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Abstract. A Lorentz transformation of signature (m,n), m,n ∈ N, is a pseudo-
rotation in a pseudo-Euclidean space of signature (m,n). Accordingly, the Lorentz
transformation of signature (1, 3) is the common Lorentz transformation of special
relativity theory. It is known that entangled particles involve Lorentz symmetry vio-
lation. Hence, the aim of this article is to expose and illustrate the symmetry groups
of systems of entangled particles uncovered in [44]. It turns out that the Lorentz
transformations of signature (m,n) form the symmetry group by which systems
of m n-dimensional entangled particles can be understood, just as the common
Lorentz group of signature (1, 3) forms the symmetry group by which Einstein’s
special theory of relativity can be understood. Consequently, it is useful to extend
special relativity theory by incorporating Lorentz transformation groups of signa-
ture (m, 3) for all m ≥ 2. The resulting extended special relativity theory, then,
provides not only the symmetry group of the (1 + 3)-dimensional spacetime of
particles, but also the symmetry group of the (m + 3)-dimensional spacetime of
systems of m entangled three-dimensional particles, for each m ≥ 2.
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1. Introduction

A plethora of peculiar phenomena emerges in quantum mechanics, the quintessen-
tial being entanglement. Quantum entanglement is a physical phenomenon that
occurs when groups of particles interact in ways such that the quantum state of
each particle cannot be described independently of the others, even when the parti-
cles are separated by a large distance. Instead, a quantum state must be described
for a system of particles as a whole.

Nature organizes itself using the language of symmetries. Thus, in particular, the
underlying symmetry by which Einstein’s special relativity theory can be under-
stood is the Lorentz group SOc(1, 3). A physical system has Lorentz symmetry if
the relevant laws of physics are invariant under Lorentz transformations. Lorentz
symmetry is one of the cornerstones of modern physics. However, it is known
that entangled particles involve Lorentz symmetry violation. Indeed, several ex-
plorers exploit entangled particles to observe Lorentz symmetry violation, see for
instance [7], [9], [10], [21] and [22].

The aim of this article is, therefore, to expose and illustrate extended Lorentz trans-
formations that provide the missing symmetry groups of systems of entangled par-
ticles. The underlying geometry of our exploration is an extension of analytic
hyperbolic geometry, called analytic bi-hyperbolic geometry of signature (m,n),
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m,n ∈ N, N being the set of all positive integers. Analytic hyperbolic geome-
try [38], in turn, is the hyperbolic geometry of Bolyai and Lobachevsky studied
analytically. An introduction to analytic hyperbolic geometry is presented in [32],
and its application in Einstein’s special relativity theory is presented in [34]. Ana-
lytic bi-hyperbolic geometry of signature (m,n) is presented in [44], where sym-
metry groups of the spacetime of entangled particles emerge.

The extended Lorentz group SO(m,n) of signature (m,n), m,n ∈ N, also known
as the group of pseudo-rotations in a pseudo-Euclidean space of signature (m,n),
is well-known in algebra [14]. It descends to the common homogeneous, proper,
orthochronous Lorentz transformation group SO(1,3) of Einstein’s special rela-
tivity theory in the special case when (m,n) = (1, 3). Following studies in
[25, 40, 41, 43, 44], we realize the extended Lorentz group SOc(m,n) paramet-
rically, calling the elements of SOc(m,n) Lorentz transformations of signature
(m,n) or, in short, (m,n)-Lorentz transformations, in m time dimensions and n
space dimensions. Then, the Lorentz transformation group SOc(1, 3) is the special
relativistic Lorentz transformation group SO(1, 3) with c > 0 being an arbitrarily
fixed constant that, in physical applications, represents the vacuum speed of light.
Accordingly, SOc=1(m,n) = SO(m,n).

The parametric realization (23) of each extended Lorentz group SOc(m,n),m,n ∈
N, allows us to associate extended Lorentz groups to corresponding extended Galilei
groups. Indeed, by means of the additive decomposition of the Lorentz bi-boost
(28), the set of all Lorentz bi-boosts of signature (m,n) is uniquely associated to
the set of all Galilei bi-boosts of same signature (m,n) and, conversely, the set
of all Galilei bi-boosts of signature (m,n) is uniquely associated to the set of all
Lorentz bi-boosts of same signature (m,n). A Lorentz (Galilei) bi-boost of sig-
nature (m,n) is an extended Lorentz (Galilei) transformation of signature (m,n)
without rotations.

Unlike extended Lorentz groups, extended Galilei groups are intuitively clear, as
shown in Sections 6 – 7. The resulting clear interpretation of a Galilei transforma-
tion of signature (m,n), in turn, induces interpretation for its associated Lorentz
transformation of signature (m,n). Having the induced interpretation for any
m,n ∈ N, the Lorentz transformation group SOc(m,n) turns out to be the symme-
try group of the (m+n)-dimensional spacetime of particle systems that consist of
m n-dimensional entangled particles. The incorporation of the extended Lorentz
groups into Einstein’s special relativity theory gives rise to our extended special
relativity theory. In geometry m,n ≥ 1, while in physical applications m ≥ 1
and n = 3 (see [30] for elegant remarks about the unique features of n = 3 space
dimensions). It is indicated that a Lorentz group of signature (m, 3), m > 1,
describes physical reality for m entangled moving particles in extended special
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relativity theory, just as the Lorentz group of signature (1, 3) describes physical
reality in Einstein’s special relativity theory for moving particles which are not
entangled.

An (m,n)-particle is a system on m n-dimensional entangled subparticles. It is
an element of the (m + n)-dimensional pseudo-Euclidean spacetime having m
time dimensions and n space dimensions (n = 3 in physical applications, but
n ∈ N in geometry). Each subparticle of an (m,n)-particle possesses its own
clock that measures its time, so that the time of an (m,n)-particle is measured
by m clocks, implying that an (m,n)-particle has m time dimensions. The m
subparticles of an (m,n)-particle inhabit the same n-dimensional space, implying
that an (m,n)-particle has n space dimensions. Accordingly, an (m,n)-particle is
an (m+ n)-dimensional spacetime event, having m time and n space dimensions.
It is indicated that a Lorentz transformation group SOc(m,n) of signature (m,n)
is the symmetry group of (m + n)-dimensional spacetime of any system of m n-
dimensional entangled subparticles, just as the common Lorentz group SOc(1, 3)
is the symmetry group of (1 + 3)-dimensional spacetime in special relativity.

The main result of this article, identifying the symmetry group of a system of
m n-dimensional entangled particles, m,n ∈ N, stems from several theorems
established in [44]. Suggestively, the extended Lorentz group of signature (m, 3),
m ≥ 2, is the symmetry group by which the quantum mechanical phenomenon
of entanglement of m particles can be understood as entanglement in the context
of our extended special relativity theory into which extended Lorentz groups of
signature (m, 3), m ≥ 2, are incorporated.

In this paper and, in more details, in [44], our model of m entangled particles,
m ≥ 2, is established mathematically in terms of patterns and analogies that the
model shares with Einstein’s special relativity theory. Therefore, it remains to
explore whether the model is supported experimentally for m ≥ 2, just as it is
supported experimentally for m = 1 in special relativity theory.

2. Pseudo-Euclidean Spaces and Pseudo-Rotations

The study of pseudo-Euclidean spaces and pseudo-rotations is well-known in linear
algebra [14]. A pseudo-Euclidean space Rm,n of signature (m,n), m,n ∈ N, is
an (m+ n)-dimensional space with an orthogonal basis ei, i = 1, . . . ,m+ n

ei·ej = εiδij (1)
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where

εi =

 1 , i = 1, . . . ,m

− 1

c2
, i = m+ 1, . . . ,m+ n

(2)

and where c is an arbitrarily fixed positive constant.

Without loss of generality one may select c = 1. However, we prefer to view c
as a free positive parameter, 0 < c < ∞, in order to allow limits as c → ∞ to
be available, where the modern and new descends to the classical and familiar. An
illustrative point in case is the Lorentz transformation of special relativity theory,
which descends to the Galilei transformation of classical mechanics when the vac-
uum speed of light c tends to infinity, as shown in (25) – (28) with any signature
(m,n).

A pseudo-Euclidean space Rm,n of signature (m,n) is equipped with an inner
product of signature (m,n). The inner product x·y of two vectors x,y ∈ Rm,n

x =
m+n∑
i=1

xiei and y =
m+n∑
i=1

yiei (3)

is

x·y =
m+n∑
i=1

εixiyi =
m∑
i=1

xiyi −
1

c2

m+n∑
i=m+1

xiyi . (4)

Accordingly, the squared norm of x ∈ Rm,n is

‖x‖2 = x2 = x·x =

m+n∑
i=1

εix
2
i =

m∑
i=1

x2
i −

1

c2

m+n∑
i=m+1

x2
i . (5)

Let Im be the m×m identity matrix, and let η be the (m+n)× (m+n) diagonal
matrix

η =

(
Im 0m,n

0n,m − 1
c2
In

)
(6)

where 0m,n is the m× n zero matrix. Then, the matrix representation of the inner
product (4) is

x·y = xtηy (7)

where x,y ∈ Rm,n are the column vectors

x =


x1

x2
...

xm+n

 and y =


y1

y2
...

ym+n

 (8)
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and exponent t denotes transposition.

Let Λ be an (m+ n)× (m+ n) matrix that leaves the inner product (7) invariant.
Then, for all x,y ∈ Rm,n

(Λx)tηΛy = xtηy (9)

implying xtΛtηΛy = xtηy, so that [20, p. 193]

ΛtηΛ = η . (10)

The determinant of the matrix equation (10) yields

(detΛ)2 = 1 (11)

noting that det(ΛtηΛ) = (detΛt)(detη)(detΛ) and detΛt = detΛ. Hence,
detΛ = ±1.

The special transformations Λ that can be reached continuously from the identity
transformation of Rm,n constitute the special pseudo-orthogonal group SOc(m,n),
called the group of pseudo-rotations of signature (m,n). A pseudo-rotation of
signature (m,n) is also called a Lorentz transformation of signature (m,n) or, in
short, an (m,n)-Lorentz transformation. The Lorentz transformation of signature
(1, 3) turns out to be the common homogeneous, proper, orthochronous Lorentz
transformation of Einstein’s special theory of relativity [34]. The formal definition
of SOc(m,n) follows.

Definition 1 (SOc(m,n)). Let m,n ∈ N be two positive integers. A linear trans-
formation Λ of the pseudo-Euclidean space Rm,n is called a pseudo-rotation of
signature (m,n), or a Lorentz transformation of signature (m,n), if it leaves the
inner product (4) invariant, and if it can be reached continuously from the iden-
tity transformation of Rm,n. The group of all Lorentz transformations of signature
(m,n) is denoted by SOc(m,n).

If Λ ∈ SOc(m,n) then its determinant is equal to one, and the determinant of its
first m rows and columns is positive [15, p. 478].

3. Matrix Balls of Radius c

Definition 2 (Spectrum, Spectral Radius [17, p. 35]). The set of all complex num-
bers that are eigenvalues of a square matrix A ∈ Rn×n, n ∈ N, is called the spec-
trum of A and is denoted by σ(A). The spectral radius of A is the nonnegative
number

ρ(A) = max{|λ| ; λ ∈ σ(A)}. (12)
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The spectral radius ρ(A) is thus the radius of the smallest disc centered at the
origin of the complex plane that includes all the eigenvalues of A.

For Definition 3 below, we note that for any V ∈ Rn×m the set of nonzero eigen-
values of V V t ∈ Rn×n equals the set of nonzero eigenvalues of V tV ∈ Rm×m.

Definition 3 (Matrix Ball, Matrix Spectral Norm). For any m,n ∈ N and c >
0, the c-ball Rn×mc of the ambient space Rn×m of all n×m real matrices is given
by

Rn×mc = {V ∈ Rn×m ; λ ∈ σ(V V t),
√
λ < c}

= {V ∈ Rn×m ; λ ∈ σ(V tV ),
√
λ < c} .

(13)

The matrix spectral norm ‖V ‖ of V ∈ Rn×m, or norm in short, is defined by

‖V ‖ = max{
√
λ ; λ ∈ σ(V V t)} = max{

√
λ ; λ ∈ σ(V tV )} . (14)

It is clear from Defenition 3 that

Rn×mc = {V ∈ Rn×m ; ‖V ‖ < c} (15)

and that
‖− V ‖ = ‖V ‖ (16)

for all V ∈ Rn×mc .

Well known properties of the matrix spectral norm are [17, p. 290]

‖A‖ ≥ 0 Nonnegative

‖A‖ = 0 if and only if A = 0 Positive

‖rA‖ = |r|‖A‖ Homogeneity Property

‖A+B‖ ≤‖A‖+ ‖B‖ Triangle Inequality

‖AB‖ ≤‖A‖‖B‖ Submultiplicity

(17)

for any r ∈ R and square matrices A,B ∈ Rk×k, k ∈ N.

Theorem 4. ([44, Section 5.3]). For any m,n ∈ N and c > 0, let V ∈ Rn×m.
Then, V ∈ Rn×mc if and only if the real matrix

ΓLV = ΓLn,V,c :=
√
In − c−2V V t

−1
∈ Rn×n (18)

exists, and similarly, V ∈ Rn×mc if and only if the real matrix

ΓRV = ΓRm,V,c :=
√
Im − c−2V tV

−1
∈ Rm×m (19)

exists.
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The obvious limits

lim
c→∞

ΓLV = In, lim
c→∞

ΓRV = Im (20)

will prove useful in (25).

We use the abbreviated notation ΓLV and ΓRV in (18) – (19), rather than the full
notation ΓLn,V,c and ΓRm,V,c, since the values of m,n and c are always known from
the context. We call ΓLV and ΓRV , respectively, the left and right gamma factors of
signature (m,n).

In view of (20), it is interesting to note that for any fixed m,n ∈ N and c > 0, the
left and right gamma factors of signature (m,n) satisfy the equations [44, Lemma
5.82]

ΓLV = In +
1

c2

(ΓLV )2

In + ΓLV
V V t, ΓRV = Im +

1

c2

(ΓRV )2

Im + ΓRV
V tV. (21)

In (21) we use the convenient matrix division notationA/B to denote eitherAB−1

or B−1A when no confusion may arise, that is, when the matrices A and B satisfy
AB−1 = B−1A. The identities in (21) prove useful in establishing the important
additive decomposition (28).

In the special case when m = 1, the right gamma factor, ΓRV in (19), descends to
the Lorentz gamma factor, γV , of special relativity theory [34]

ΓRV =
1√

1− c−2‖V ‖2
=: γV , m = 1 (22)

V ∈ Rn×1 = Rn, where ‖V ‖2 = V tV .

4. V-Parametric Realization of the Lorentz Transformations of
Signature (m,n)

The following theorem realizes the group SOc(m,n) parametrically. Each element
Λ ∈ SOc(m,n) is a Lorentz transformation of signature (m,n). It is parametrized
by a matrix parameter in the ball, V ∈ Rn×mc , and two orientation parameters
Om ∈ SO(m) and On ∈ SO(n), according to the following theorem.

Theorem 5. (Lorentz Transformation Bi-Gyration Decomposition and the V-
Parametric Realization [44, Theorem 5.20]). A matrix Λ ∈ R(m+n)×(m+n),
m,n ∈ N, is the matrix representation of a Lorentz transformation Λ of signature
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(m,n), Λ ∈ SOc(m,n), if and only if it possesses the bi-gyration decomposition

Λ =

(
Om 0m,n

0n,m In

)(
ΓRV

1
c2

ΓRV V
t

ΓLV V ΓLV

)(
Im 0m,n

0n,m On

)

Λ ∈ SOc(m,n) = SO(m)× Rn×mc × SO(n)

(23)

parametrized by the main parameter V ∈ Rn×mc , and the two orientation parame-
ters Om ∈ SO(m) and On ∈ SO(n).

It follows from (23) that a Lorentz transformation Λ of signature (m,n) without
rotations is what we call a Lorentz bi-boost, Bc(V ), of signature (m,n)

Bc(V ) =

(
ΓRV

1
c2

ΓRV V
t

ΓLV V ΓLV

)
∈ SOc(m,n) . (24)

The matrix Bc(V ) is a bi-boost (as opposed to a boost) in the sense that it admits
in (23) the bi-rotation (Om, On) ∈ SO(m)× SO(n).

An elegant, straightforward demonstration that Bc(V ) ∈ SOc(m,n), as stated in
(24), is presented in [44, Section 5.8].

In the special case when the signature is (m,n) = (1, n), the Lorentz bi-boost
Bc(V ) in (24) descends to the common Lorentz transformation of Einstein’s spe-
cial theory of relativity, as shown in [44, Equation (5.173)], where the parameter
V ∈ Rn×1

c = Rnc represents relativistically admissible velocities.

The gyration decomposition (23) presents the generic Lorentz transformation of
signature (m,n) as a bi-boost along with a left rotation On ∈ SO(n) and a right
rotation Om ∈ SO(m) acting on V ∈ Rn×mc . Collectively, the pair (On, Om) of a
left and a right rotation, taking V into OnV Om, is called a bi-rotation.

In the limit of large c, the Lorentz bi-boost Bc(V ) of signature (m,n) tends to
its Galilean counterpart B∞(V ), called the Galilei bi-boost of signature (m,n).
Indeed, by means of (20) we have

lim
c→∞

Bc(V ) =

(
Im 0m,n
V In

)
=: B∞(V ) ∈ SO∞(m,n) (25)

in which V ∈ Rn×mc
−−−−→c→∞ Rn×m and where SO∞(m,n) is the group of all Galilei

transformations of signature (m,n). The Galilei bi-boost of signature (1, 3) is the
common Galilei transformation of classical mechanics. The physical interpretation
of the Galilei bi-boost of signature (1, 3) is intuitively clear. We will see in Sec-
tion 7 that the physical interpretation of the Galilei bi-boost of signature (m, 3) for
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any m > 1 is intuitively clear as well. The physical interpretation of the Galilei bi-
boost of signature (m, 3), in turn, leads to a physical interpretation of the Lorentz
bi-boost of signature (m, 3), by means of the additive decomposition of the Lorentz
bi-boost that we present in Section 5.

5. Additive V-Decomposition of the Lorentz Bi-Boost

Theorem 6. (Additive V-Decomposition of the Lorentz Bi-boost [44, Theorem
5.83]) . Let

Bc(V ) =

(
ΓRV

1
c2

ΓRV V
t

ΓLV V ΓLV

)
∈ SOc(m,n), V ∈ Rn×mc ⊂ Rn×m (26)

be the Lorentz bi-boost of signature (m,n), m,n ∈ N, and let

B∞(V ) =

(
Im 0m,n
V In

)
∈ R(m+n)×(m+n), V ∈ Rn×m (27)

be the Galilei bi-boost of signature (m,n).

Then, Bc(V ) and B∞(V ) are related to each other by the additive decomposition
of the Lorentz bi-boost

Bc(V ) = B∞(V ) +
1

c2

 (ΓR
V )2

Im+ΓR
V

V tV ΓRV V
t

(ΓL
V )2

In+ΓL
V

V V tV
(ΓL

V )2

In+ΓL
V

V V t

 , V ∈ Rn×mc . (28)

The additive decomposition (28) in Theorem 6 provides a correspondence be-
tween Lorentz and Galilei bi-boosts. Thus, the set of all Lorentz bi-boosts Bc(V ),
V ∈ Rn×mc , of signature (m,n) is associated to the set of all Galilei bi-boosts
B∞(V ), V ∈ Rn×m, of same signature (m,n) and, conversely, the set of all
Galilei bi-boosts of signature (m,n) is associated to the set of all Lorentz bi-boosts
of same signature (m,n), m,n ∈ N. This association is important, enabling us to
interpret extended Lorentz transformations in terms of the intuitively clear interpre-
tation of corresponding extended Galilei transformations of any signature (m,n).
It suggests the following formal definition.

Definition 7 (Additive V-Decomposition of the Lorentz Bi-Boost). Let

Bc(V ) =

(
ΓRV

1
c2

ΓRV V
t

ΓLV V ΓLV

)
, V ∈ Rn×mc (29)
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and

B∞(V ) =

(
Im 0m,n

V In

)
, V ∈ Rn×m (30)

be the Lorentz bi-boost of signature (m,n) and its corresponding Galilei bi-boost
of same signature (m,n), m,n ∈ N. Furthermore, let

E(V ) =

 (ΓR
V )2

Im+ΓR
V

V tV ΓRV V
t

(ΓL
V )2

In+ΓL
V

V V tV
(ΓL

V )2

In+ΓL
V

V V t

 , V ∈ Rn×mc (31)

so that, by Theorem 6, we have the Lorentz bi-boost additive V -decomposition

Bc(V ) = B∞(V ) +
1

c2
E(V ), V ∈ Rn×mc . (32)

Following (32), we say that B∞(V ) is the Galilean part and c−2E(V ) is the en-
tanglement part of the Lorentz bi-boost Bc(V ) of signature (m,n).

Owing to the presence of the factor c−2 in the entanglement part c−2E(V ) of
the additive V -decomposition (32), non-Galilean relativistic effects are directly
noticeable only at very high speeds.

The physical interpretation of the Lorentz bi-boost of signature (m, 3) is well-
known when m = 1, being the Lorentz boost of Einstein’s special theory of rela-
tivity. The entanglement part of the Lorentz bi-boost Bc(V ) of signature (1, 3) is
responsible for the relativistic intertwining of space and time, as well as for other
relativistic effects like time dilation, length contraction, Thomas precession and
quantum mechanical energy levels.

In order to set the road to extending the physical interpretation of the Lorentz bi-
boost of signature (m, 3) fromm = 1 tom ≥ 1, we present in Sections 6 and 7 the
intuitively clear physical interpretation of the Galilei bi-boost of signature (m, 3),
m ≥ 1.

6. Application of the Galilei Bi-Boost of Signature (1,3)

In this section about the Galilei bi-boost of signature (1, 3), we set the stage for
the presentation of the Galilei bi-boost of signature (2, 3) and, hence, of signature
(m, 3), m > 1, in Section 7.

A Galilei bi-boost of signature (1, 3) is the common Galilei boost of classical me-
chanics. Let B∞(V ) = B∞(v) be the Galilei bi-boost of signature (m,n) =
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(1, 3), parametrized by the velocity parameter V = v

V = v =

v1

v2

v3

 ∈ R3 = R3×1 . (33)

In order to conform to the formalism of bi-boosts of signature (m,n), m,n > 1,
in Section 7, we view V as a 3× 1 matrix in R3×1, and v as a vector in R3, noting
that R3×1 = R3. Accordingly, V is a matrix the single column of which is v.

Let (
t
x

)
=


t
x1

x2

x3

 ∈ R4×1 (34)

be a 4 × 1 matrix that represents the time-space coordinates of a particle with
position x = (x1, x2, x3)t ∈ R3 at time t ∈ R. The point (t,x) is said to be a
particle of signature (m,n)=(1, 3) with position x ∈ R3 at time t ∈ R. A particle
of signature (m,n) is also called an (m,n)-particle, in short.

The application of the Galilei bi-boost B∞(V ) of signature (m,n) = (1, 3) to a
(1, 3)-particle (t,x) in m+ n = 1 + 3 time-space dimensions yields

(
t′

x′

)
:= B∞(V )

(
t
x

)
=


1 0 0 0
v1 1 0 0
v2 0 1 0
v3 0 0 1



t
x1

x2

x3

=


t

v1t+ x1

v2t+ x2

v3t+ x3

=

(
t

x + vt

)
(35)

where B∞(V ) is given by (30) with m = 1 and n = 3.

Accordingly, the Galilei bi-boost B∞(V ) of signature (1, 3) is a Galilei boost that
keeps the time invariant, t′ = t, and boosts the position x ∈ R3 of the particle
(t,x)t into the position x′ = x + vt ∈ R3, v ∈ R3, of the boosted particle
(t,x + vt)t, at time t.

7. Application of the Galilei Bi-Boost of Signature (m,n)

We are now in the position to explore the Galilei bi-boost of signature (m,n) for
all m,n ∈ N, paying special attention to the case when (m,n) = (2, 3) as an
illustrative example.
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LetB∞(V ) = B∞(v1,v2) be the Galilei bi-boost of signature (2, 3), parametrized
by the velocity matrix V = (v1 v2)

V = (v1 v2) =

v11 v12

v21 v22

v31 v32

 ∈ R3×2 (36)

of two velocities vk = (v1k, v2k, v3k)
t ∈ R3, k = 1, 2. The two velocities vk

form the two columns of the velocity matrix V .

Furthermore, let

(
T
X

)
=


t1 0
0 t2
x11 x12

x21 x22

x31 x32

 =

 t1 0
0 t2
x1 x2

 ∈ R5×2 (37)

be a 5×2 matrix that represents a (2, 3)-particle consisting of the time-space coor-
dinates of two subparticles, (tk,xk), k = 1, 2, with positions xk = (x1k, x2k, x3k)

t

∈ R3, at time tk ∈ R, respectively. Here

T =

(
t1 0
0 t2

)
(38)

t1, t2 > 0, is a 2× 2 diagonal, positive definite matrix that represents the times t1
and t2 when two subparticles are observed at positions x1 and x2 in R3, respec-
tively, and

X =

x11 x12

x21 x22

x31 x32

 = (x1 x2) ∈ R3×2 (39)

is a 3× 2 matrix the columns of which represent the positions x1,x2 ∈ R3 of two
subparticles at times t1, t2 ∈ R, respectively.

Accordingly, the point
(
T
X

)
= (T,X) ∈ R5×2 represents a (2, 3)-particle, which

is a particle system consisting of two subparticles (t1,x1) and (t2,x2) with posi-
tions x1 and x2 in R3 at times t1 and t2, respectively, t1, t2 ∈ R. Here we use the

displayed notation,
(
T
X

)
, and the inline notation, (T,X), interchangeably.

The collective application of the Galilei bi-boost B∞(V ) of signature (2, 3) to the
pair of subparticles (T,X) in m+ n = 2 + 3 time-space dimensions yields(

T ′

X ′

)
:= B∞(V )

(
T
X

)
(40)
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that is

 t′1 0
0 t′2
x′1 x′2

 :=B∞(V )

 t1 0
0 t2
x1 x2

 =


1 0 0 0 0
0 1 0 0 0
v11 v12 1 0 0
v21 v22 0 1 0
v31 v32 0 0 1



t1 0
0 t2
x11 x12

x21 x22

x31 x32



=


t1 0
0 t2

v11t1 + x11 v12t2 + x12

v21t1 + x21 v22t2 + x22

v31t1 + x31 v32t2 + x32

 =

 t1 0
0 t2

x1 + v1t1 x2 + v2t2


(41)

where B∞(V ) is given by (30) with m = 2 and n = 3.

The chain of equations (41) describes the application of a Galilei bi-boost B∞(V )
of signature (2, 3) to collectively bi-boost two subparticles, (t1,x1) and (t2,x2),
into the two bi-boosted subparticles, (t1,x1 + v1t1) and (t2,x2 + v2t2), by 3-
dimensional velocities v1 = (v11, v21, v31)t and v2 = (v12, v22, v32)t in R3. It is
important to note that the two collectively bi-boosted subparticles are not entangled
in the sense that the boost of each boosted subparticle is independent of the boost of
the other boosted subparticle. Interestingly, this observation fails when we replace
Galilei bi-boosts of signature (m, 3), m ≥ 2, by corresponding Lorentz bi-boosts
of signature (m, 3), as we will see in the sequel.

Each of the two particles (t1,x1) and (t2,x2) possesses a one-dimensional time,
t1 ∈ R and t2 ∈ R, respectively. Accordingly, the system consisting of the two
particles possesses the two-dimensional time, (t1, t2) ∈ R2. Each of the two par-
ticles possesses its own clock, so that the two-dimensional time of the system is
measured by two clocks. In general, a system consisting of m particles possesses
an m-dimensional time, measured by m clocks, m ∈ N.

The extension of (36) – (41) from signature (2, 3) to signature (m,n), m,n ∈ N,
is now obvious. The Galilei bi-boost B∞(V ) of signature (m,n) is parametrized
by a velocity matrix V ∈ Rn×m of order n×m that consists of m columns, V =
(v1 v2 . . . vm), which represent the m velocities v1,v2, . . . , vm ∈ Rn relative
to some inertial frame. Furthermore, when B∞(V ) is applied to collectively bi-
boost m particles in Rn (i) it keeps invariant each of the times tk, k = 1, . . . ,m
of the m particles (tk,xk), that is, t′k = tk, and (ii) it bi-boosts their positions
xk ∈ Rn into the bi-boosted positions xk + vktk ∈ Rn at times tk, respectively.
The m collectively bi-boosted particles are not entangled in the sense that i) the
boost of each boosted particle is independent of the boosts and times of the other
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boosted particles and ii) the time of each boosted particle is independent of the
times and boosts of the other boosted particles.

A Galilei bi-boost of signature (m, 3), applied collectively to the m subparticles
of an (m, 3)-particle is thus equivalent to m Galilei boosts applied individually
to each subparticle, yielding no entanglement. In contrast, we will see that the
Lorentz bi-boost of signature (m, 3), applied collectively to the m subparticles
of an (m, 3)-particle, yields subparticle entanglement, where the times and the
positions of the subparticles are instantaneously entangled, no matter how far apart
the subparticles are.

The chain of equations (41) for the action of Galilei bi-boosts of signature (2, 3)
and its obvious extension to the action of Galilei bi-boosts of any signature (m,n),
m,n ∈ N, demonstrate that the extension of the common Galilei boost of signature
(1, 3) to Galilei bi-boosts of any signature (m,n) is quite natural. The correspon-
dence (28) between Galilei bi-boosts, B∞(V ), V ∈ Rn×m, of signature (m,n)
and Lorentz bi-boosts, Bc(V ), V ∈ Rn×mc , of same signature (m,n) indicates that
the extension of the common Lorentz boost of signature (1, 3) to Lorentz bi-boosts
of any signature (m,n) is quite natural as well. Yet, unlike Lorentz bi-boosts,
Galilei bi-boosts of signature (m,n) are intuitively clear. We, therefore, explore
the Lorentz bi-boosts of any signature (m,n) in Section 8.

8. Application of the Lorentz Bi-Boost of Signature (m,n)

We are now in the position to explore the interpretation of the Lorentz bi-boost
of signature (m,n) for all m,n ∈ N, paying special attention to the case when
(m,n) = (2, 3) as an illustrative example.

The collective application of the Lorentz bi-boost Bc(V ) of signature (2, 3) to the
pair of particles (T,X) in 2 + 3 time-space dimensions is obtained by replacing
B∞(V ) by Bc(V ) in (41) and employing the Lorentz bi-boost additive decompo-
sition (32). Accordingly, we obtain the chain of equations(
T ′

X ′

)
=

t
′
11 t
′
12

t′21 t
′
22

x′1 x′2

 :=Bc(V )

(
T
X

)
=Bc(V )

 t1 0
0 t2
x1 x2

=
{
B∞(V ) +

1

c2
E(V )

}
(42)

×

 t1 0
0 t2
x1 x2

=

 t1 0
0 t2

x1 + v1t1 x2 + v2t2

+
1

c2
E(V )

 t1 0
0 t2
x1 x2


where T and X are given by (38) – (39), V ∈ R3×2

c ⊂ R3×2 is given by (36),
and E(V ) is given by (31) with (m,n) = (2, 3). Owing to the presence of the
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factor 1/c2 in (42), the entangled time components t′21 and t′12 in (42) are directly
noticeable only at very high speeds.

The relativistic squared bi-norm of each subparticle of the (2, 3)-particle (T,X)
remains invariant under the application in (42) of the bi-boost Bc(V ) ∈ SOc(2, 3),
that is

(t′11)2 + (t′21)2 − c−2(x′1)2 = t21 − c−2x2
1

(t′12)2 + (t′22)2 − c−2(x′2)2 = t22 − c−2x2
2

(43)

where we use the notation x2 = x·x for vectors x ∈ Rn.

Moreover, the relativistic bi-inner product of the two subparticles (tk,xk), k =
1, 2, of the (2, 3)-particle (T,X) remains invariant under a bi-boost application, as
well

t′11t
′
12 + t′21t

′
22 − c−2x′1·x′2 = t10 + 0t2 − c−2x1·x2 = −c−2x1·x2 (44)

as implied from [44, Theorem 6.15].

Remark 8. The invariance in (44) results from the theorem in [44, Theorem 6.15]
for (T,X) ∈ R(m+n)×m, m,n ∈ N, in the special case when (m,n) = (2, 3).
Hence, it is important to note the following immediate generalization of the theo-
rem. The two theorems in [44, Theorem 6.14] and [44, Theorem 6.15] are stated
for (T,X) ∈ R(m+n)×m for all m,n ∈ N, where T ∈ Rm×m and X ∈ Rn×m.
However, these two theorems and their proof can be unified under a generalization
of the theorem in [44, Theorem 6.15] to the case when (T,X) ∈ R(m+n)×k for
all m,n, k ∈ N, so that T ∈ Rm×k and X ∈ Rn×k. Then, each invariance in
(43) corresponds to (m,n, k) = (2, 3, 1), and the invariance in (44) corresponds
to (m,n, k) = (2, 3, 2).

According to (42), the collective application of a Lorentz bi-boost Bc(V ) of sig-
nature (m,n) = (2, 3) to the constituents of a system of two three-dimensional
subparticles generates classical effects and bi-relativistic effects.

The classical effects boost the two subparticles of the system individually by ve-
locities v1 and v2, as we see from the first term on the extreme right-hand side
of (42). The bi-relativistic effects involve collective entanglement of the times and
positions of the system constituents, as we see from the second term on the extreme
right-hand side of (42).

It is evidenced by (43) that owing to the presence of entanglement, (2, 3)-particles
involve Lorentz symmetry violation. Indeed, the symmetry group of the (2, 3)-
dimensional spacetime of a (2, 3)-particle is the Lorentz group of signature (2, 3),
rather than the common, special relativistic Lorentz group of signature (1, 3).
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The extension of (42) to the application of Lorentz bi-boosts of any signature
(m,n), m,n ∈ N, to systems of m n-dimensional subparticles is now clear. It
suggests that Lorentz bi-boosts of signature (m,n) form the symmetry group by
which systems of m n-dimensional moving entangled particles can be understood,
just as the Lorentz group of signature (1, 3) forms the symmetry group by which
Einstein’s special theory of relativity can be understood.

9. Geometric Entanglement in Bi-Hyperbolic Geometry

The parametric realization of the special relativistic Lorentz transformation of sig-
nature (1, n), n > 1, in 1988 [29] gives rise to Einstein gyrogroups and Einstein
gyrovector spaces. Einstein gyrovector spaces, in turn, form the algebraic set-
ting for analytic hyperbolic geometry, as demonstrated in [44, Chapters 2-3] and
in [31, 32, 34–37, 39].

In full analogy, the parametric realization of Lorentz transformations of signature
(m,n), m,n > 1, gives rise in [44] to Einstein bi-gyrogroups and Einstein bi-
gyrovector spaces of signature (m,n). Einstein bi-gyrovector spaces, in turn, form
the algebraic setting for analytic bi-hyperbolic geometry, as demonstrated in [44].
Bi-hyperbolic geometry turns out to form a natural extension of the analytic hy-
perbolic geometry studied in [31, 32, 34–37, 39]. Remarkably, unlike hyperbolic
geometry, bi-hyperbolic geometry of signature (m,n), m,n > 1, involves geo-
metric entanglement, a reminiscent of the entanglement observed in physics. The
n-dimensional hyperbolic geometry of Lobachevsky and Bolyai is, in fact, a bi-
hyperbolic geometry of signature (1, n), n > 1. In this sense, bi-hyperbolic ge-
ometry is a natural generalization of hyperbolic geometry from signature (1, n) to
signature (m,n), m,n ∈ N.

The entanglement in (m+n)-dimensional spacetime can, thus, be considered as a
geometric entanglement in bi-hyperbolic geometry of signature (m,n), studied in
detail in [44].

10. Quantum Entanglement and Relativistic-Geometric Entanglement

A plethora of peculiar phenomena emerges in quantum mechanics, the quintessen-
tial being entanglement [4]. Quantum entanglement is a physical phenomenon
(see [6] for a special example) that occurs when groups of particles interact in ways
such that the quantum state of each particle cannot be described independently of
the others, even when the particles are separated by a large distance. Instead, a
quantum state must be described for a system of particles as a whole.
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Quantum entanglement is a great mystery in physics. Einstein, Podolsky and
Rosen have issued in 1935 a challenge to quantum physics, claiming that the the-
ory is incomplete. They based their argument on the existence of the entanglement
phenomenon, which in turn, had been deduced to exist based on mathematical con-
siderations of quantum systems. They, accordingly, claimed that the theory that
allows for the “unreal” phenomenon of entanglement has to be incomplete [11].

Contrasting Einstein, Podolsky and Rosen, we see in this article that entanglement
is quite real within the frame of a natural extension of special relativity

1. from a theory that stems from the common Lorentz transformation of signa-
ture (1, 3) (which is regulated by hyperbolic geometry)

2. to a theory that stems from the Lorentz transformation of signature (m, 3),
for all m ∈ N (which is regulated by bi-hyperbolic geometry).

The related extension of hyperbolic geometry to bi-hyperbolic geometry, in turn,
is associated with the natural emergence of the Lorentz transformation of signa-
ture (m,n), m,n > 1, into Einstein’s special relativity theory. These generalized
Lorentz transformations involve m temporal dimensions and n spatial dimensions
as well as a geometric entanglement. The resulting geometric entanglement shares
with quantum entanglement a characteristic property. They involve particle sys-
tems in such a way that the motion of a constituent particle of a system cannot
be described independently of the motion of the others, even when the constituent
particles of the system are separated by a large distance. Instead, the motion of
the constituent particles must be described for the system as a whole. Graphical
demonstrations of geometric entanglements are presented in [44].

11. P-Parametric Realization of Lorentz Transformations of
Signature (m,n)

We have seen that bi-boosts Bc(V ) of any signature (m,n), parametrized by V ∈
Rn×mc , prove useful in modeling entanglement. Hence, in order to understand
our model of entanglement it is important to uncover the algebra of the bi-boost
Bc(V ) in terms of underlying parameters. However, it is found in [44] that in order
to uncover the algebra of the bi-boost Bc(V ) it is useful to uncover the algebra of
the bi-boost Bc(P ), parametrized by P ∈ Rn×m.

In order to uncover the algebra of the bi-boostBc(P ) in terms of underlying param-
eters, we present Theorem 9 associated with P , which is analogous to Theorem 5
associated with V .
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Theorem 9. (Lorentz Transformation Bi-gyration Decomposition and the P-
Parametric Realization [44, Theorem 4.12]). A matrix Λ ∈ R(m+n)×(m+n),
m,n ∈ N, is the matrix representation of a Lorentz transformation Λ of signature
(m,n), Λ ∈ SOc(m,n), if and only if it possesses the bi-gyration decomposition

Λ =

(
Om 0m,n

0n,m In

)(√
Jm + c−2P tP 1

c2
P t

P
√
Jn + c−2PP t

)(
Im 0m,n

0n,m On

)

Λ ∈ SOc(m,n) = SO(m)× Rn×mc × SO(n)

(45)

parametrized by the main parameter P ∈ Rn×m, and the two orientation parame-
ters Om ∈ SO(m) and On ∈ SO(n).

It follows from (45) that a Lorentz transformation Λ of signature (m,n) without
rotations is the Lorentz bi-boost, Bc(P ), of signature (m,n)

Bc(P ) =

(√
Jm + c−2P tP 1

c2
P t

P
√
Jn + c−2PP t

)
∈ SOc(m,n) . (46)

An elegant, straightforward demonstration that Bc(P ) ∈ SOc(m,n), as stated in
(46), is presented in [44, Section 4.5].

The gyration decomposition (45) presents the generic Lorentz transformation of
signature (m,n) as a bi-boost along with a left rotation On ∈ SO(n) and a right
rotation Om ∈ SO(m) acting on P ∈ Rn×m. Collectively, the pair (On, Om) of a
left and a right rotation, taking P into OnPOm, is a bi-rotation.

In the limit of large c, the Lorentz bi-boost Bc(P ) of signature (m,n) tends to
its Galilean counterpart B∞(P ), which is the Galilei bi-boost of signature (m,n).
Indeed, we clearly have

lim
c→∞

Bc(P ) =

(
Im 0m,n
P In

)
=: B∞(P ) ∈ SO∞(m,n), P ∈ Rn×m (47)

where SO∞(m,n) is the group of all Galilei transformations of signature (m,n).

12. Additive P-Decomposition of the Lorentz Bi-Boost

Theorem 10 (Additive P-Decomposition of the Lorentz Bi-Boost). Let

Bc(P ) =

(
BR
m(P ) 1

c2
P t

P BL
n (P )

)
∈ SOc(m,n) ⊂ R(m+n)×(m+n) (48)
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P ∈ Rn×m, be the Lorentz bi-boost of signature (m,n),m,n ∈ N, defined in (46),
where

BR
m(P ) =

√
Im + c−2P tP ∈ Rm×m, BL

n (P ) =
√
In + c−2PP t ∈ Rn×n

(49)

and let

B∞(P ) =

(
Im 0m,n
P In

)
∈ R(m+n)×(m+n) (50)

be the Galilei bi-boost of signature (m,n).

Then,Bc(P ) andB∞(P ) are related to each other by the additiveP -decomposition
of the Lorentz bi-boost

Bc(P ) = B∞(P ) +
1

c2

(
P t(In +BL

n (P ))−1P P t

0n,m P (Im +BR
m(P ))−1P t

)
(51)

for all P ∈ Rn×m.

Proof: By [44, Equations (5.159)-(5.160)], the matrices BR
m(P ) and BL

n (P ) are
related to each other by the identities

BR
m(P ) = Im +

1

c2
P t(In +BL

n (P ))−1P

BL
n (P ) = In +

1

c2
P (Im +BR

m(P ))−1P t .

(52)

Substituting (52) into (48) yields (51). �

Theorem 10 suggests the following formal definition.

Definition 11 (Additive P-Decomposition of the Lorentz Bi-boost). Let

Bc(P ) =

(
BR
m(P ) 1

c2
P t

P BL
n (P )

)
∈ SOc(m,n) ⊂ R(m+n)×(m+n) (53)

and

B∞(P ) =

(
Im 0m,n

P In

)
∈ R(m+n)×(m+n) (54)

P ∈ Rn×m, be a Lorentz bi-boost of signature (m,n) and its corresponding
Galilei bi-boost of same signature (m,n), m,n ∈ N. Furthermore, let

E(P ) =

(
P t(In +BL

n (P ))−1P P t

0n,m P (Im +BR
m(P ))−1P t

)
(55)
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P ∈ Rn×m, so that by Theorem 10 we have the Lorentz bi-boost additive P -
decomposition

Bc(P ) = B∞(P ) +
1

c2
E(P ) (56)

for all P ∈ Rn×m.

Following (56) we say that B∞(P ) is the Galilean part and c−2E(P ) is the entan-
glement part of the Lorentz bi-boost Bc(P ) of signature (m,n).

Owing to the presence of the factor c−2 in the entanglement part c−2E(P ) of
the additive P -decomposition (56), non-Galilean relativistic effects are directly
noticeable only at very high speeds.

13. The P-Composition Law

Let

Bc(Pk) =

(
BR
m(Pk)

1
c2
P tk

Pk BL
n (Pk)

)
∈ SOc(m,n) (57)

Pk ∈ Rn×m, k = 1, 2, be two Lorentz bi-boosts of signature (m,n), m,n ∈ N.
Their product

Λ := Bc(P1)Bc(P2) =

(
BR
m(P1) 1

c2
P t1

P1 BL
n (P1)

)(
BR
m(P2) 1

c2
P t2

P2 BL
n (P2)

)

=

( 1
c2
P t1P2 +BR

m(P1)BR
m(P2) 1

c2
(BR

m(P1)P t2 + P t1B
L
n (P2))

P1B
R
m(P2) +BL

n (P1)P2
1
c2
P1P

t
2 +BL

n (P1)BL
n (P2)

) (58)

need not be a Lorentz bi-boost. However, the product of two Lorentz bi-boosts of
signature (m,n) is a Lorentz transformation of signature (m,n) and, hence, pos-
sesses the unique bi-gyration decomposition (45), parametrized by a main param-
eter P and two orientation parameters Om and On, which are uniquely determined
by P1 and P2. In order to emphasize that these three parameters are determined by
P1 and P2, they are denoted by

P =: P1⊕P2 ∈ Rn×m (59)

and

Om =: rgyr[P1, P2] ∈ SO(m), On =: lgyr[P1, P2] ∈ SO(n) . (60)
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We call P1⊕P2 the composition of P1 and P2, viewing ⊕ as a binary operation in
Rn×m.

We call rgyr[P1, P2] (respectively lgyr[P1, P2]) the right (resp. left) gyration gen-
erated by P1 and P2. Collectively, the pair consisting of a right and a left gyration
generated by P1 and P2 is called the bi-gyration generated by P1 and P2.

Accordingly, the bi-boost product (58) possesses the unique bi-gyration decompo-
sition (45) which, by means of (59) – (60), takes the form

Λ = Bc(P1)Bc(P2)

=

(
rgyr[P1, P2] 0m,n

0n,m In

)(
BR
m(P1⊕P2) 1

c2
(P1⊕P2)t

P1⊕P2 BL
n (P1⊕P2)

)
×

(
Im 0m,n

0n,m lgyr[P1, P2]

)
(61)

=

(
rgyr[P1, P2]BR

m(P1⊕P2) 1
c2

rgyr[P1, P2](P1⊕P2)tlgyr[P1, P2]

P1⊕P2 BL
n (P1⊕P2)lgyr[P1, P2]

)
.

The bi-gyration decomposition (61) of SO(m,n) and the bi-gyration decomposi-
tion (58) of the bi-boost product enable the composition P1⊕P2 and the right and
left gyrations, rgyr[P1, P2] and lgyr[P1, P2], to be expressed in terms of P1 and
P2. Indeed, by [44, Theorem 4.18], it follows from (58) and (61) that P1⊕P2,
rgyr[P1, P2] and lgyr[P1, P2] are given by the equations

P1⊕P2 = P1B
R
m(P2) +BL

n (P1)P2 ∈ Rn×m (62)

and

rgyr[P1, P2] = {c−2P t1P2 +BR
m(P1)BR

m(P2)}(BR
m(P1⊕P2))−1 ∈ SO(m)

lgyr[P1, P2] = (BL
n (P1⊕P2))−1{c−2P1P

t
2 +BL

n (P1)BL
n (P2)} ∈ SO(n)

(63)

for all P1, P2 ∈ Rn×m.

It proves useful to replace the binary operation ⊕ in Rn×m by the binary operation
⊕′ in Rn×m given by the P-composition law

P1⊕′P2 = (P1⊕P2)rgyr[P2, P1] . (64)

It also proves useful to combine the right and left gyrations, say lgyr[P1, P2] and
rgyr[P1, P2] into a composite gyration, gyr [P1, P2], according to the equation

gyr [P1, P2]P = lgyr[P1, P2]P rgyr[P2, P1] (65)
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for all P, P1, P2 ∈ Rn×m, so that gyr [P1, P2] is an automorphism of the gyrogroup
(Rn×m,⊕′).

Remarkably, the construction of gyrations gyr [P1, P2] from bi-gyrations

(lgyr[P1, P2], rgyr[P1, P2])

P1, P2 ∈ Rn×m in (65), turns bi-gyrogroups into gyrocommutative gyrogroups.
Indeed, it is shown in [44] that for any signature (m,n), m,n ∈ N, the groupoid
(Rn×m,⊕′) forms a gyrocommutative gyrogroup with gyrations given by (65).

In order to indicate the presence of physical significance, we will show in Sec-
tion 15 that in the special case when (m,n) = (1, 3) the gyrogroup (Rn×m,⊕′)
descends to the Einstein gyrogroup (R3×1,⊕′)=(R3,⊕E). The Einstein gyrogroup
(R3,⊕E), in turn, is the set R3 of all proper velocities of special relativity theory,
equipped with the binary operation ⊕E = ⊕′ in R3 given by the Einstein proper-
velocity addition law.

Einstein gyrogroups are studied, for instance, in [31] and [34]. Einstein gyrogroups
and gyrovector spaces of proper velocities are studied in [31, Chapter 5]. The
intrinsic beauty, harmony and interdisciplinarity in Einstein gyrogroups and gy-
rovector spaces is demonstrated in [42]. The universal significance of gyrogroups
and gyrovector spaces is illustrated, for instance, in [5] and [1, 2], [8, 18, 19, 46],
[3, 12, 13, 23, 28], [24, 26, 27], [45].

14. Gyrogroups

A gyrogroup is a nonassociative group-like object, first arose as an algebraic struc-
ture in special relativity theory [29,31]. The formal definitions of a gyrogroup and
a gyrocommutative gyrogroup are as follows. Let (G,⊕) be a groupoid, that is,
a nonempty set G with a binary operation ⊕, and let Aut(G,⊕) be the group of
automorphisms of the groupoid (G,⊕).

Definition 12 (Gyrogroups). A groupoid (G,⊕) is a gyrogroup if its binary oper-
ation obeys the following axioms.

G1) There is an element 0 ∈ G such that 0⊕a = a for all a ∈ G.

G2) For each a ∈ G, there is an element b ∈ G such that b⊕a = 0.

G3) For all a, b ∈ G there is an automorphism gyr [a, b] ∈ Aut(G,⊕)] such that

a⊕(b⊕c) = (a⊕b)⊕gyr [a, b]c (Left Gyroassociative Law)

for all c ∈ G.
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G4) For all a, b ∈ G

gyr [a, b] = gyr [a⊕b, b] (Left Reduction Property).

Definition 13 (Gyrocommutative Gyrogroups). A gyrogroup (G,⊕) is gyrocom-
mutative if its binary operation obeys the following axiom.

G5) For all a, b ∈ G

a⊕b = gyr [a, b](b⊕a) (Gyrocommutative Law).

For all a, b ∈ G, gyrations gyr [a, b] are special automorphisms of the gyrogroup
(G,⊕). Hence, they are also called gyroautomorphisms. Gyroautomorphisms, in
turn, form the mathematical abstraction of the special relativistic effect known as
Thomas precession. The term gyration suggests our gyrolanguage, in which we
prefix a gyro to any term that describes a concept in Euclidean geometry and in
associative algebra to mean the analogous concept in hyperbolic geometry and in
nonassociative algebra. Our gyroterminology thus conveys a world of meaning in
an elegant and memorable fashion.

15. Einstein Gyrogroup of Proper Velocities

In order to uncover the physical interpretation of the Lorentz bi-boost Bc(P ) para-
metrized by P ∈ Rn×m, we consider in this section the special case when the
signature is (m,n) = (1, n), where n = 3 in physical applications. For m = 1
we have P ∈ Rn×1 = Rn and P tP = ‖P‖2, so that the second equation in (52)
descends to √

In + c−2PP t = In +
1

c2

1

1 +
√

1 + c−2‖P‖2
PP t . (66)

Hence, by (62) with m = 1 and by (66)

P1⊕P2 = P1

√
Im + c−2P t2P2 +

√
In + c−2P1P t1P2

= P1

√
1 + c−2‖P2‖2 +

{
In +

1

c2

1

1 +
√

1 + c−2‖P1‖2
P1P

t
1

}
P2

= P1

√
1 + c−2‖P2‖2 + P2 +

1

c2

1

1 +
√

1 + c−2‖P1‖2
P1P

t
1P2

(67)

for all P1, P2 ∈ Rn.
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Let

βP =
1√

1 + c−2‖P‖2
· (68)

Then, (67) takes the form

P1⊕P2 = P1
1

βP2

+ P2 +
1

c2

1

1 + 1
βP1

(P1·P2)P1

=
1

βP2

P1 + P2 +
1

c2

βP1

1 + βP1

(P1·P2)P1

= P1 + P2 +
{ βP1

1 + βP1

P1·P2

c2
+

1− βP2

βP2

}
P1 .

(69)

Hence, when the signature is (m,n) = (1, n), the parameter composition P1⊕P2

in (62) descends to the parameter composition law

P1⊕P2 = P1 + P2 +
{ βP1

1 + βP1

P1·P2

c2
+

1− βP2

βP2

}
P1, m = 1 (70)

for all P1, P2 ∈ Rn.

Finally, (70) is recognized as the common special relativistic proper velocity addi-
tion law presented in [31, Equation (5.11)] and [33].

Following (64), we are interested in the binary operation⊕′ rather than⊕ in Rn×m,
since unlike the latter, the former is a gyrogroup binary operation. Moreover, when
m = 1 the two binary operations, ⊕′ and ⊕, coincide

⊕′ = ⊕, m = 1. (71)

Indeed, this result follows immediately from (64) and from (60), asserting that for
m = 1 we have rgyr[P1, P2] ∈ SO(1) = {1} implying rgyr[P1, P2] = 1.

Hence, like ⊕, the binary operation ⊕′ descends to the binary operation ⊕ in (70),
when m = 1. This result justifies the notation

⊕E := ⊕′ (72)

viewing the binary operation ⊕E in Rn×m as the Einstein addition in Rn×m of
proper velocities.

Accordingly, we interpret the parameter P ∈ Rn×m as a proper velocity matrix of
orderm×n. Them columns of P are them proper velocities of them constituents
of a particle system consisting of m n-dimensional entangled particles.
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The Lorentz bi-boost Bc(P ) and Einstein proper velocity addition ⊕E in Rn×m
give rise to the P -polar decomposition of bi-boost products

Bc(P1)Bc(P2) = Bc(P1⊕EP2)

(
rgyr[P1, P2] 0m,n

0n,m lgyr[P1, P2]

)
(73)

for all P1, P2 ∈ Rn×m, where ⊕E is Einstein proper velocity addition in Rn×m, as
shown in [44, Equation (4.268)].

Following (72), (64) and (62), Einstein proper velocity addition ⊕E in Rn×m is
given by

P1⊕EP2 = {P1B
R
m(P2) +BL

n (P1)P2}rgyr[P2, P1] ∈ Rn×m (74)

for all P1, P2 ∈ Rn×m, m,n ∈ N, where rgyr[P2, P1] follows from (63).

It is shown in [44] that the bi-gyrogroup (Rn×m,⊕E) of the parameter P ∈ Rn×m
is a gyrocommutative gyrogroup. As such, it obeys the elegant identities

P1⊕EP2 =gyr [P1, P2](P2⊕EP1) Gyrocommutative Law

P1⊕E(P2⊕EP3)=(P1⊕EP2)⊕Egyr [P1, P2]P3 Left Gyroassociative Law

(P1⊕EP2)⊕EP3 =P1⊕E(P2⊕Egyr [P2, P1]P3) Right Gyroassociative Law

gyr [P1⊕EP2, P2]=gyr [P1, P2] Left Reduction Property

gyr [P1, P2⊕EP1]=gyr [P1, P2] Right Reduction Property

gyr [	EP1,	EP2]=gyr [P1, P2] Gyration Even Property

(gyr [P1, P2])−1 =gyr [P2, P1] Gyration Inversion Law

(75)

for all P1, P2, P3 ∈ Rn×m, m,n ∈ N.

Furthermore, it is shown in [44] that

1. the bi-gyrogroup (Rn×m,⊕E) of the parameter P ∈ Rn×m with Einstein
proper velocity addition ⊕E of proper velocities in Rn×m and

2. the bi-gyrogroup (Rn×mc ,⊕E) of the parameter V ∈ Rn×mc with Einstein
addition ⊕E of relativistically admissible velocities in the ball Rn×mc

are isomorphic gyrogroups. Hence, for instance, (73) has its counterpart, the V -
polar decomposition of bi-boost products

Bc(V1)Bc(V2) = Bc(V1⊕EV2)

(
rgyr[V1, V2] 0m,n

0n,m lgyr[V1, V2]

)
(76)
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for all V1, V2 ∈ Rn×mc , where ⊕E is Einstein addition of relativistically admissible
velocities in Rn×mc , presented in [44, Equation (6.54)]. Note that ⊕E in Rn×m
and ⊕E in Rn×mc are different, but isomorphic, binary operations. Similarly, bi-
gyrations in Rn×m and in Rn×mc are different, but isomorphic.

The polar decomposition (76) of bi-boost products determines the Einstein addition
⊕E in Rn×mc . Similarly, the identity

Bc(r⊗V ) = (Bc(V ))r (77)

for all r ∈ R and V ∈ Rn×mc , determines r⊗V ∈ Rn×mc in terms of r and V . The
resulting Einstein scalar multiplication r⊗V is presented in [44, Theorem 5.86].

Since (Rn×mc ,⊕E) is isomorphic to (Rn×m,⊕E), the bi-gyrogroup (Rn×mc ,⊕E) is a
gyrocommutative gyrogroup, obeying the elegant identities

V1⊕EV2 = gyr [V1, V2](V2⊕EV1) Gyrocommutative Law

V1⊕E(V2⊕EV3) = (V1⊕EV2)⊕Egyr [V1, V2]V3 Left Gyroassociative Law

(V1⊕EV2)⊕EV3 = V1⊕E(V2⊕Egyr [V2, V1]V3) Right Gyroassociative Law

gyr [V1⊕EV2, V2] = gyr [V1, V2] Left Reduction Property

gyr [V1, V2⊕EV1] = gyr [V1, V2] Right Reduction Property

gyr [	EV1,	EV2] = gyr [V1, V2] Gyration Even Property

(gyr [V1, V2])−1 = gyr [V2, V1] Gyration Inversion Law

(78)

for all V1, V2, V3 ∈ Rn×mc ,m,n ∈ N. Furthermore, whenm = 1, Einstein addition
⊕E in the ball Rn×mc descends to the special relativistic addition of relativistically
admissible velocities.

For any m,n ∈ N, the bi-gyrogroup (Rn×mc ,⊕E) admits the Einstein scalar mul-
tiplication ⊗ in Rn×mc , turning itself into a bi-gyrovector space (Rn×mc ,⊕E ,⊗),
the underlying geometry of which is naturally called analytic bi-hyperbolic geom-
etry of signature (m,n) [44]. When m = 1, analytic bi-hyperbolic geometry of
signature (m,n) = (1, n) descends to the n-dimensional hyperbolic geometry of
Lobachevsky and Bolyai, studied analytically in [31,32,34–37,39], which involves
no entanglement. When m ≥ 2, analytic bi-hyperbolic geometry of signature
(m,n) involves entanglement, studied in [44], where it is illustrated graphically
for signature (m,n) = (3, 2).

16. Conclusion

It is well known that Einstein’s special relativity theory stems from the Lorentz
transformation group of signature (1, 3) [16]. In this paper and, with more details
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in [44], we have extended the parametric representation of the Lorentz transfor-
mation group from signature (1, 3) to signature (m,n) for all m,n ∈ N, thus
obtaining an extended special relativity theory. In physical applications n = 3, but
in geometry, n ∈ N. Corresponding extended Galilei transformations of signature
(m,n), which are intuitively clear, suggest the following physical interpretation of
Lorentz transformations of signature (m, 3) when m > 1.

In the same way that in Einstein’s special relativity theory the Lorentz group of sig-
nature (1, 3) is the symmetry group of spacetime of particles, in extended special
relativity theory, the Lorentz group of signature (m, 3) is the symmetry group of
spacetime of particle systems that consist of m three-dimensional entangled parti-
cles.

Lorentz symmetry is one of the cornerstones of modern physics. However, it is
known that entangled particles involve Lorentz symmetry violation. Hence, fol-
lowing this paper and our book [44], it is appropriate to explore whether our model
of m > 1 entangled particles within the frame of our extended special relativity
theory can be tested experimentally.

References

[1] Abe T. and Hatori O., Generalized Gyrovector Spaces and a Mazur-Ulam
Theorem, Publ. Math. Debrecen 87 (2015) 393–413.

[2] Abe T. and Watanabe K., Finitely Generated Gyrovector Subspaces and Or-
thogonal Gyrodecomposition in the Möbius Gyrovector Space, J. Math. Anal.
Appl. 449 (2017) 77–90.

[3] Atiponrat W., Topological Gyrogroups: Generalization of Topological
Groups, Topology Appl. 224 (2017) 73–82.

[4] Brugués J., Characterizing Entanglement and Quantum Correlations Con-
strained by Symmetry, Springer, Berlin 2016.

[5] Chatelin F., The Priciple of Relativity: From Ungar’s Gyrolanguage for
Physics to Weaving Computation in Mathematics, Math. Interdisc. Res. 1
(2016) 199–228.

[6] Chen J., Fu L., Ungar A. and Zhao X., Degree of Entanglement for Two
Qubits, Phys. Rev. A 65 (2002) 044303, 4 pp.

[7] Kloe-2 Collaboration et al, Test of CPT and Lorentz Symmetry in Entangled
Neutral Kaons with the Kloe Experiment, Phys. Lett. B 730 (2014) 89–94.

[8] Demirel O., The First Sharp Gyrotriangle Inequality in Möbius Gyrovector
Space (D,⊕,⊗), Forum Geom. 17 (2017) 439–447.



Symmetry Groups of Systems of Entangled Particles 75

[9] Domenico A., Search for CPT and Lorentz-Symmetry Violation in Entangled
Neutral Kaons, Proceedings of the Seventh Meeting on CPT and Lorentz
Symmetry, World Scientific 2017, pp 97–100.

[10] Dzuba V., Flambaum V., Safronova M., Porsev S., Pruttivarasin T, Hohensee
M. and Häffner H., Strongly Enhanced Effects of Lorentz Symmetry Violation
in Entangled yb+ Ions, Nature Physics 12 (2016) 465–468.

[11] Einstein A., Podolsky B. and Rosen N., Can Quantum-Mechanical Descrip-
tion of Physical Reality be Considered Complete?, Phys. Rev. 47 (1935) 777.

[12] Ferreira M., Harmonic Analysis on the Einstein Gyrogroup, J. Geom. Sym-
metry Phys. 35 (2014) 21–60.

[13] Ferreira M., Harmonic Analysis on the Möbius Gyrogroup, J. Fourier
Anal. Appl. 21 (2015) 281–317.

[14] Greub W., Linear Algebra, 4th Edn, Springer, New York 1975.
[15] Hamermesh M., Group Theory and its Application to Physical Problems,

Addison-Wesley Series in Physics, Addison-Wesley, Reading 1962.
[16] Hassani S., Special Relativity: A Heuristic Approach, Elsevier, Amsterdam

2017.
[17] Horn R. and Johnson C., Matrix Analysis, 2nd Edn, Cambridge Univ. Press,

Cambridge 2013.
[18] Kim S., Distributivity on the Gyrovector Spaces, Kyungpook Math. J. 55

(2015) 13–20.
[19] Kim S., Gyrovector Spaces on the Open Convex Cone of Positive Definite

Matrices, Math. Interdisc. Res. 1 (2016) 173–185.
[20] Lang S., Introduction to Linear Algebra, 2nd Edn, Springer, New York 1986.
[21] Shi Y., Some Exact Results on CP and CPT Violations in a C=- 1 Entangled

Pseudoscalar Neutral Meson Pair, Eur. Phys. J. C 73 (2013) 2506.
[22] Silarski M. and Kloe-2 Collaboration et al, CPT and Lorentz Symmetry Tests

with Entangled Neutral Kaons at Kloe/Kloe-2, J. Phys. Conference Series
vol. 556, IOP Publishing, Bristol 2014, 012071.

[23] Suksumran T., The Algebra of Gyrogroups: Cayley’s Theorem, Lagrange’s
Theorem and Isomorphism Theorems, In: Essays in Mathematics and its Ap-
plications: In Honor of Vladimir Arnold, T. Rassias and M. Pardalos (Eds),
Springer, New York 2016, pp 369–437.

[24] Suksumran T., Gyrogroup Actions: A Generalization of Group Actions,
J. Alg. 454 (2016) 70–91.

[25] Suksumran T. and Ungar A, Bi-Gyrogroup: The Group-Like Structure In-
duced by Bi-Decomposition of Groups, Math. Interdisc. Res. 1 (2016) 111–
142.



76 Abraham A. Ungar

[26] Suksumran T. and Wiboonton K., Isomorphism Theorems for Gyrogroups and
L-Subgyrogroups, J. Geom. Symmetry Phys. 37 (2015) 67–83.

[27] Suksumran T. and Wiboonton K, Lagrange’s Theorem for Gyrogroups and
the Cauchy Property, Quasigroups Related Systems 22 (2015) 283–294.
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