) = 1.

We next discuss the group algebra C[L] = P A€l Ce', which is an L-module under the
actions

L x C[L] > C[L], e,-e'=e(@ e, «k-et=—et
for any a, A € L. We are now ready to define
Ve =M(1)®C[L].
The §-module structure of M(1) extends naturally to the h-module structure of V;,

hxv, -V,

h(n)-u®@eY) = (h(n)-u)®@e* (n £0), h0)-ue') = (h, D) we'), C-uee') =uee

forany h e h,u € M(1),and A € L.

Next, we explain that V; has the structure of a vertex operator algebra. For each v €
Vi, 0= hy(=ny)---h(—n;) ® et for A € L, h; € b, and n; > 1. We define the vertex operator
associated to e by

Y(e',z) = exp (Z /l(;n)z") exp (— Z %z‘"} ezt

n=1 n=1




Fusion RuLes For Lartice VOA V;, 223

Note that C[L] is an L-module as described above, so ¢, is the left action of e, € L on C[L].
The operator z* on C[L] is defined by
74 et = A,

We then define the vertex operator associated to v € V; by

Y =Y(2):V,— (EndV;){z},

oo (ay! 1 (a\" .
roo = (@) me) (e (E] mejre:

Withl=1®e’ € M(1) C V; and w = % >4, Bi(=1)Bi(-1)®e" € M(1) C V,, the quadruple
(V1, Y, 1, w) was shown (in [14] and [20]) to be a simple vertex operator algebra.

To classify V;-modules, we first need to introduce the dual lattice of L, which is denoted
by L° = {B € b|{a,B) € Z,a € L}. Since L is an even lattice, one can show that L C L°. Let
S ={41,..., 4} be the complete set of representatives of equivalence classes of L in its dual
lattice L°. Then it follows that

CIL°]=C[L+ A4]®---®C[L+ A],
VLo = VL+/11 ®"'®VL+/1;<’

where Vi, = M(1)®C[L+A4;] (i = 1,2,...,k). It was shown in [14] and [6] that {V} |1 €
S} is the complete list of (inequivalent) irreducible (untwisted) V;-modules.

The classification of irreducible #-twisted modules for V; was done in [7] and is recalled
next. Let @ € Aut(L) be an automorphism of L such that 6> = id; and 6(k) = —«. Recall that
L = (eq, —e, | € L), so the action of 6 on L can be viewed as

O(k'ey) = Ke_y.

It can be easily observed that @ induces an automorphism # on L such that #> = id; and
6(a) = —a, for any a € L. One can now define the action of § on V; by

hi(=ny) - (=) ® € > (=D hy(=ny) -+ Iy (—mp) ® €77,

for h; € h,n; > 1, and a € L. In fact, the map 6 turns out to be an automorphism of V; which
has two eigensubspaces V, = {v € V; |6(v) = v}and V, = {v € V, |6(v) = —v}. A thorough
treatment of the fusion rules for V; has been done in [3], which lays the foundation for our
study in this paper.

We now recall a 6-twisted affine Lie algebra 6[9] = het!/2C[t, ' |®CC with the following
brackets

[ ® ", @2 ® "] = m (@1, @2) GenoC,  [C,H[6]] = 0
forall oy, e hand m,n € Z + % The Lie algebra 6[0] has the subspaces
blOT" =h@*Clal, IO =per 2.
Viewing C as a module for H[O]" ® CC on which h[O]* acts trivially and C acts as a
multiplication by 1, we have the induced module

M(1)(0) = Ind"?

b[(ﬂ*eaCCC = U(ble) Buiorece) C = SE'*cr o).
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Define K = {a'6(a)|a € L}. Let T, be the irreducible L/K-module associated to a central
character y : Z(L/K) — C* such that (-1)K +— —1 (that is, T, is an irreducible [/ K-module
on which (=1)K acts as —1). For each such T, define a twisted space by

V) = M()(O) ®T,.

Then {VLT*}, where T, is an irreducible L/K-module as described above, are the irreducible
6-twisted V; modules. The action of 8 on M(1)(6) extends to an action on VZ*

0: V' = Vi hi(=m) - hi(=m) @ t > (= DFhy(=ny) - - hy(—mp) © 1

forh; e h,n; € %+Z, andr € T,.. As before, we denote by VLT*’+ and VLTX’_ the eigensubspaces

of VLT* of eigenvalues 1 and —1, respectively.

We can now state two results from [3] and [2] on VZ:

Proposition 3.2.1 ([3], Theorem 3.4). Let L be a positive-definite even lattice and let {A;}
be a set of representatives of L°/L. Then any irreducible V| -module is isomorphic to one
of the irreducible modules V;, V.. with22; ¢ L, Vj,_ . With24; € L or VLT*’i for a central
character y of L/ K with y(k) = —1.

Proposition 3.2.2 ([2], Proposition 3.3). Let W', W2, and W* be irreducible V; -modules.
Then the following hold:
(1) The fusion rules N (W‘IV;W) is either zero or one.
(2) If all W' (i = 1,2, 3) are of twisted type, then the fusion rule N (WYV;VZ) is zero.
(3) If one of W' (i = 1,2,3) is of twisted type and the others are of untwisted type, then the

3
fusion rule N (W‘]}VWZ) is zero.

The next three sections discuss the three different fusion products of V;-modules. The
first one, Section 4, is a result directly obtained from [9] concerning modules of untwisted
type and the fusion product V;,,® V.. Sections 5 and 6 discuss the cases when at least one
module of twisted type is involved in the fusion product; specifically, we compute V., & VZ*

T T, .
and V,"' ® V,**, which are new.

4. Fusion products Vi, ® Vi,

For the rest of this paper, we drop the subscript V, in the fusion rule Ny, and fusion
product Ry, notations and simply write N and &, respectively. Recall that § = {4;,..., A}
is a complete set of representatives of equivalence classes of L in its dual lattice L°. The
following proposition is an immediate consequence of Proposition 12.9 [9].

Proposition 4.1. For any A,y € S, we have Vi, ) B Vi, = Vi

Proof. Let M’ run over the equivalence classes of irreducible V;-modules. By the defini-
tion of a fusion product, we have

Mi ,
Via B Vi =Y N( )M'

- Viia Vi
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Vi ) ( ) T
= N Vi + v,
Z ( L+ Z Via VL+y L

= Vi Vi

where VLT* runs over the equivalence classes of irreducible 6-twisted V;-modules. Now by
Proposition 12.9 in [9], we have
N( VL+V ) =1

Viea Visu
if and only if v + L = A + u + L. Recall that V} is a vertex operator subalgebra of Vi, and

that {V, 1| A € S} is the set of all inequivalent irreducible V;-modules and { } the set of
all inequivalent irreducible #-twisted V;-modules. By Proposition 2.5, we have

Wl =0l g ) =
Vi Viea) "\ Vi .

The last equality follows from Proposition 3.2.2 (3). Thus, it follows that

VL+/1+;1

Visa® Vi =N ( )VL+/1+/1 = Vit

Viia Vi

5. Fusion products V., ® VZX

Let M* run over the set of all inequivalent irreducible V;-modules and 6-twisted V-
modules, then by the definition of fusion product, we have

T, Mk k
ViaBV, =Y N Vo VM

Ty

\%3 V 2
Z N( +u )VL_HI + Z ( )VZXZ’
es Wi VL e Vita V

L
T . . . .
where V,** runs over the equivalence classes of irreducible 6-twisted V;-modules.

Lemma 5.1. For any A, € L° and any central character y of L/ K such that y(k) = —

VL+y
N =0
Vi 'V,

we have

Proof. For any u € L°, the space V., is a V;-module and thus is also a VZ-module. Recall
that VLTX is a twisted irreducible V;-module while its submodule VZX’Jr is an irreducible V; -
module of twisted type by Proposition 3.2.1. O

Case 1. If 24 ¢ L, then V;,, is an untwisted irreducible VZ—module by Proposition 3.2.1.
Therefore, by Propositions 2.4 and 3.2.2 (3), we have

N ( VL+,u ) <N ( VL+;1 ) 0
Wi V,? “\Via VLTX’Jr

Case2. If24 € L, then V5, are (untwisted) irreducible V;"-modules by Proposition 3.2.1.
It follows that
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N ( VL+,u ) <N ( L+u ) 0
V =~ V+ =
W Vi vt

Ty,

. . . 14 .
We now show that there exists an intertwining operator of type (V t VTX) for V. We point
L+a V)

out that y is, in fact, determined by both y and A by a formula to be given below.

Let y : Z(L/K) — C* such that y(k) = —1 be any central character of /K and T, the
corresponding irreducible ./ K-module under the action « - v = —v for any v € T,. As shown
in Section 4, we have VLTX = M(1)(0) ® T,,, which is a 6-twisted V;-module.

Let A € L° and define an automorphism o of L by o4(a) = kPa = (=1)*@a. Let
a € L, then o (0(a) = X D)a(a), while 0o () = 66HDa) = K4D6(a). Therefore,
o (0(a)) = 6(cy(a)). For any a~'6(a) € K, o, sends it back to K since

o (@' 0(a)) = oala o a(0(a) = (0 4(a) ' 0o a(a)) € K.

Thus, the automorphism o, stabilizes K and consequently induces an automorphism on L/K
such that 03 (aK) = oy (@)K = kPaK = (=1)*@aK for any aK € L/K.

For any L/K-module T, we denote by T o o, the L/K-module twisted by o, namely
T oo, =T as vector spaces and there is an action of L/K on T o o-; which is determined by
o, as follows

[/JK x Too,(=T)>Too(=T), a-t=o(ar
If T =T,, we have
LIK X Tyooy(=T,) > Tyoo,(=Ty), k-t=~t, a-t=c(a)t

for any a € I:/K and t € T,. Moreover, the module T, o o, is irreducible since T is
irreducible. Since the number of central characters of I/K which send k to —1 is finite
([14], Proposition 7.4.8), there exists a unique central character y; of L/K such that the
corresponding L/K-module T,, satisfies T, = T, o 0. To emphasize the fact that y is
dependent on y and A, we use the notation yV instead of y; and thus have T\, = T, o o).
Let f denote this isomorphism: f: T\, o0y — Tyw.

Let A € L° and @ € L. Define a linear isomorphism

Mita i Tyooy = Tyw, Niva = €(=a,Deg 0 f

Recall that e, is the left action of e, € L on C[L] with the following properties.

Lemma 5.2. For any a, € L, we have e eg = (—1)<”’ﬁ>eﬁea as operators on C[L].

Proof. Let ¢* € C[L] for u € L. Then it follows that

caty - &' = eq(€(B. )" ™) = €(B. el f + e P = €. pe(er, Ble(ar, e .
Exchanging @ and § in the above computation, we immediately have
epeq - e = e(a, p)e(B, )e(B, )t
Multiplying both sides by (—1)@# yields
(=D ey e = (=1 Pe(B, a)e(a, weB, me ™
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= e(a, Pe(a, peB, e+
= eqep - €

since e(a, B)e(B, ) = (=1)4P, O

Lemma 5.3. For the L/K-module isomorphism f Tyooy— Tyw and any a € L, we
have e, o f = (=1)\%Y f o e, as operators on C[L)].

Proof. For any ¢* € C[L], we have
(=D foe, e = (=D fle(@, pe™).
Recall that f(o(a)t) = af(t) fora € L. Thus we see that

eq o f e = floilen)et) = f(kMenet) = kD fe(a, e™™) = (1) foe, - €.

The following Lemma is known from ([3]):

Lemma 5.4 ([3] Lemma 5.8). Foranyy € L+ A and a € L, we have

€q OT]y = (—1)@’”% Oey, €q0Mny =€, 7)77y+a = e(-a, V)Uy—m

ge)
C . v,X
We can now define a non-trivial intertwining operator of type (v ‘ VTX) for V;, where
1+ V)

A € L°. Following [14], we define a map
YV¥C,2): M(1,2) —» (End (M(1)@O){z}, v YV (0,2)
for v = hy(=n))ha(=ny) - - - e (—ng) ® e, where h; € h and n; > 1, by first defining its action

on e' by

()] 5 A=) n A -n
T 0 2 = Yns0 T 2
2 e n> n e n>| n .

Vii(el ) = 274z

where n € N + % Then we define

. 1 d\""! 1 d\"! w, A ye
W(,z) = : (m (d_z) hl(Z)]"'[m (d_z) hk(Z)] Y, 2):,

where, as before, the normal ordering places /;(n) with n < O to the left of i;(n) with n > 0.
Finally, for v € M(1, 1) we set ygww, 2) = W(ev, z), where

(o]

d
AZ = Z Z Cmnﬂi(m)ﬂi(n)z_m_na
i=1

m,n=0

and {81, 5, ...,B4} is an orthonormal basis of b, ¢,,, are the coefficients determined by the
following expansion

1+ +0+y'? — .
—log( > Y = Z CrnX Y.

m,n=0

It is known that the V;-module V., has the following decomposition
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Via = @ M(1,B+ ),
BEL

where M(1, + A) are irreducible M(1)-modules. We also define another map by

VU (u,2) = Vi, 2) @ Nasp.
Recall that 17,44 is a linear isomorphism between T, and T,w, while the components of
Yi"(u, z) are elements of End(M(1)(6)){z}, and M(1)(6) can be identified with M(1)(6) ® 1
as a subspace of M(1)()® T, = Vg* . Thus, we have the linear map

~ T
V2 Viea = (Hom(V,", V" " Diehu = F(w.2) = Vit s, 2) ® nap.

The next three lemmas show that )73’” satisfies the three conditions stated in the definition
T
X

of an intertwining operator and thus is an intertwining operator of type (v ¢ VTX) for Vy.
L+ Y

T

From there, we show that the fusion rule NVL( i TX) =1.
Via 'V,
Lemma 5.5. Foranyu € Vi ,v € V ", and any fixed a € C, we have uy.,v = 0 for
sufficiently large integer n.

Proof. Since v € VZX =M(1)(@)T,, we have v = w®t for some w € M(1)(f) and t € T,.
Then we have

YU, 20 = Y (u, 2)(w @ 1) = Yyl (1, )W) ® 145(2).

However, yj’jiﬁ is a nonzero intertwining operator of type ( Ml ffg)(f}(l)(e)) for M(1) (see [3],

pp-191). Then, for any u € M(1, A+ ) C Vi, unroew = 0 if n is a sufficiently large integer.
O

Lemma 5.6. Let a,8 € L. Foranya € M(1,a),u € M(1,8+ 1), we have

zg‘a(z‘

ZQ)YVTW) (a,2) P (u, 22) —26] ( ))7 (u,22)Y,, Tx(a 21)

2 Z _16(( 1)p(Zl _lfg) ] N/tlw (YVLM(HP(Q),Z())M, ZZ)’

p=0,1

where Y e (a, z1) is the vertex operator associated with a € M(1,a) C V; defined by
L

T
Yoz s M(La) €V = End(V i), as Y o (@),
L L

Proof. By [14], this lemma gives the Jacobi identity for twisted vertex operators. Recall
the map )7;”’ TM1,A+B) C Vi — (Hom(VLT*, VLTXW)){Z}. Take A = 0 and 8 = @, then we
have

(5.6.1) Vi M(1,@) € Vi — (End(V,")iz)

Foranyw®re M(1)(0)® T, (= VLT*), we have



Fusion RuLes For Lartice VOA V;, 229

Vi@, z2)w 1) = (Vg (a,21) @ Nosa)(w 1)
= Vi (a,z1)(Ww) @ 1,(1)
(5.6.2) = V3 (a,2)(w) ® eo(7)
= (YV(a,21) ® eq)(w ® 7).

The equality (5.6.2) follows from the fact that 17, = 17p+q = €(—a,0)eq 0 f = e, 0 f = e,

since f is an isomorphism of 7). However, by (5.6.1), the map jéw(a,zl) is the twisted

vertex operator associated with a € M(1,a) C V,, that is, YVTM (a,71) = ﬁé‘”(a,m) =
L

Y"™(a,z;) ® eq. By the same argument, we have Y (a,z1) = V(a,z1) ® e,
L
Remark. Recall the map

Yoap(:20) : M(1, @) = (Hom(M(1, A + ), M(1, @ + A + B))) {z0}

where M(1,a) € Vi,M(1,A+ ) € Vi, and M(1,a + A + ) € Vi.,. This map satisfies
the Jacobi identity and the L(—1)-derivative property. Therefore, it is the map giving a V-
module structure for V. ;. As a result, we obtain YV, 1:5(a, 20) = Yv,,,(a, 20).

The left-hand side of the Jacobi identity is

zolé(zlz_ozz)YVTX(,n(a,z])ﬁﬁw(u,Zz)—zol ( )37 (u,22)Y,, Tx(a 21)

-0 222) (e o)

_ 2 —Z “fw w
—ZOI(S( 2_20 1) /t{ (M,ZZ) (y(ly (Cl,Zl)@E(y)

_15( - ) (ytw(a 71) ® ea) ( ﬁliﬁ(u 2)® 77/l+ﬁ)

— Zalé(zz_—ZOZl)( Vi, 22) ®7]/1+ﬁ) ()7 (a,z1) ®ea)

= zO](S( ) (yéw(a, zl)yﬁujﬁ(u, Zz)) ® (ea o 77/1+B)

s

= 1615 (%) (y;w(a, zl)yﬁlﬁﬁ(u, Zz)) ® (ea o ’7/1+B)

—15( Zl)( Vi, )Y@, 2) ® (- D@ Peg 0 11.p)

= {zo ) (%) Vo' (a, 20) V351, 22)

— (=Dt Pgls (Z )yM(u, 2)Vi(a, Zl)} ® (€o © 111p)
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1 RN
= {5 ZEI(S((—UP%)y LB+ 1)a (y(—l)P(t,/Hﬁ(Qp(a)aZO)u’ Zz)}

2

® (ea © 77/l+ﬁ)

1 (21 —z20)"?
= EZZ 0 T y/l+,[)’+a (ya/,/Hﬁ(a’ ZO)U, Z2) ® (eaf o 77/l+ﬁ)
2
1 ~ 71 — 2 1/2
v 545[—% Vo (Vs 0@, 20, 2) @ (€0 0 125)
)
(5.6.3)

1 (Z -z )1/2
- (IZI—/S e (Y, (@, 2001, 22) © (€@, A + Blspe)
2

1 o2
) ;5( (ZIZI—fS)J g (Y, (00@), 2001, 22) @ (€=, A+ Baspa)
2

1 [ —z0)"
0 (T y/l+(,8+a) (YVLM (a,zo)u, Zz) ® Ma+(B+a)
2

5 (21 — 20)'/?
0 j y/H—(,B o (Vv (0(a), 20)u, 22) ® Nasp-a)
2

1 _
- §Z216 1/2 (YVLM(a, 20)U, 22)
1 - (z1 —20)?) «
2 216( : 1/3 Y (Y, (6(a), zo)u, 22)
)
1 . (z1 —20)'/%) =
- 5 Z216[(—1)p 1 1/;) /tlw (YVLM(Hp(a)v Zo)u, ZZ) .
p=0,1 2

Lines (5.6.3) follows from the Remark on the previous page. This completes the proof of
the Jacobi identity. O

Lemma 5.7. The map 57/’1”) satisfies the L(—1)-derivative property

d
YVP(L(-1u,z) = " (u, 2).
Proof. Let u € M(1,4 + ) C Vi, then it follows that

YV(L(-Du, 2) = Vi p(L(=1)u, 2) ® asg
= ( ,1+5(“ Z)) @ Na+p
(y,1+ﬁ(u, ) 77/l+,8)

- /t]w(ua Z)’
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where the second equality follows from Proposition 9.4.3 of [14]. |
el

Since 573’” is a non-trivial intertwining operator of type (v - vT*) for V;, we have
L

L+a

VLTXM)

M, )z
Vi V,*

However, Proposition 3.2.2 (1) and Proposition 2.5 together imply that

T

VLX
(5.7.1) N( . ) = 1.
Vi V,°

Thus, by Lemma 5.1, we have shown

Theorem 5.8. For any A € S and any irreducible L] K-module T,, we have Vi, ® VZX =

T . _
VLX“i , where T,w is an irreducible L|K-module such that ¥YWa) = (=1)MPy(a) for any
a€L/K.

6. Fusion products VZ“ = VZ“

In this section we compute the fusion product of two V;-modules of twisted type. Let M’
run over the set of equivalence classes of irreducible V;-modules, then by the definition of
fusion product, we have

T.
Via Y T,
“|2|V N ( ) + ) N ( )V*/,
; Vi V)(lv)(z L+a ZX Vi V“V L

where § = {41, ..., A4} is a set of representatives of equivalence classes of L in its dual lattice
L° and VLTX" runs over the equivalence classes of irreducible 6-twisted V;-modules. We begin
by quoting here only a part of an important theorem from [3].

Theorem 6.1 ([3], Theorem 5.1). Let L be a positive-definite even lattice. For any ir-
reducible V; -modules M (i = 1,2,3), the fusion rule of type (MIMZ) is either O or 1. The
fusion rule of type ( M MZ) is 1 if and only if the M' satisfy one of the following conditions:

(a) M' = VL for an irreducible L] K-module T, and (M?, M?) is one of the following
pairs: (Vi Vi), (V5 (Vi) for A € LO such that 20 ¢ L.

(b) M!' = VLT*’_ for an irreducible L/ K-module T, and (M?, M?) is one of the following
pairs: (Voo Vi), (V5 (Vi) for A € L° such that 20 ¢ L.

We now show the first lemma of this section.

Lemma 6.2. Let 1 € S. If v\ and x» are central characters of L/K such that y»(a) =
(=1)@Vy(a) for any a € L, then we have

VL+/l
NVL(VZ)(I VZXZ) = 1
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Proof. By Theorem 6.1 (a), for any A € L such that 21 ¢ L and y»(a) = (=1)%Vy(a), for

any a € L, we have
(VLM)’
NVZ( TX1’+ T)(Z*+ /) = 1
VL v,

T, +
By Proposition 3.7 of [3], one can verify that (V;,,)" = V;_, and (VLT“‘*)’ = VLXZ' , Where
X5(@) = (—=1)@®/2yy(a) for any a € L. Therefore we have

N V)
VZ VZXI,-}— VZ‘)('zﬁr -

Proposition 2.5 now shows

N ( Vi-a ) N ( Vi-a ) |
v, 7., | < Ny+ r,.|=1
L VZM VLX 2 L VZX] o+ VLX 2

By the well-known symmetries of fusion rules (Proposition 2.4), it follows that

TX% ’
N( Vi-a ) N( v, )
vil 7 r,|=Nyv| r
vy v vy

VL
(6.2.1) =NvL( Ty )
L+A

In the computation above, the equality (6.2.1) follows from x%'(a) = (=)@l 2)(é(a) =
(=D@O2(=1)@D 2y (a) = x2(a). O

Lemma 6.3. Let x| and y, be central characters of L/K such that x2(a) = (=1)@Vy (a)
for any a € L and y; any central character of L/ K such that y (k) = —1. Then we have
T,
V Xi
L
N VL( T, T, ) =0.
VL)(I VL)(Z

Proof. Let g; € {+} and i € {1, 2}, then

T,. T,.
VL)(x VL)(z
<
NVL VTX] VTXZ - NVZ VT)(I €1 VTX2’€2
L L L L

Ty,.&2

ol o)
= V+ c )
L VZXI’ 1 (VZX, )/
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T ’,E2

0
ARG
= +
VL VTXI ,E1 VTX§
L L

T)(/2 &2

L
SNVZ( Ty, .€ T{vsi)zo
VL)(l 1 VLX’
since all three are of twisted type (see Proposition 3.2.2 (2)). |

Hence, we have shown

Theorem 6.4. If x| and y» are central characters of L/K, then VLT“ X VLTX2 =Y Vi
where A € L°/L such that y»(a) = (=1)@Yy(a) for any a € L.
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